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Abstract

We prove an adapted global Carleman estimate and an energy estimate for the Schrodinger operator H :=id; + V - (¢V) in an
unbounded strip. Using these estimates, we give a stability result for the diffusion coefficient c(x, y) from the measurement of the
normal derivative of the solution on a part of the boundary. To cite this article: L. Cardoulis et al., C. R. Acad. Sci. Paris, Ser. I
346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Un probleme inverse pour ’opérateur de Schrodinger dans une bande. Nous démontrons une estimation globale de Carle-
man et une estimation d’énergie pour 1’opérateur de Schrodinger H :=id; 4+ V - (¢V) dans une bande non bornée. Ces estimations
nous permettent de donner un résultat de stabilité pour le coefficient de diffusion c(x, y) a partir de la mesure de la dérivée normale
de la solution sur une partie du bord. Pour citer cet article : L. Cardoulis et al., C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

L’objet de cette Note est d’obtenir un résultat de stabilité pour le coefficient de diffusion ¢ pour I’opérateur de
Schrodinger H :=1id; + V - (cV) dans une bande non bornée de R2. Nous démontrons tout d’abord une estimation
globale de Carleman pour 1’opérateur H avec une seule observation sur une partie du bord (cf. Théoréeme 2.3). Nous
prouvons ensuite une inégalité de type Poincaré avec poids (cf. Lemmes 3.5, 3.6). Cette inégalité appliquée a la
condition initiale, plus une estimation d’énergie (cf. Lemme 3.2, Théore¢me 3.3), obtenue en utilisant I’estimation de
Carleman, nous permettent d’établir un résultat de stabilité pour le coefficient de diffusion (cf. Théoreme 3.7).

1. Introduction

Let 2 =R x (—%, %) be an unbounded strip of R? with a fixed width d. We will consider the Schrodinger
equation
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Hqg:=10;q +V -(c(x,y)Vqg)=0 inQ=£2x(0,7),
qx,y,t)=b(x,y,t) onX =092 x(0,T), (D
q(x,y,0)=gqo(x,y) ong2,

where c(x, y) € c3 (£2) and c(x, ¥) = cmin > 0. Moreover, we assume that ¢ and all its derivatives up to order three
are bounded. If we assume that go belongs to H*(£2) and b is sufficiently regular (e.g. b € H' 0, T, H2+8 (0£2))N
H%*(0,T,H %“(8.{2)) and some additional conditions), then (1) admits a solution in H'(0, T, H %”(.{2)). We will
use this regularity result later. The aim of this Note is to give a stability and uniqueness result for the coefficient c(x, y)
using global Carleman estimates and energy estimates. We denote by v the outward unit normal to £2 on I" = 952.
Wedenote ' =Tt UTI' ", where ' ={(x,y)el;y= %} and ' ={(x,y)el;y= ——} We use the following
notations:

V- (cVu) =0y (cOyu) + dy(cdyu), Vu-Vv=20,udv+0dyudyv, 0du=Vu-v,
and
0=02x(0,7), Q:.Q x(=T,T), X=Ix(0,T) and >=Tx (=T,T).

Our problem can be stated as follows: Is it possible to determine the coefficient c(x, y) from the measurement of
3,(d,q) on I'™?
Let g (resp. ¢) be a solution of (1) associated with (c, b, go) (resp. (¢, b, qo)) satisfying some regularity properties:

— 9,4, V(9;q) and A(9;q) are bounded,
— qo is a real valued function in C3(£2),
— go and all its derivatives up to order three are bounded.

Our main result is
2
| |H1(.Q) C|3v(3tQ) _av(atq)|L2((_T’T)X]“+)’

where C is a positive constant which depends on (£2, I", T') and where the above norms are weighted Sobolev norms.

The major novelty of this paper is to give an H! stability estimate for the diffusion coefficient with only one
observation in an unbounded domain.

We prove an adapted global Carleman estimate and an energy estimate for the operator H with a boundary term
on I'". Such energy estimate has been proved in [7] for the Schrodinger operator in a bounded domain in order to
obtain a controllability result. Then using these estimates and following the method developed by Immanuvilov, Isakov
and Yamamoto for the Lamé system in [2,3], we give a stability and uniqueness result for the diffusion coefficient
c(x, y). Note that this stability result corresponds to a stability result for two linked coefficients (¢ and V¢) with only
one observation. For two independent coefficients, in our knowledge, there is no stability result with one observation.

This paper is organized as follows. In Section 2, we give an adapted global Carleman estimate for the operator H.
In Section 3, we prove an energy estimate and we give a stability result for the diffusion coefficient c.

