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Abstract

This Note aims at introducing a semi-implicit coupling scheme for fluid—structure interaction problems with a strong added-mass
effect. Our main idea relies on the splitting of added-mass, viscous effects and geometrical/convective non-linearities, through &
Chorin—Temam projection scheme within the fluid. We state some theoretical stability results, in the linear case, and provide some
numerical experiments. The main interest of the proposed scheme is its efficiency compared to the implicit appoiizdhis
article: M.A. Fernandez et al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Résumé

Un algorithme de projection pour des problemes d’interaction fluide—structure avec fort effet de masse ajoutéBans cette
Note nous introduisons un schéma semi-implicite pour des problémes d’interaction fluide—structure avec un fort effet de masse
ajoutée. La méthode est basée sur un certain découplage de la masse ajoutée, des effets visqueux et des non linéarités géometric
et convectives. Ce découplage peut étre obtenu par une méthode de projection type Chorin—Temam. Nous énongons un résultat
stabilité dans un cadre linéaire, et nous présentons quelques simulations numériques. Le principal intérét de I'algorithme propos
est son efficacité par rapport aux approches implicResr citer cet article: M.A. Fernandez et al., C. R. Acad. Sci. Paris, Ser. |
342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Le but de cette Note est de présenter un schéma semi-implicite stable pour simuler des problémes d'interactiol
fluide—structure dans le cas ou le fluide est visqueux incompressible et la densité de la structure est proche de celle ¢
fluide (c’est-a-dire, lorsque les effets de masse ajoutée sont importants). C’est le cas par exemple dans les écoulemel
sanguins. Dans de telles situations, des instabilités numériques ont été observées [6,11,12] lorsque (1) n’est pas vérifi
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assez précisément, par exemple pour des schémas explicites. On trouvera dans [1,9] des explications théoriques
I'apparition de ces instabilités numériques. Un moyen de palier ces instabilités est de mettre en ceuvre des schém
implicites, souvent trés colteux. Ces derniéres années de nombreux travaux se sont donc attachés a développer
stratégies efficaces pour réaliser ce couplage «fort» (voir [2,5,6,10]). Ici, nous souhaitons lever la nécessité de «
couplage implicite. L'idée principale est de traiter séparément les efforts de pression et les efforts visqueux appliqué
par le fluide sur la structure, les premiers étant traités implicitement comme le suggeére [1], les seconds étant trait
explicitement ce qui, comme le suggére [7] conduit & des schémas conditionnellement stables. Un des moyens
parvenir & ce traitement implicite-explicite des efforts est d’utiliser un schéma de projection type Chorin—Temam poul
résoudre la partie fluide. Ce qui conduit pour le probleme couplé (2)—(3) au schéma semi discrétisé en temps (4)—(7
Il est a noter que la convection et les non-linéarités géométriques sont prises en compte a I'étape de diffusion. Pour |
tel schéma nous énoncons une propriété de stabilité (Théoréme 2.1) et illustrons les capacités de I'algorithme a trai
un cas avec fort effet de masse ajoutée, en I'appliquant au probléme de I'écoulement sur une marche avec un fo
élastique (Fig. 1).

1. Introduction and motivation

In this Note we are interested in the numerical simulation of fluid—structure interaction problems involving an
incompressible fluid in presence of a strong added-mass effect. This issue is particularly difficult to face when the
fluid added-mass acting on the structure is strong, in other words, when the fluid and solid densities are of the san
order, as it happens in hemodynamics for example. Indeed, as it has been reported in many works, in such situatior
strong (or implicit) coupling schemes, i.e. preserving energy balance, appeared to be mandatory in order to avoic
numerical instabilities. We introduce in this Note a scheme which is not implicit but which is stable for a reasonable
range of discretization parameters in standard test cases.

Let £2(r) be a time-dependent domainRf (4 = 2 or 3). We assume, for all time that 2 (1) = 2¢(r) U 2s(7)
and 25(¢) N 2s(t) = @, where2;(¢) is occupied by an incompressible viscous fluid agiz) by an elastic solid.

The fluid—structure interface is denoted Byr) = 2¢(r) N £25(r). Denoting, respectively, the velocity and the Cauchy
stress tensor by andes within the fluid and byws ande s in the structure, the fluid—structure coupling is performed
by imposing the transmission conditions

u=vs, 0f-nf+os-ns=0, onx, (1)

wheren; (resp.ng) stands for the outward normal 0m2; (resp.d$2s).

