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Abstract

We present an optimization method of a quantum control problem giving rise to a sequence of controls increasing monotonically
the values of a cost functional. We first claim some results about the regulatitysafost functional. Those enable to extend
an inequality due to Lojasiewicz to the infinite dimensional case. Lastly, a sequence of inequalities proving the Cauchy character
of the monotonic sequence is obtained, and we can also estimate the rate of convergence. The detailed proof will be given ir
[L. Baudouin, J. Salomon, Constructive solution of a bilinear quantum control problem, 2005, in preparatiofo {8 this
article: L. Baudouin, J. Salomon, C. R. Acad. Sci. Paris, Ser. | 342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Méthode constructive de résolution d’'un probléme de contrdle bilinéaireNous présentons une méthode d’optimisation d’un
probléme issu du contrdle quantique aboutissant a une suite de valeurs pour le contrdle faisant croitre les valeurs d’une fonctionnell
de co(it de fagon monotone. Apres avoir introduit la fonctionnelle de co(t associée au probleme, nous énongons quelques propriéts
sur sa régularité. Celles-ci permettent d’étendre une inégalité di a tojasiewicz au cadre de la dimension infinie. Une série de
majorations démontrant la propriété de Cauchy pour la suite monotone est alors obtenue et nous pouvons également donner ul
estimation de son taux de convergence. Les détails des démonstrations seront donnés dans [L. Baudouin, J. Salomon, Construct
solution of a bilinear quantum control problem, 2005, in preparation. PB]jr citer cet article: L. Baudouin, J. Salomon, C. R.

Acad. Sci. Paris, Ser. | 342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Soita > 0, T > 0, O un opérateur symétrique positif sif(R), yo dansH2(R, C) et u et V des fonctions de
W2 (R) avecu(x) —> 0. Nous considérons le probléme d’optimisation associé a la fonctionnelle dé définie
surL>®(0,T) par :J(s) = [ ¥ (x, T)OY (x, T)dx — afOT g2(r)dr oty € L®(0, T; HH N WL, T; L?) estla
solution de I'équation de Schrodinger
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{ iy (x,0)=[-A+ V&) —pn®e®]yx,0),
¥ (x,0) = yo(x).

L'existence d’un tel contrdle optimal a déja été démontrée dans les références [2] et [4].

Cette fonctionnelle/ est analytique et sa Hessienne peut s'écritd + ¢) ou Id est I'identité etp un opérateur
compact su.>(0, T). Il est alors possible de reprendre un raisonnement exposé dans [5] pour établir une générali
sation a la dimension infinie (7) d’'une inégalité die & tojasiewicz [6] valable pour les fonctions analytigR&s de
Nous considérons ainsi la suite*)cy définie par (8)—(11), qui assure la croissance monotone des valeurs de la
fonctionnelle de co(¥ . L'inégalité de tojasiewicz généralisée permet alors d’obtenir :

Théoréme 0.1 La suite(eX)ren définie par(8), (9) est convergente dars*(0, T').

Par I'intermédiaire d’'une seconde utilisation de l'inégalité (7), on peut enfin donner une estimation du taux de
convergence de la suite’).

Théoreme 0.2.Soite™, la limite de (¢M) ey définie par(8), (9), 6 et les quantités apparaissant da(ig), avec
C;= {Soo}.
Si6 < 3, alors il existec > O tel que: || — e ;2. 7y < ck /A=),
1

Si# = 3, alors il existec’ > O etz tels que: | ek — e®l L2001y < ¢ e Tk,

1. Optimal control problem

We denote byH?2 and L2 the spaced{2(R, C) and L2(R, C). We also use the notatioft| - |-) defined by:
(W1Alx) = [p ¥ (x)Ax (x) dx, wherey and x are inL? andA is an operator o.2.

Let w andV € W2®(R), ¢ € L>°(0, T) and o € H2. One can prove the existence of a unique soluijoa
L>®(0,T; H?) n W (0, T; L?) of the following Schrédinger equation [2]:

{ iy, 0 =[-A+ V&) —pn®e®]yx,0),
¥ (x,0) = yo(x).

In what follows, we simply denote bi = —A + V the internal Hamiltonian of the system and we ffixol| ;2 = 1.
Let O be a positive symmetric bounded operator/f anda and 7 two positive real numbers. In this paper, we
consider the optimal control problem corresponding to the cost functibdafined on.*°(0, T') by:

1)

T
J(e) :(w(T)|0|w(T))—a/82(t) dr. 2)
0

The existence of a maximizer has been obtained in [2] and [4]. The gradigrntarf be computed by introducing the
Lagrange multipliery (also calledadjoint statg corresponding to the constraint (1) and defined by:

{ 10, x (x, 1) = [H — ()& @) ] x (x, 1),
xx, T)=0y¢yx,T).

