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Abstract

In their book Rapoport and Zink constructed rigid analytic period spaces for Fontaine’s filtered isocrystals, and period morphisms
from moduli spaces of p-divisible groups to some of these period spaces. We determine the image of these period morphisms,
thereby contributing to a question of Grothendieck. We give examples showing that only in rare cases the image is all of the
Rapoport-Zink period space. To cite this article: U. Hartl, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Espaces de périodes pour les groupes p-divisible. Dans leur livre, Rapoport et Zink ont construit des espaces de périodes,
rigides analytiques pour les isocristaux filtrés de Fontaine. Ils ont construits également des morphismes de périodes entre des
espaces modulaires des groupes de Barsotti-Tate et certains de leurs espaces de périodes. Dans cette Note nous déterminons
I’image des morphismes de périodes, contribuant ainsi a une question de Grothendieck. Nous donnons des examples montrant que
I’image ne coincide que rarement avec tout I’espace de périodes de Rapoport-Zink. Pour citer cet article : U. Hartl, C. R. Acad.
Sci. Paris, Ser. 1346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On fixe un groupe de Barsotti—Tate X sur ]F?}g de hauteur % et dimension d. On pose W := W(F?,lg), I’anneau des
vecteurs de Witt, et K¢ := W[%]. Soit (D, ¢p) le F-isocristal covariant de X, F := Grass(h — d; D) la grassman-
nienne des sous-espaces de dimension & —d de D, et 72" I’espace Kp-analytique associé au sens de Berkovich [3,4].
Un point Lg € F*" g valeurs dans une extension compléte value de rang un K de caractéristique O est consideré
comme un K-sous-espace Lx C Dk := D ®g, K. D’apres Rapoport et Zink [19, 1.18], Lk est appelé faiblement
admissible si isocristal filtré (D, ¢p, F*Dg) avec F~'Dg = Dg, F'Dg = Li, F'Dg = (0) est faiblement ad-
missible au sens de Fontaine [11]. L’ensemble,

Fan :={Lk € F*": L est faiblement admissible} C F*"
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est un sous-espace Kp-analytique ouvert d’apres [19, Proposition 1.36] et [14, Proposition 1.3]. C’est un exemple
d’espaces p-adic de périodes, que Rapoport et Zink ont construit dans [19, Proposition 1.36] en toute généralité.

De méme, ils ont construit un espace modulaire formel G sur W pour les paires (X, p) formée des groupes de
Barsotti-Tate X sur des schémas S sur W, dans lequels p est localement nilpotent, et des quasi-isogénies p : X5 — X
sur S :=V(p) C S; voir le Théoreme 1.3. Soit G*" I’espace Kp-analytique associé a G. La théorie de Grothendieck—
Messing [18] associe a I’objet universel (X, p) sur G une extension,

0— (Lie X")Guw — D(Xg)ga — Lie Xgan — 0

des faisceaux localement libres sur G*". Par la nature cristalline de D(-), la quasi-isogénie p : X5 — X induit un
isomorphisme D(p)gan : D(X)gan —> D(Xg)gan et I'image inverse D(p~ g (Lie Xv)éan définit un point de F2"
a valeurs dans G*". Le morphisme induit 77" : G*" — F*" est appelé morphisme de périodes. 11 se factorise par F,
daafl9, 5.27].

Dans cette Note on détermine 1’image de 7" de la maniére suivante. Dans la Proposition 3.1 on associe a chaque

N

point L = Lg € F?" a valeurs dans K un ¢-module M sur I’anneau ﬁilg («la cloture algébrique de I’anneau de
Robba » ; voir §2) de K. On montre dans le Théoréeme 3.3 que ’ensemble,
Fit:={L € F*: M_ estisocline de pente zero}

est un espace Ko-analytique ouvert de F,. En général, I’inclusion F2" C F27 est stricte. On donne un exemple de
ce fait dans 3.6 et on montre dans 3.5 que F2" est I'image du morphisme de périodes 7" : G*" — F?".

1. A question of Grothendieck

Fix a Barsotti—Tate group X over IF?,lg of height & and dimension d. Let W := W(Ff,',lg) be the ring of Witt vectors

and let K¢ := W[%]. Let Ok be a complete discrete valuation ring with residue field ]F;lg and fraction field K of

characteristic 0. To every Barsotti—Tate group X over Og with X = X ®¢o, ]FZ;,lg =: X the theory of Grothendieck—
P

Messing [18] associates an extension

0——(LieXV)y —=DX)g Lie X x 0

where D(X) g is the crystal of Grothendieck—Messing evaluated on K. We denote by F the Grassmannian of (h — d)-
dimensional subspaces of D(X)y,.

