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Abstract

We considerp-adic affine dynamical systems on the rifig of all p-adic integers, and we find a necessary and sufficient
condition for such a system to be minimal. The minimality is equivalent to the transitivity, the ergodicity of the Haar measure, the
unique ergodicity, and the strict ergodicity. When the condition is not satisfied, we prove that the system can be decomposed intc
strict ergodic subsystems. One of our applications is the study of the divisibility, by a power of prime number, of the sequence of
integersa” — b with positive integers, b andn. To citethisarticle: A.-H. Fan et al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Résumé

Systemes dynamiques affinep-adiques et applications.Nous considérons les systemes dynamiques affiradiques sur
lanneauZ, des entierg-adiques. Nous obtenons une condition nécessaire et suffisante pour qu’un tel systéme soit minimal. La
minimalité est équivalente a la transitivité, a I'ergodicité de la mesure de Haar, a I'unique ergodicité, et a la stricte ergodicité.
Quand la condition n’est pas satisfaite, nous donnons tous les sous-systemes strictement ergodiques du sysjeadicaféne
en question. L'une de nos applications est I'étude de la divisibilité, par une puissance d’un nombre premier, de la suite des entier
de la formea” — b (a, b etn étant des entiers positifsPour citer cet article: A.-H. Fan et al., C. R. Acad. Sci. Paris, Ser. | 342
(2006).
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Version frangaise abrégée

Nous présentons dans cette Note quelques résultats sur les systéemes dynamiquesadiess(Z,, 7, g), ou
o, B €Ly, etTy g estdéfini paly g(z) :=az+ B Yz €Zp).

Rappelons que > 2 désigne un nombre premier®j I'anneau des entierg-adiques, muni de la valeur absolue
non-archimédienng- |, définie par|z|, = p~Ur@ . Nous désignons respectivement fiarV et o le groupe des
inversibles, le groupe des racines de l'unité, et I'idéal maximal gleAlors

U={z€Zp lzlp=1} et p=7Z,\U=pZ,.
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Il est & noter que nous avolys= {£1} si p = 2. Finalement pour tout entier rationnel> 1, notons
Up:=14+p"=14+p"Z, et S,=0U,\Ups1.

Nous renvoyons le lecteur a [3] pour plus d'informations sur 'anri&aet a [4] pour les notions utilisées dans cette
note sur les systémes dynamiques.
Voici les résultats principaux :

Theoreme 0.1. Le systeme dynamiqué ,, 7, g) est minimal si et seulementeic U,, et € U, our, = 1 (resp.
rp =2)si p > 2 (resp. sip = 2). De plus, si ces conditions sont satisfaites, le systeme est strictement ergedigie
la mesure de Haar normalisée s#r, comme I'unique mesure de probabilifg g-invariantg), et il est topologique-
ment conjugué &Z,, T1.1), donc posséde un spectre topologique discret constitué des valeurs pragtre& */»"
(n>=1, 1<k <p" etptk).

Dans la suite, nous supposang U \ V. En réalité, si cette condition n’est pas vérifiée, le systéme dynamique est
soit trivial soit conjugué au systénig 1 qui est bien connu. En effet, |si|, < 1, il existe un unique point fixe attractif
% dont le bassin d’attraction est I'anne@y tout entier ; siv = 1, il est facile de voir que toutes les partigs 7,
(0< j < p¥®) sontTy g-invariantes et qué 4 restreint a chaqug + BZ, est conjugué &11; sia € V\ {1} et
p > 2, tout pointz € Z,, se trouve dans un cycle périodique, £ap est conjugué &, o par I'applicationz — z — %,
et toutes les orbites d&, o sont cycliques; finalementgic V\ {1} et p = 2, alorsa = —1 et la restriction dd;, g &
{z, z — B} est strictement ergodique, pour taut Z,,.

Théoréme 0.2.Soitp > 2 eta € U\ V. Désignons pat le plus petit entiez> 1 tel quea’ = 1 (modp).

(A) Sia eUetv,(B) <v,(1—a), alors le systtméZ,, T, ) est composé dp*»# sous-systémes strictement
ergodiques qui sont tous topologiquement conjugues,aTy 1).