2. Global Carleman estimate
Let ¢ = c(x, y) be a bounded positive function in C3(£2) such that
Assumption 2.1. c(x, y) > cmin > 0, ¢ and all its derivatives up to order three are bounded by a positive constant Co

Let g =¢g(x, y, t) be a function equals to zero on 952 x (—T7, T') and solution of the Schrédinger equation
i0,q + V- (c(x,»)Vq) = f.

We prove here a global Carleman-type estimate for ¢ with a single observation acting on a part I' ™ of the boundary
I in the right-hand side of the estimate. Let B be a C*(£2) positive function such that there exists positive constants
Co, C1, Cpe which satisfy
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Assumption 2.2.

— |IVB|>Co>0in£2,0,<0o0n I,
— Band all its derivatives up to order four are bounded in 2 by Cy,
— 2R(D2B(E. D)) — Ve VAL P+ 22 VB - ¢ * = Cpelt 2. forall ¢ € C

where

D2 (cax(cax@) cax(cayé))
cdy(cdrB) cdy(cdyB) )’

Note that the last assertion of Assumption 2.2 expresses the pseudo-convexity condition for the function 8. This
assumption imposes restrictive conditions for the choice of the functions c(x, y) in connection with the function 8.
Note that there exist functions satisfying such assumptions; indeed, if we consider

—fd,f3yp > ro >0,
£y fouBUGE? + D) +2f2@yyB + 0,f)D) 210> 0

c(x,y) e {f ecC! (£2); Irg positive constant, [

then a function ﬁ(x, y) = ﬁ(y) is available (for example, c(x, y) = (1+17 + 1e™ and B(x, y)=¢e”).

Similar restrictive conditions have been highlighted for the hyperbolic case in [5,6] and for the Schrodinger operator
in [4].

Then, we define 8 = B + K with K =m||B|loc and m > 1. For A > 0 and 7 € (=T, T), we define the following
weight functions

B, Q2K _ ohB(x,Y)

s T N N T
We set v =e*"q, My = e STH (e’Tyr) for s > 0. Let H be the operator defined by

Hgqg ::iE),q—i—V-(c(x,y)Vq) inQ=0 x(-T,T), 2)
and we introduce the following operators following [1]

My :=idy + V- (cV1ﬂ)+s2c|Vr/|21,ﬁ, My :==isonyr 4+ 2¢sVn - Vi + sV - (cVn)y. 3)
Then

T T T T
// My |?dx dydr = // M1y )2 dxdydr + // |Mayr|?> dx dy dr +2m( f/ lemdxdydt),
-TQ TR -TQ TR

where 7 is the conjugate of z, N(z) its real part and J(z) its imaginary part. We have to compute the previous scalar
product. Then the following result holds:

Theorem 2.3. Let H, M|, M, be the operators defined respectively by (2), (3). We assume that Assumptions 2.1

and 2.2 are satisfied. Then there exist Ao > 0, so > 0 and a positive constant C = C (2, I', T) such that, for any
A 2= Ao and any s > so, the next inequality holds:

T T
s34 /f e 23 g > dx dy dr + si //6_25”¢|Vq|2dxdydt+ ||M1(e_“7q)||iz(é)

-T2 -T2
T T
+ ||Mz(e‘”q)||iz@ <C|:s)L/fe_zs”¢|auq|28vﬂdodt+/fe_ZS”|Hq|2dxdydti|, (4)
—Tr+ -T2

forall q satisfying Hq € L*(2 x (=T, T)), g € L* (=T, T; Hj (2)), dq € L>(—T, T; L*(I")).
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3. Inverse problem

In this section, we establish a stability inequality and deduce a uniqueness result for the coefficient c. The Carleman
estimate (4) proved in Section 2 will be the key ingredient in the proof of such a stability estimate.
Let g and g be solutions of

i0,q+V-(Vg)=0 inf2x,T), i9,G+V-(@EV§) =0 inQx(0,7T),
q(x,y, 1) =b(x,y, 1) ond2x(0,7), g(x,y,t)=b(x,y,t) onds2x(0,T), (5)
q(x,y,O):qo(x,y) in Q, Q(va’0)=q0(x’y) in 99

where ¢ and ¢ both satisfy Assumption 2.1. If we setu =g — g, v = 0;u and y = ¢ — ¢, then v satisfies
iv+V-(cV)=V-(yVog)=f in2x(0,T),

v(x,y,1)=0 ondf2 x (0,7), (6)
v(x,y,0) =1V (¥Vqo) in 2.