Problem 1.1 (A. Grothendieck [12, Remarque 3, p. 435]). Describe the subset of F formed by the points (Lie X"},

where X is any deformation of X over any complete discrete valuation ring O with residue field F?}g and fraction
field K of characteristic 0.

This problem is, as yet, unsolved. However, a contribution was made by Rapoport and Zink [19] in the following
way. Set D :=D(X)g, and ¢p := D(Frobx)g,. Let Lx € F be a point defined over a complete, rank one valued
extension K of Ko (which not necessarily is discrete). View Lk as a K-subspace of Dk := D ®g, K. One defines
the Newton slope ty(D, ¢p, Lg) := ord,(detep) and the Hodge slope ty(D, ¢p, L) := dimg Lx — dimg Dg.
Following Fontaine [11] and Rapoport-Zink [19, 1.18], the point L € F is called weakly admissible if

iN(D,¢p,Lx)=ty(D,¢p,Lx)=—d and ix(D',¢plp,Lx NDy)>tu(D',¢plp, Lx N DY)
for all gp-stable Ko-subspaces D' C D. Let F"€ be the rigid analytic space, and F" the Ko-analytic space in the

sense of Berkovich [3,4] associated with F.

Theorem 1.2 (Rapoport—Zink [19, Proposition 1.36]). The set .7-'{;% ={Lg € Frig: Lgis weakly admissible} is an
open rigid analytic subspace.

The space ]—"5% is an example for the p-adic period domains constructed more generally in [19, Proposition 1.36]
for arbitrary filtered isocrystals. The proof of Rapoport and Zink even shows that % is the rigid analytic space
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associated to an open Ko-analytic subspace F35), C F*"; see [14, Proposition 1.3]. The period domain }";j% contains
the set of Grothendieck’s Problem 1.1. To explain this let Nilpy be the category of W-schemes on which p is locally
nilpotent. For an S € Nilpy, we set S :=V(p) C S.

Theorem 1.3 (Rapoport—Zink [19, Theorem 2.16]). The functor G : Nilpy, — Sets

S+ {isomorphism classes of pairs (X, p) where X is a Barsotti-Tate
group over S and p: X5 — Xsisa quasi—isogeny}

is pro-representable by a formal scheme locally formally of finite type over W.

To G one can associate a rigid analytic space G"& by Berthelot’s construction [5], and also a Ko-analytic

space G*". Rapoport and Zink [19, 5.16] construct a period morphism ﬁln £.gne .7-"3‘3 as follows. By the theory of
Grothendieck—Messing [18], the universal Barsotti—Tate group X over G gives rise to an extension

OH- (Lie Xv)grig H—]D)(Xg_)gng H—Lie Xgrig HO

of locally free sheaves on G"€. The quasi-isogeny p : X — X induces by the crystalline nature of ID(.) an isomor-
phism D(p) grig : D(X) grig = DX g-) grie and the preimage D(p~! )grie (Lie X v)érig defines a G"¢-valued point of F"i&,

By [19, 5.27] the induced morphism G"& — F™i¢ factors through }'Ej,gl. This is the period morphism frlrig . The same
construction also gives a Ko-analytic period morphism 77" : G3" — F4".

Theorem 1.4 (Rapoport-Zink, Colmez—Fontaine, Breuil, Kisin). The set of Problem 1.1 is contained in the subset }"5%.
The latter equals the image of the period morphism zvrflg :G"E — FUE in the sense of sets.

Proof. Let Lx = (Lie X")} be a point in Grothendieck’s set, given by a Barsotti-Tate group X over Og with
X= XF;@. Over Ok /(p) this isomorphism lifts by rigidity [9, Appendix] to a quasi-isogeny o : X0, /(p) = X0k /(p)

and (X, p) gives a point of G(Og). By construction ﬁfig(X, 0)k = Lk . So the point L g belongs to the image of ﬁlrig,

which in turn lies in 5. It remains to show that every K-valued point Lg € Fue for K /Ky finite lies in the image

v

of nlng. By the theorem of Colmez—Fontaine [8] the filtered isocrystal (D, ¢p, Lx) is admissible, i.e. arises from a
crystalline p-adic Galois representation V. By Breuil [6, Theorem 1.4] there is a Barsotti—Tate group X over Ok and
an isomorphism 7, X¢ ®z, Qp =V if p > 2. Kisin [17, Corollary 2.2.6] extended Breuil’s theorem to p =2 and
reproved the Colmez—Fontaine Theorem. Fontaine’s functor D5 transforms the isomorphism 7, X g ®z, Q,=V
into an isomorphism py : (D, ¢p, Lx) = (D(X)g,, D(Froby)k,, (Lie X)) of filtered isocrystals. This defines a
quasi-isogeny p: X — X]F:;)]g which again by rigidity lifts to a quasi-isogeny o : Xy /(p) = Xk /(p)- SO Lk lies in
the image of the period morphism. 0O

