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Abstract

In multivariate regression estimation, the rate of convergence depends on the dimension of the regressor. This fact, known as the
curse of the dimensionality, motivated several works. The additive model, introduced by Stone [C.J. Stone, Additive regression and
other nonparametric models, Ann. Statist. 13 (2) (1985) 689-705. [9]], offers an efficient response to this problem. In the setting
of continuous time processes, using the marginal integration method, we obtain the quadratic convergence rate and the asymptotic
normality of the components of the additive model. 7o cite this article: M. Debbarh, B. Maillot, C. R. Acad. Sci. Paris, Ser. I 346
(2008).
© 2008 Published by Elsevier Masson SAS on behalf of Académie des sciences.

Résumé

Normalité asymptotique des composantes d’un modele additif de régression dans le cas de processus en temps continu.
Dans ’estimation de la régression multivariée, la vitesse de convergence dépend de la dimension du régresseur. Ce phénomene,
connu sous le nom de fléau de la dimension, a motivé plusieurs travaux. Le modele additif, introduit par Stone [C.J. Stone, Additive
regression and other nonparametric models, Ann. Statist. 13 (2) (1985) 689-705. [9]], propose une réponse a ce probleme. Dans
le cadre des processus a temps continu, nous utilisons la méthode d’intégration marginale pour obtenir la vitesse de convergence
quadratique et la normalité asymptotique des composantes additives. Pour citer cet article : M. Debbarh, B. Maillot, C. R. Acad.
Sci. Paris, Ser. I 346 (2008).
© 2008 Published by Elsevier Masson SAS on behalf of Académie des sciences.

Version francaise abrégée

Soit (X;, ¥;)(rer) un processus stationnaire a temps continu défini dans 1’espace probabilisé (§2, A, P), a valeurs
dans R? x R et observé pour ¢ € [0, T']. Soit, par ailleurs, ¥ une fonction mesurable a valeurs dans R. Nous nous
intéressons a la fonction de régression additive définie par

d
my()=EY¥) [ X=x):=p+ Y mx), Vx=(x1.....x0) €C’,
=1
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ot €% = {x: inf,ec ||Xx — Z||ga < 8}, est le 5-voisinage du compact C de RY et || - |ga est la norme euclidienne sur R4,
Pour 1 <1< d, posons X_; = (X1,...,X/—1,X]41,.--,Xq) OU X = (X1,...,Xq) € C?. Pour estimer les composantes
additives, nous utilisons la méthode d’intégration marginale (voir Linton et Nielsen [7] et Newey [8]). Pour cela,
introduisons d densités ¢y, ..., g4, k-fois dérivables sur R et posons g (x) = Hfl:l qi(x)) et g (x—;) = ]_[j#, q;j(xj),
{{l=1,...,d}. Nous pouvons alors écrire

d
=Y m) + [ my@a( da
I=1 R
avec 0 (x) 1= [pa—1 My (X)g_1(X_1) dX_; — [pamy (X)gX) dx =m;(x;) — [pmi(D)qi(z)dz, I =1,....d.

La normalité asymptotique de I’estimateur de la régression multivariée pour les processus a temps continu a été
obtenue par Cheze-Payaud [5], avec une normalisation dépendant de la dimension d de la covariable X. Cela justi-
fie notre étude dans le cadre des modeles additifs. Nous traitons alors dans cette Note la convergence en moyenne
quadratique puis établissons la normalité asymptotique des estimateurs des composantes de la fonction de régression
additive, comme cela fut fait par Camlong et al. [4] pour les processus a temps discret faiblement mélageants. Soit
n1,7(x1), défini en (7), ’estimateur de 7;(x;), et Q4 le quantile d’ordre o d’une loi normale centrée réduite. Nous
obtenons aussi sous des conditions moins contraignantes le résultat suivant, pour tout («, 8) € 10; 0, 5[ x 10, 5; 11,