We extend the function v on §2 x (—T, T) by the formula v(x, y, ) = —v(x, y, —t) forevery (x, y,t) € 2 x (—T,0).
3.1. Energy estimate
We assume throughout this section that y € HO1 (£2). We introduce

E(t) =/e—25"<’)|a,u(t)|2dxdy+/ga—l(t)e—zf'?(f)|a,wa)|2dx dy.
2 2

In this section, we will give an estimation of E(0).
First Step: We first give an estimation of | o e 210)5,14(0))? dx dy.
We set i = e *"v. With the operator My = id,% + V - (cVY¥) + s2|Vy|?¥, we introduce, following [1],

~/ 0 n
T=23("7 [o M1y dxdydr).
Assumption 3.1. 9;g, V(9;q), A(9;q) are bounded by a positive constant.
We have the following estimate:

Lemma 3.2. We assume that Assumption 3.1 is satisfied. Then there exists a positive constant C = C(§2, ", T) such
that for any . > Ao and s = so, we have

I:/e—ZSn(x,ys0)|3,u(x, y’0)|2dxdy
2

T
]| <Cs’3/2)72/e’zs"(x‘y’o)(ly|2+|Vy|2)dxdy+Cs’1/2)Fl / /e*ZS%avﬂ|avv|2dodt. (7)
2 -Tr+

Second Step: We then give an estimate of [, ¢~ (0)e ™73, Vu(0)|* dx dy.

We denote
E(t):= /C(p_l (1)e= 210 |Vv(t)|2 dxdy,
Q
where ¢! = é. We give an estimate for £(0) in Theorem 3.3.

Theorem 3.3. Let v be solution of (6) in the following class
ve C([0,T1, H' (£2)), dove L2(0,T, L*(IN).
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We assume that Assumptions 2.1 and 2.2 are checked. Then there exists a positive constant C = C(§2, I, T) > 0 such
that for s and M sufficiently large

E0)<C |:2A2// e 203, B9, dodt+sA[/ _2”7|f|2:| (8)

-T 1"+
3.2. Stability estimate

Now, following an idea developed in [2] for Lamé system in bounded domains, we give an underestimate for [£(0).
We adapt the proof of Lemma 3.2 of [2] to an unbounded domain.

Assumption 3.4.

— qo is a real valued function in C3(2);
— ¢qo and all its derivatives up to order three are bounded;
- |VB-Vgqo| 2C >0on £2.

Lemma 3.5. We consider the first order partial differential operator

(Pog)(x,y) = dxqo(x, y)oxg(x, y) + 9y (x, y)dyg(x,y), Pog:=Vqo-Vg

where qq satisfies Assumption 3.4. Then there exist positive constants A1 > 0, s1 > 0and C = C(82, I', T) such that
forall x> Ay and s > 51

5202 / poe »MglPdxdy < C / @ e B | Pog|* dx dy
2 22
with no(x, y) :=n(x, y,0), go(x, y) := ¢(x, y,0) and for g € Hy (£2).

Then, we apply Lemma 3.5 to the first order partial differential equations satisfied by y (resp. Vy) given by the
initial condition in (6) (resp. the derivative of the initial condition in (6)) and we deduce the following result:

Lemma 3.6. Let u be solution of (6). We assume that Assumptions 2.2, 3.1 and 3.4 are satisfied. Then there exists a
positive constant C = C (82, I', T) such that for s and A sufficiently large, the two following estimates hold true

5232 / poe >y [P dxdy < C / 05 e 2 |dulx, y, 0)]* dx dy, ©)
2 2

s2x2/e—23"0|v;/|2dxdygc/goo—le—m() |V (3u(x,y, 0))| +1y1?) dxdy, (10)
2 2

fory e Hg(.Q).
Theorem 3.7. Let g and g be solutions of (5) such that ¢ — ¢ € Hg(.Q). We assume that Assumptions 2.1, 2.2, 3.1
and 3.4 are satisfied. Then there exists a positive constant C = C(S2, I', T) such that for s and A large enough,
T
/woe*mouc — P+ V(-8 dxdy < C / / @ e 273,89, (3,q — B,é)|2da dr.
2 -Trr+

Proof. Adding (9) and (10) we obtain (with C a positive constant) using the estimate (7) for |Z| and the energy
estimate (8) for E(0)



640 L. Cardoulis et al. / C. R. Acad. Sci. Paris, Ser. I 346 (2008) 635-640

s2A2/<p0e—2S"0(|w|2+|y|2)dxdygc/gao—le—zwoqv(a,u(x,y,O))|2+ |a,u(x,y,0)|2)dxdy
2 2
< C(IZ1+ E(0)).

Then, for s and A sufficiently large, we obtain the theorem. 0O

Remark 1. Note that all the previous results proved in R x (—%, %) are available in R” x —%, %) for n > 2 if we
adapt the regularity properties of the initial and boundary conditions.
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