If we denote the usual inner product 8R(0, T) by (-, -), we have (see [2]):

3)

T
(VJ(e), €)= / —2(ae @) +Im{x () |uly (1)))e’ (@) dr.
0

Thanks to the following lemma, one can prove that thesebf the critical points of/ is compact inL*° (0, T') (see
a similar result in [1], Theorem 3.6).

Lemma 1.1.Let be(¢"),cn a weakly convergent sequencelif(0, T') and (¥"),en and (x™),en the corresponding
sequences of solutions @) and (3). Then(y¥"),eny and (x")nen Strongly converge ir€ ([0, T'1, ngc).
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2. Properties of J
We present now some necessary results about the regularity of the cost funétional

Theorem 2.1.The functionalp:e € L>®(0, T) — € L>(0, T; L?) (wherey is the solution of1) corresponding
to ¢) is analytic.

Sketch of the proof. Considers, ¢’ € L*>°(0, T') with ||8/||L1(O,T) < min(m, 1) and the sequenc@/’);en €
(H?N defined recursively by/? = ¢ (¢) and forl > 0:

10,9 (x, 1) =[H — p@)e®|y' (x, 1) — nx)e' Oy~ x, 1), @
Yl(x,00=0.
The existence of the solutions of (4) is obtained by fixed-point method. It can also be proved recursively that:
VIZ1 Viel0T], ¢/ 2 <luliegle o r): (5)

Thus, for anyN > 0:

N
¢+ - v

=0

N N —-N
< ||'LL||LOO(]R)||8/||L1(O’T) <2
L2

and the functionap reads nows (s +¢&') = Y 7oy, Sincee’ — ! is! linear, the theorem follows. O
Theorem 2.2.The functional/ is analytic onL*°(0, T').

Keeping the notations of the latter proof, one can define in the same way the segufensec (H)N by x° = x,
wherey is the solution of (3), angt’ is the solution of

! 10" (x.0) =[H — n)e®]x' (x. 1) — n(x)e' ) x' 1 (x., 1),

X', T)=0y!(x,T) ©)

in order to prove thap': e € L°(0, T) — x € L>(0, T; L?) is analytic.

For some reasons that will appear in Section 3, it can be useful to study the Hessiaksaf was the case for the
gradient, one can obtain an explicit formula.

Similar arguments enable to obtain the following result.

Lemma 2.3.The functionaly : e — Im{x ()| |y (¢)) is differentiable onL*° (0, T") and one has
Dy ():L*°(0,T) — L*(0,T),
&' (= Im{x @ lly @)+ Im{x Ol @)),

wherey and x are the solutions ofl) and(3), andy! and x ! are the solutions of4) and (6) for I = 1. Furthermore,
the functionalDy (¢) is compact on.*°(0, T).

The Hessian operator dfis then given byH, (¢) = &' = —2(ae’ + Dy () (£)).
3. Lojasiewicz inequality
The result we generalize here is the following (cf. [6,7]):

Theorem 3.1.Let N be an integer and™ :RY — R be an analytic function in a neighborhood of a poing RV .
Then there exists’ > 0 andé’ € 10, 3] such that

VxeRY, |x—all <o', |VI@| =@ -r@|™.
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Following the work [5] of M.A. Jendoubi (which simplifies the theorem of tojasiewicz—Simon [10]) the latter
theorem can be generalized in infinite dimension. The key points of the proof are the compactbgsgs)adnd the
analyticity of J. Moreover, thanks to compactness of the@Ggf the critical points of the cost functiondl, one can
prove the global version of the Lojasiewicz theorem:

Theorem 3.2.Let denote by, a connex component &f; in L>(0, T) and by! the value of the cost functionall
onCy. There exist > 0, k > 0 andé € 10, 3] such that

~ ~ 1_
VeeRY, d(e.Cs) <o, V@] 105 =x[T@[, (7)
whered is the distance associated to the° (0, 7') norm andJ (¢) =1 — J (¢).
4. Optimizing sequence

In [8] (see also [12] and [11]), Maday et al. have defined an optimizing sequengey of J as follows. Consider
(8,1)€10,2[x10,2[,£% € L>®(0, T) and&® € L>°(0, T'). The functiong* and&* are computed by solving iteratively:

0,k (x, 1) = (H(x) — b O)p@)yrx, 1), ®)
Yk (x,t =0) = yYo(x),
)
e (1) = (1- 8511 - - Im(x* @) |uly* @), 9)
i, x" (v, 1) = (H () = E0p)x* (x,0), (10)
K, t=T)=0y*(x,T),

) =1 —met) - g Im(x* ()|l (). (11)

It can be proved by induction that each system of equations of this algorithm has a unique solution. A first interesting
property of(¢X);cny and (8),en is that these sequences are bounded.