Many fluid—structure interaction problems can be discretized through a ‘weak’ coupling of the fluid and structure
sub-problems. Indeed, stable schemes can be obtained without the need of enforcing (1) accurately at each time st
A state-of-the-art presentation of such algorithms can be found in [3]. However, in some situations, humerical insta
bilities, irrespective of the time step, may occur. This fact has been observed in many numerical studies (for instanc
[6,11,12]), and some theoretical explanations have been proposed in [1,9]. In particular, in [1], it has been shown tha
for incompressible fluids, instabilities are closely related to similarities between the fluid and solid densities. Up to
now, instabilities have been overcome throwdylong coupling. Therefore, at each time step, many ‘sub-iterations’
have to be performed in order to enforce (1), which often leads to prohibitive computational costs. Thus, most of the
recent works have been devoted to the development of efficient methods for the solution of the non-linear problem
arising in this implicit coupling (see [2,5,6,10]). Although significant improvements have been achieved, none of the
existing strategies are able to circumvent strong coupling without compromising stability, to the authors knowledge.

2. A projection scheme

Our scheme is based on the following two ideas. First, in order to avoid numerical instabilities, the main part of the
added-mass effect is implicitly treated, as suggested in [1], whereas the other contributions (dissipation, convectio
and geometrical non-linearities) are treated explicitly. The second idea, relies on the fact that this kind of implicit-
explicit splitting can be optimally performed using a Chorin—Temam projection scheme (see for instance [8]) in the
fluid. Indeed, at each time step, the projection sub-step (carried out in a known fluid domain) is implicitly coupled with
the structure, so accounting for the added-mass effect, the viscous sub-step, which is explicit (so weakly coupled
takes into account the viscous effects and the convective and geometrical non-linearities. The main advantages of t
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resulting algorithm are: its simplicity of implementation (specially compared to sophisticated Newton-like methods
[5,6]) and its outstanding efficiency compared to any strong coupling methods we are aware of. Obviously, the main
inconvenience is that energy is not perfectly balanced at each time step, at least from a theoretical viewpoint. In despit:
of that, theoretical and numerical evidences show that, for a reasonable range of physical and discrete parameters, tl
scheme is numerically stable.

Let 2 = £2; U 25 be a reference configuration of the system. We define the deformation of the continuum
medium byq):§ x [0,T] — £2(1t), the deformation gradient by (x,t) = V;e(x,1), and its determinant by
J(x,t) = detF(x, t). The displacement of the domain is given ipgk, 1) = @(x, t) — X. Within the structure, the
velocity of a material poink, 9;¢(x, 1) = 9;9(x, t), is denoted byws. Within the fluid, u(x, t) stands for the fluid
velocity at a pointc of the fluid domain. In addition, we adopt a fluid Arbitrary Lagrangian Eulerian (ALE) formula-
tion by introducing another mapping,: Q¢ x [0, T] — £4(t) such thatA (-, 0)|§ =o(, O)‘EA, which in general does
not follows the material trajectories. The fluid domain velocity is definedvly, r) = 9, A(x, t). We introduce the
first Piola—Kirchhoff tensor in the structul@ = J(oso ¢)F . The fieldIT is related top through an appropriate
constitutive law. We assume the fluid to be incompressible and Newtoniang ftpisu) = —pl + (Vu + Vu')
wherep denotes the pressure. The fluid—structure problem then reads:

0 . . .
,Ofa—l; +pof(w—w) -Vu—puAu+Vp=0 in2(), dive=0 IinRx(), @
2

w=Trlslg) N2, u=vsop! onz(),
Psaa ~ div;(IT) =0, In ‘(fj’ ®)
M-ns=Jot(p,u)- F~'-ns, onX,

Whereg’—t |; represents the ALE time derivative and frdenotes any reasonable extension operator in the fluid domain
(see, e.g., [9)).
Assuming2”, u", p", »" to be known, our scheme reads as follows:

— Step 1:Extrapolation of the domain2; ™ = 2/ + srw"*+* with

~n+1 n 3 n 1 n—1 n+1 ﬁn+l —7" = n+1 —-1(,. n+1
T =n"+4t Evs —Evs , w =% onx, w'=Tr ( 5 ) (4)
— Step 2: ALE-Advection—diffusion step (explicit coupling):
a"tlt—yn
pr +pi(@" —w') vartt — pAa"tt =0, in@pt,
ot % (5)
"t = gt on xntl,

— Step 3:Projection step (implicit coupling):

u'tl_— ﬁn+1 1 1
——— 4 Vp"tt=0 in@ft, dive"tt=0 inoft,

: o n+1 n (6)
utl. ni= % -nf  on Z‘"“‘l’

vsn+l _ vsn ) o+ Hn+l R ”nJrl _ ”n vsn+l 4 vsn R

—— —divg| ———— =0 in£, = in Q2s,
SRy ! 2 s st 2 s 7

mt. ns= J'l+1(0f(pn+1, ﬁn-‘rl) ° An+1) (Fn+l)—T ‘ng on 2‘

Variants of the above scheme can be obtained by switching steps 2 and 3, i.e. using a velocity-correction schem

within the fluid, or using incremental approaches [8].