Unfortunately an open rigid analytic subspace of F"2, like the image of ﬁ;lg, is not uniquely determined by its
underlying set of points. This however is true for Kp-analytic spaces. Therefore it is natural to ask: What is the image
of 77{"? Examples of Genestier—Lafforgue and the author (see Example 3.6 below) show that this image is in general
smaller than F35r . As [19, 1.37 and 5.53] indicate, Rapoport and Zink were aware of this phenomenon. We determine
the image of 77" in Section 3. But before, we need to recall some of the rings of Fontaine Theory.

2. Some of Fontaine’s rings

Let K/K( be a complete, rank one valued field extension, let C be the completion of an algebraic closure of K,
and let O¢ be its valuation ring. Starting out from C various rings are defined in Fontaine Theory. For details on their
construction see Colmez [7]. We follow his notation.

We let ET := {u = u™),en,: u™ € Oc, @™D)? = u™}). With the multiplication uv := u™v™),cx,, the

addition u 4 v 1= (limy,— 0o (™ 4 v+ P™) . and the valuation vg () := ve (1), E* becomes a complete
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valuation ring of rank one with algebraically closed fraction field, called E, of characteristic p. Fix primitive p”th
roots of unity ™ such that & := (1,&V, £, ..) is an element of E*.

Let A := W(E) and consider the automorphlsm ¢ = W(Frob,) of A. For an element u € E let [u] € A be its
Teichmiiller representative.

Ifx=)2,plxle A then we set wy (x) := min{vg (x;): i <k}

Forr > 01let A®7):= {x € A:limys o0 wi (x) + & = +00} and let BO1:= ACI[ 1],

On B©7] there is a valuation defined for x = Y% oo Pl as vOrI(x) i= min{wy(x) + é: kelZ} =
min{vg(x;) + £: i € Z).

Let BI%’] be the Fréchet completion of B’ with respect to the family of semi-valuations vl*"1(x) :=
min{v©®s1(x), v©"1(x)} for 0 < s < r. The logarithm 7 :=log[e] converges to an element in BI®-11,

Let leg :=J,. o B'*’]. The homomorphism ¢ gives rise to a bicontinuous isomorphism ¢ : BI"1 =5 BI®"/Pl and
thus induces an automorphism of 1~3T It satisfies ¢ () = pt.

Finally there is a homomorphism 9 BN ¢ sending Zl» o P i[x;] to Zl» o p’x( ) which extends by con-

tinuity to B!l The element 7 lies in the kernel of 6.

Definition 2.1. A ¢-module over Ejig is a finite free f}i_ig-module M together with a ¢-linear automorphism
oMM — M.

The following structure theorem was proved by Kedlaya [16, Theorem 4.5.7].

Theorem 2.2. Every ¢-module M over ]j’»jl . is isomorphic to @i M, 4 where M 4 = (BLg)eBd

c

0. P
OM, g = 1,1’-_0 -@ forc,d € Zwith (c,d)=1andd > 0.

If one requires d C’“ for all i, then the integers c;, d; are uniquely determined by M.
One defines the degree of M as deg M :=3 ", ¢;.
3. The construction of F2"

As above let D = D(X)g, and ¢p = D(Frobx)k,. Let (D!, ¢p) := (D, ¢p) @, B! and consider the mor-
phism 1 ® 6 : ploll . p ®k, C. By a variant of a construction of Berger [1, §II] every point L = Lx € F*", with
values in a field K as in Section 2, defines a ¢-module over ﬁjig as follows.

Proposition 3.1. (See [14, Proposition 4.1].) There exists a uniquely determined B! U_submodule tDI1
/\/l 0.1 = D01 sy thar (1 (2)9)(/\/l]0 I )=Lxk ®k C and ¢p: M 10.1] ~ M]]E)’]] ®g0.11 BI0-1/P) s an isomorphism.
In particular MLO 1 defines a p-module My = ./\/l]LO 1 ®g10.11 B! overB

rig rig’
The following results are proved in [14].