Lemma 4.1.Given an initial fields® € L>(0, T), there exists¥ depending OI’M{;‘O”Lw(O,T), 8, n,a, O andu such
that [|e¥]| L 0.7) < M, [|8%]l0,1) < M.

A second property ofs¥);c is given by the following lemma (see [8]) and a result analogous to Lemma 1.1 is
given in the next one.

Lemma 4.2.The sequencé’),cy defined by8), (9) ensures the monotonic convergence of the cost functibiral
the sense that

J(MHY) = I (%) = (WD) — yH (D 01T — v R(T))
2 ) 2 . 2
+ (; — 1) ||8k+1 _ 5k ”LZ(O,T) —+ <5 — 1) Hgk — gk ||L2(O,T)’ (12)
and there existfo such thatimg_, J(e5 = l,0.

Lemma 4.3.Let (¢5),,cn be a weakly convergent subsequenceésbfcy in L2(0, T). Then(s), <y converges in
L°(0, T) towards a critical point of the functional.

Let us denote by',o C C; the set of the limit points ofe*"), <. A standard argument of compactness applied to
C,o enables to obtain the following result.

Lemma 4.4.Let denote by! the distance corresponding to tii&° (0, 7) norm. One has
d(e*, C,0) — 0. (13)
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Note that, thanks to the monotonic propetty= /.0 on C,o. It can also be proved that.o is connected (see [9]).
Lastly, the gradient of the cost functional can be estimated in each gfoarst follows:

Lemma 4.5.There exists. > 0, depending om, O, «, §, n and T, such that

”VJ(Sk) “Ll(O,T) < )‘(”‘Ek - gk_l”Lz(O,T) + Hék_l - 8k_1||L2(0,T))'

This result is obtained using estimate (5) witk 1, e = e, ¢’ = ekt1 — ¢k ! = y*k+1 _ 4k and a corresponding
estimate withy .

5. Convergence ofe*)ey
It is now possible to prove the convergence of the sequérfeg.n by a Cauchy argument.
Theorem 5.1.The sequenceX)cn defined by8), (9) is convergent in.2(0, T').

Sketch of the proof. Suppose first thatk € N, J (¢X) # 0. By (13), there existk such that (7) holds (Witﬁ; =C,0)
for all ¢k with k > ko. Consider an integer > ko. Thanks to the results mentioned above and the concavity-of’:
k)¢ 7 (k+1Y)\0
(/(e) = (J(e)" =

> W(J(Ekﬂ) —J(e"))

K6 2 ) 2 . 2
Z VI Dl o) ((3 B 1) S <E B 1) I =<1 LZ(Q”)

k0ag,n k1 =k sk k 2
- ||VJ(5k+l)||Ll(o,T)(”8 Mt HLZ(O,T)+||8 —¢ ||L2(0,T))

- 0

KOasn) | k1 k
> ) “8 —¢& “LZ(O,T)’
whereas, ) = m - % Since((J (¢))?)xen is @ Cauchy sequence (as a monotonic sequence boundeljpy-
aT M2, where||O |, is the norm of the operata on L?), we obtain thate¥),cn is also a Cauchy sequence.
If there existsk; such that/ (¢¥1) = 0, the monotonicity of the algorithm implies that
J(skl) — J(skﬁl) — J(8k1+2) — ...
and by (12) the sequence®);en is constant fok > k1. O

A second use of the Lojasiewicz inequality enables to obtain estimates of the rate of convergence of the sequenc
(") ren. In particular we have the following result:

Theorem 5.2.Let us denote by™, the limit of (¢);cn defined by(8), (9) andé, « the real numbers appearing {{@),
whereC,o = {£™}.

If & < 3, then there exists > 0 such that [|e% — || ;20 7y < ck~%/1=29.

If 6 = 3, then there exist’ > 0andt such that [|e* — | ;2 7, < ¢’ €77%.
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