lirrgi;fP({Tzf? (.1 1) = ()} — bi(xp) € [AQa; AQgl) = B —a, (1)
ol
k
A= lTimsupT%Var(ﬁz,ﬂxz)), by(x)) = % f u%(u)du((—l)"m}") () — / mi(2)q," 2) dz),
——+00 .
R R

avec ¢ une constante et K; un noyau a valeur dans R.
1. Introduction

LetZ; = (X;, Y1) (cer) be a R4 x R-valued measurable stationary process defined on a probability space (£2, A, P)
and observed for ¢t € [0, T']. Let Cy, ..., C4, be d compact intervals of R and set C =C; x - -+ x C4. Set now § > 0 and
introduce the §-neighborhood C? of C, namely C® = {x: inf,c¢ || X —Z||ga < 8}, With | - ||g« standing for the Euclidean
norm on R?. Let ¢ be a real valued measurable function. Consider the regression function my, defined by,

mI/,(x):E(w(Y)|X:x), Vx:(xl,...,xd)eC‘S. 2)

Let K be a kernel defined on R? and having a compact support. Let fT be the estimate of f, the density function of
the covariable X (see Banon [1]), defined by,

T
A 1 X — X
X)) =—— [ K ds,
fr®) The. ( hr >
0

where ht is a positive parameter. In the sequel, to estimate the regression function defined in (2), we use the following
estimator (see, for example, Bosq [3] and Jones et al. [6])

d 1 x; —X;
[Ti= WKI(—hz.T )

T fr(X,)

T
iy (%) = / Wr (Y (Y dr with W, (x) = 3)
0

where (1 7)1<j<a are positive parameters and (K;)1gjga are d kernels defined on R with compact supports. Con-
sider now that the nonparametric regression function (2) may be written as a sum of univariate functions, i.e.
d

my () =+ Y my(x) = myaa®), Vx=(x1,....xs) €C’, 4)
=1
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where, for 1 <I<d, Em;(X;)=0.Forl <l <dandanyx= (x,...,Xxq) el setx_; = (x1, R W W'/ S AR ¥ ) B
To estimate the additive components, we use the marginal integration method (see Linton and Nielsen [7] and
Newey [8]). To this aim, we introduce d densities ¢qi,...,qqs defined on R and set g(x) = ]_[;izlql(xl) and
q—i1(x_) = ]_[j# qj(xj),withl =1,...,d. We can then write

d
@)=Y mn)+ [ my @t da 5)
=1 R
with
) = / iy ()1 (x_1) dx_; — / iy (X0 (%) dx = my () — f m@a@d, 1<i<d. ©)
Rd-1 R4 R

Making use of the statements (3) and (6), it follows that a natural estimate of the /th component is given by

7 (xr) = / ﬁw,T(X)q—z(X—z)dx_z—/ﬁzw,T(X)q(X)dx, 1<I<d. (N
Rd-1 R4

2. Hypotheses and notations

In order to state our results, we introduce some assumptions and additional notations:

(C.1) There exists a positive constant M such that, for any y € R, [{(y)| < M < oo,

k
Ty )| < oo, Vie(l,....d).
ax;

(C.2) my is a k-times continuously differentiable function, k > 1, and supy |

For 1 <1 <d, we denote by f;, the density function of X; and we suppose that the functions f and f; are continuous
and bounded. We need the additional conditions:

(F1) vVxeC®, f(x)>0and fi(x)) >0,1=1,....d,
(F.2) f is k’-times continuously differentiable on C°, k' > kd,
(F.3) for some 0 < A < 1, |ax"j{'(k;jd (x) — axﬁ{(k;w ()] < LIX — x|l4, with ji + - + js =K, and L a positive
1 7% 1 7%
constant. We use the notation r : =k’ + A.

The kernels K and K, 1 < j < d are assumed to fulfill the following conditions:

(K.1) For 1 < j <d, K and K are continuous on compact supports S and S; C C;, respectively,
(K2) [K=1land [K;=1,1<j<d,

(K.3) ]_[j.l:1 K is of order k,

(K.4) K is of order k” and is Lipschitzian.