Theorem 3.2. (See [14, Theorem 4.4].) deg M =tn(D, ¢p, Lx) —ty(D, ¢p, Lg).
Consider the subset 73" :={L € F*": M = ./\/l(ef}l'} of the Ko-analytic space F".

Theorem 3.3. (See [14, Theorem 5.2].) The set F2" is an open Ko-analytic subspace of Fy,.
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Remark 3.4. (On the proof of Theorem 3.3. See also Remark 3.7 below.) The inclusion F3" C F3 is seen as fol-
lows. If D’ C D is a ¢p-stable Ky-subspace then (D', ¢p|p’, Lx N D) defines by Proposition 3.1 a ¢-submodule
M) C M_. Since /\/lga}f is “semistable” of slope zero we conclude by [16, Lemma 3.4.8] that

tn(D',oplp, Lk N D) —tu(D',¢plp, Lk N D) deg M o deg My _
dimg, D’ ~dimg, D'~ dimg, D

with equality if D’ = D. Hence F2" C F3 . On the other hand Berger’s proof [1] of the Colmez—Fontaine Theorem
shows that this inclusion induces a bijection on rigid analytic points (with K /Ky finite), or more generally points
of F2% with values in a discretely valued field K.

Theorem 3.5. 73" is the image of the period morphism {" : G*" — Fi.

Proof. Let Lg € 7" be a K-valued point in the image of 7{" with K /K¢ not necessarily finite. So Lx =

D(p~ !k (Lie X)) for a Barsotti-Tate group X over Ok and a quas1 isogeny 0: X0y /(p) = XOk/(p)- Then the

Tate module 7), Xk of X induces an injection Mga’f =TyXk ®z, B e M, which must be an isomorphism by

reasons of degree. This was proved in [14, Proposition 6.1]. Thus Lg € .7-" an,
Conversely let Lx € F2". Then the morphism (B' )®h = ./\/lLK < D ®K0 ng

a Ko-basis of D, by a matrix M € Mh(B:ig) with tM~! e M, (B ). Then in fact M, tM~' € M,(B} ) c M;(BT.)

rig r1g cris

by [2, Proposition 1.4.1]. For notation see [2, §1.1] or [14, §2]. So M defines an isomorphism B®" =, p QK Beris

Cris
compatible with Frobenius, which maps (B:'m)@h onto the preimage of Lx ®k C under the map id ® 6 : D ®,

B'. - D ®k, C. This means that (D, ¢p, Lg)V is admissible in the sense of Faltings’ [10, Definition 1]. Note

Cris

that Faltings uses contravariant Dieudonné modules. By [10, Theorems 9 and 14], Lx = D(p~ ") g (Lie X V)y for a

is represented with respect to

Barsotti-Tate group X over Ok and a quasi-isogeny p: X0 /(p) = Xy /(p)- hence L lies in the image of 7{". O

There are many examples showing that only in rare cases 3" = F35.,. We mention one here. Similar examples are
due to A. Genestier and V. Lafforgue.

Example 3.6. Let D = K 595 and

0. p3

ep=|1 - - Q.
1 0

Then h =5, d =3 and F = Grass(2, 5). Since the isocrystal (D, ¢p) is simple F3}, = F*". Let L = Lg € F*". Then
M_35=DDODM[DtD=EMys.

By Theorem 2.2, M; = @; M, 4 with > ;di =1tkMy =5 and ) ;¢; = deg M = 0. Moreover by [16,
Lemma 3.4.8] all the weights ¢; /d; must lie between —3/5 and 2/5. So either M = M(e)aj or My =M_12,S M, 3.
Now one easily checks that

Homy,(M_j 2, D) = Homy(M_j 2, M_35)

P x
M CONNICY)

={A=| ¢"(x) ¢2x) :x:Zp”(pflO"([u]),uEE,O<UE(u)<oo
PP () ¥ v

PP x) ¥ ()

The bad situation Mj = M_j 2 @ M 3 occurs if and only if Lk is generated by the columns of such a ma-
trix H(A) € C>*2, since then the homomorphism A factors through M; and this forbids M; = /\/l | by [16,
Lemma 3.4.8]. Since obviously such Lk exist, this proves that the inclusion F3" C F3y, is strict.
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Remark 3.7. (On the proof of Theorem 3.3.) One can explain the idea for the proof of Theorem 3.3 by means of
this example. Namely the complement 2" \ F2" is the image of the continuous map from the compact set {u € E*:
1 < vgu) < p'%) given by u — 6(A).

Finally we would like to mention that the ideas for the results presented in this article were inspired by our analo-
gous theory in equal characteristic [13], see also our dictionary [15].
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