We now state a stability result, whose proof can be found in [4], for our semi-implicit scheme (5)—(7) applied to
a linearized version of problem (2), (3), where we have neglected the convective and geometrical non-linearities. As
suggested by [7], the explicit treatment of the viscous sub-step leads to a conditionally stable scheme. The structur
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is discretized in time using a Leap—Frog scheme. We consider Lagrange finite elements in space, for both the flui
and the structure, based on quasi-uniform triangulations,mwéhd H the fluid and solid mesh sizes, respectively. In
addition,n;, represents a given matching operator at the interface.

Theorem 2.1.Assume that the interface matching operator 7, is L2-stable. Then, the linearized version of scheme
(5)—(7), is stable (in the energy norm) under the following condition:
0, ifQs=%,
), with o 2 A
1, ifQs#%
with C > 0 a constant independent of the physical and discretization parameters.

uét
hH%

h
Ps?C(me‘l'z (8)

Some remarks are in order:

— The assumption on the?-stability of the interface matching operator is satisfied by the standard finite element
interpolation operator, for example, whenever the fluid interface triangulation is a sub-triangulation of the solid in-
terface triangulation. This includes, in particular, the case of interface matching meshes. By construction, a morte
based matching operator also fulfills that assumption.

— Under a strong added-mass effect, condition (8) can be satisfied by reducing the ftatfoandés: /(hH*). The
later might be thought as a CFL-like condition.

— Inthe caser = 0, condition (8) becomes independent of the solid meshBizi@ particular, we may setl =k,
and stabilize the scheme by simply reducin@andsr).

— In the caser = 1, the stability of the scheme can be ensured provided that the fluid meshisizenall enough
compared to the structure mesh siZzeln the hemodynamic context, 3D numerical simulations showed however
that this condition seems to be not necessary.

For further discussions on the stability of the scheme we refer to [4].
3. Numerical results

We consider the backward facing step with an elastic bottom @dkig. 1). The wall displacementis supposed
to be along they axis, and its vertical component, governed by the following equation

2 52 3
fsa — Qo By = fr e
PsEsyr2 972 9720t R

where f5. denotes the fluid load (pressure and viscous effectsy pns stands for the structure thickness and the
coefficientsx, 8 andy are given constitutive constants. This model is purely illustrative and we do not discuss here
its mechanical relevance. The values used in our simulationsaver#6.7, 8 = 26.7, y = 0.1. The producpses will

be either 20 or 30 depending on the test case. The fluid is governed by the incompressible Navier—Stokes equations |
with pf = 1, © = 0.01. We impose the velocity = (u,, 0), with

1
uy(y.1) = Z(l‘ cos(%t))@ —DE-y),

t=40.000000

Fig. 1. Left: Backward facing step with an elastic bottom. Right: Example of the velocity field.
Fig. 1. A gauche : écoulement sur une marche avec fond élastique. A droite : exemple de champs de vitesse.
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Fig. 2. Left: Spurious interface power (log scakejsus time for pses = 30. Right: Spurious interface power (log scale)sus time for pses = 20.
The staggered scheme generates too much spurious power and is unstable in this case, while projection and implicit schemes remain stable.

Fig. 2. A gauche : puissance parasite a travers l'interface (échelle logarithmique) en fonction du tempsge®0. A droite : puissance parasite
a travers l'interface (échelle logarithmique) en fonction du temps pexy= 20. Le schéma décalé génere trop d’énergie parasite et est instable
dans ce cas, tandis que le schéma de projection et le schéma implicite demeurent stables.
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Fig. 3. Power transmitted across the fluid—structure interface versus tinpgsfpe 20. Observe the very good fitting between the projection and
implicit schemes.

Fig. 3. Puissance transmise a travers I'interface fluide—structure en fonction du tempgggesi20. Noter que les résultats obtenus avec le schéma
implicite et le schéma de projection sont trés proches.

on the inlet £ = 0), homogeneous Neumann boundary conditions on the outletg), and a no-slip boundary
condition anywhere else. The time ste@is= 0.05. The fluid equations are discretized us@gy Q1 finite elements
(1600 nodes), and the structure wiith finite elements (50 nodes). In particular, we havwe H = 0.1. Fig. 1 shows
an example of the velocity field.

We compare the projection scheme (4)—(7) with a fully implicit coupling (solved through inexact Newton itera-

tions [6]), and a staggered scheme (with a second order prediction of the interface position). We monitor the power
transmitted through the fluid—structure interface by the fluid and by the structure at the end of each time step. Fig. 2

shows the sum of this two quantities (which represents a spurious numerical pergas)time in a semi-log scale.
The staggered scheme is stable fgrs = 30 (Fig. 2(left)). But it generates too much spurious power and is unstable
whenever the added-mass effect increases, for example, gyher= 20 (Fig. 2(right)). For the implicit and the pro-
jection schemes, the spurious power is of order®l@vhich is the tolerance used for the iterative algorithms. Fig. 3
points out that the interface powers obtained with the fully implicit and the projection schemes are very close. Other
test cases, related to blood flows, will be reported in a forthcoming paper [4].
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