The known integration density functions ¢g;, 1 <[ < d, satisfy the following assumption:
(Q.1) ¢y has k continuous and bounded derivatives, with compact support included in C;, 1 <I < d.
There exists I" € B2 containing D = {(s,1) € R2: s =t} such that:

(D.1) fX,.v,).%.¥,) — fX,.v0) ® fiX,.,) exists everywhere for (s, 1) € I'C, where I"C is the complement of T,
(D.2) Ar :=8Up(, e rc SUPx yect xC? Jy yer? | FXe, V0, X0, v (Ko 4, ¥, 0) = fix,, vy (X, ) fix,, v,y (¥, V)| dudv < o0,

(D.3) there exists £ < oo and Ty such that, VT > Ty, %f[o rpar dsdr <.

We will work under the following conditions on the smoothing parameters A7 and i 7, j=1,...,d:



904 M. Debbarh, B. Maillot / C. R. Acad. Sci. Paris, Ser. I 346 (2008) 901-906

(H.1) hr = c’(%)l/(zkuﬂ”, for a fixed 0 < ¢’ < oo,
(H2) hjr=c;T~Y*D for fixed 0 < ¢ < 0.

We will use the a-mixing coefficient defined in [2, p. 17]. For all Borel set I C R the o-algebra defined by (Z;,t € I)
will be denoted by o (Z;, t € I). Writing o (u) = SUp; cR, a(o(Zy,v<t),0(Zy,v>1t+u)), we will use the condition

(A.) a(t) = O@™>) with b > 1534,

We denote by ﬁl,T and n:wj (x) the versions of 7; 7 and ri1y, 7 (x) corresponding to a known density f. Introduce now
the following quantities (see, for the discrete case, Camlong et al. [4]):

Xj —Xi i\ g-1(x-p) . ~
Y, =y, [ L dx_;;  ml =E(Y X1 =x));
v T =Y (Yp) / ( ( o )f(Xt,—llxt,l)> X_1; my (x1) Yy, 1001 X010 =x1)

Rd—1 J#l
R
5 ¥, 7.t 1 — Xzl —u;
a;(x)) = K( )dt Gi(u_ —/ ( ( ) (x_ )dx_;
1) Thy T / HXen) ! hi T 1(u_y) 7 };[1 q-1(X—1) I

Cri=pn+ f ij(uj)gl(ufl)dufﬁ @T=fn:1¢,T(X)q(X)dX; Cz=/mz(XI)qz(Xz)dxz;
Rd—1 J#! Rd R

1
hio = 3 / Msz(u)du<(—1)kml(k)(XI) + / m@e® ) dz>.
R

R

3. Results

Theorem 3.1. Under assumptions (C.1)~(C.2), (F.1)~(F.3), (K.1)~(K.4), (Q.1), (D.1)~(D.3), (H.1)~(H.2) and (A.1)

we have
N 2 _
E(fi,r () — m(x))” = O(T /D),
The next theorem needs the following additional hypothesis:

(V) liminfr_, o0 Thy 7 Var(iyy, 7 (x1)) > 0 where (log(T)/ T)F/K+d) = o(hf ).

Theorem 3.2. Under the hypotheses of Theorem 3.1 and (V) we have, for everyl € {1, ..., d} and for any x; € Cy,

A7 (1) — mi(xr) — b pbi(x)
Var(7);, 7 (x1))

— N(0, 1).
Proposition 3.3. Under the conditions (C.1)-(C.4), (F.1)-(F.2), (K.1), (Q.1)-(Q.2) and (H.1)-(H.2), we have, for
everyl €{l,...,d}, for any x; € C; and every (a, ) € 10; 0, 5[ x 10, 5; 1],

llmlan(TZH‘ (A7) — mi(xr) — by rhi(x)} €[AQu: AQgl) = B —a, 3)

T—o0

where A = (limsup;_ , . T %7 Var(iy. 7 (x)))"/? and Q,, is such that P(N'(0, 1) < Q,,) = u.

The proofs of our theorems are split into two steps. We first consider the density as known, and then treat the general
case where f is unknown by using the decomposition 1/f =1/ fr — (f — fr)/f fr and the following lemma:

Lemma 3.4. Under the assumptions (F.1)-(F.3), (K.1), (K.2), (K.4), (D.1)—(D.3), (H.1) and (A.1), we have
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. log T\ X7k +)
sug’fT(X)—f(X)’=O<< Ojg, > ) a.s. )

Proof of Lemma. It is easily seen that under our assumptions, the result follows by using the arguments used in the
demonstration of Theorem 4.9. in [2, p. 112] and by replacing log,, by 1. O

Sketch of the proof of Theorem 3.1. Observe that

A () — m Ge) = {7 () — ﬁl,T(XI)} +{arGa) — Ear (e} + {Ear(x)) — i, ()} + E{Cr — Cr,—Cy).
It follows that
E{fnr () = mG) ) <4E{fr () — frr @) +4E @) — Eaoa)) +4{Ea(a) — il ()
+4E*(Cr — Cry - C1).

To prove the Theorem 3.1, it suffices to establish the following statements

E(fr,r (xp) — i, 7 (x) = O(T 2K/ @k4D), (10)
Var(a; (x;)) = O(T 2K/ kD) (11)
Edy(x)) =, (x)) = O(TH/ D), (12)
E(Cr — Cry+C) =O(THEFD), (13)

Proof of (10). By combining the definitions of 7, 7 and f; 1.7 and the result of Lemma 3.4, we easily obtain, under
the conditions on the kernel, the statement (10). O

}7, 7Xt }7 5 7Xs
Proof of (11). Set ¢(z,s) = cOv(fl(X‘QlTi;mKl(x‘huvl), fl(xff)vmKl(’”hl_Tvl)) and S = {(s,1) e R |t — 5| <

h}l }. We use the following decomposition

Var(&l(xl))z / ¢(t,s)drds + / ¢(t,s)derds + / ¢(t,s)dtds:=A+E+F.
[0,T12NT [0,712Nrens [0,T12NIrense
Under (C.1), (F.1), (K.1)~(K.2) and (Q.1), we have, for T large enough,

A=0O(/Thy ) and E=O(h;1||K1||ﬁlAp/T). (14)
Using the Billingsley’s inequality, it follows that
F=01/Thyr). (15)

Combining (14) and (15), we obtain (11). To prove the statements (12) and (13), we use similar arguments as in the
discrete case (see Camlong et al. [4]). O

Sketch of the proof of Theorem 3.2. To obtain our theorem it suffices to show that

sup |7y, (x1) — ﬁz,r(xz)| = @<Sup|fT(X) - f(X)D a.8., (16)
x€C xeC
{ar(x)) — J‘Ai(az(xz))} S NO. 1), 17
Var(a; (x1))
. T (=) k k
Edy(x;) —my, (x) = ™ () | vf Kp(vp) dvg +o(hy' 1), (18)
) R
~ th (k) k k
and - E{Cr = Cry+ G} =—7= | ¢, (o)m(xp) dxy / v Ki(vr) dvg + o(hj. 7). (19)

R R
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Proof of (16). The result arises directly from the definitions of estimates of 1; and the conditions on the kernels
K;,1<I<d. O

Proof of (17). Set % fo Z;dt =: ST. We employ then the big block—small block procedure. Indeed
ar(a;(xy))

setting, Sy = Z (u] +&j) =87 +S7 where v; = f]]((lf’jq%)” Zidrand §; = f]({;:;()i;q) Z, dt. Now, it suffices to
prove the followmg statements,

ES//2—>0 as T — +oo, (20)
(%) ]‘[ ei)| >0 asT — +oo, @n

ZE[VJZ-] -1 asT — +oo, (22)

=0

and ZE V2>€ ]=0 asT — 4oo. (23)

To show (22) and (23), we use the same arguments as those deployed in the discrete case. O
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