(B) Sia e Uetv,(B) > v,(1—w), alors le systeméZ,,, T, g) est topologiqguement conjugué?,,, T, o). Toutes les
partiesp"U (n > 0) sontT, g-invariantes et forment une partition d&,. Tous les sous-systemgs U, T, ol 7))
sont topologiqguement conjugués. Le sous-systéé, oly) se décompose ep”f'("/*l)*l(p — 1)/¢ sous-
systemes strictement ergodiques qui sont tous topologiquement conjugués au systeme(Braditx Z,,,

D x Ty11),00D:Z/l7 — 7/¢Z est défini parD(¢) =t + 1.

Théoréme 0.3.Soitp =2eta € U\ V.

(A) Sia e U=TU1 etva(B) < v2(1— ), alors il y a deux possibilités
(a) Sia € Uy, le systeméZo, T, g) est compose dev2(® sous-systémes strictement ergodiques qui sont tous
topologiqguement conjugués(d,, Ty1.1).
(b) Sia € U\Uy, le systétmeZy, T, p) est composé da2(1+®)-1 sous-systémes strictement ergodiques qui
sont tous topologiquement conjuguégZa, 71 1).
(B) Six e Uetva(B) > v2(l—w), le systemeZs, T, g) est topologiquement conjuguéy, T, o). Toutes les parties
2"U (n > 0) sontT, p-invariantes et forment une partition d&. De plus, tous les sous-systeni®sU, Ty o|2v)
sont topologiqguement conjugués. Palf, 7, olu), on a deux cas a distinguer
(@) Sia € Uy, alors (U, T, oly) est composé dev2@~D—1 spous-systémes strictement ergodiques qui sont tous
topologiqguement conjugués(@,, Ty.1).
(b) Sia € Up\Uy, alors (U, T, 0ly) est composé dav2@+D—1 sous-systémes strictement ergodiques qui sont
tous topologiquement conjuguésZy, 71.1).

Le cas spécidly, o a été étudié par Coelho et Parry dans [1]. Leur résultat sur I'ergodicifg ¢l est inclus dans
le Théoréme 0.2 (B) ci-dessus.

L'étude sur les systéemes dynamiques affines s'applique a celle des systémes dynamiques monomiat
Sn,p 1 U1 — Uy definis parz — pz", oln > 2 est un entier rationnel gte Uy.

Par exemple, dans le cas> 2, nous avons le résultat suivant.
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Théoréme 0.4.Soit p > 2 un nombre premielp € Uy, etn > 2 un entier rationnel tel que 1 n.

(A) Siv,(p—1) <vp(1—n)+1,alors(Uy, S,,,) est compose devr(»~D—1 sous-systémes strictement ergodiques
qui sont tous topologiquement conjugué&Za, 71 1).

(B) Sivp(p—1) > v,(1—n)+1,alors(Uy, S,,,) est topologiqguement conjugué®y, S, 1). Toutes les spherés,
(m > 1) sontS, 1-invariantes et forment une partition dé,. De plus, tous les sous-systenig, S,.1ls,,) sont
topologiqguement conjugués. Le sous-systéSaes, 1|s,) est compose dp“P(”e‘D‘l(p — 1)/¢ sous-systémes
strictement ergodiques qui sont tous topologiquement conjugués au systeme @&HAY x Z,, D x T1,1), ou
¢ est le plus petit entie 1 tel quent =1 (modp), etD : Z/¢7Z — 7./¢Z est défini parD(t) =t + 1.

Le cas spéciab, 1 a été étudié par Khrennikov, Lindahl, et Gundlach dans [2]. Leur résultat est inclus dans le
Théoreme 0.4(B).

Le casp = 2 est un peu plus compliqué car le groupe additiin’est pas isomorphe au groupe multiplicéfi, le
dernier étant non-monothétique. Mais un théoréeme similaire au Théoréme 0.4 subsiste.

Signalons une application. Seit> 1 etb > 1 deux entiers premiers avec Désignons paf le plus petit entier
> 1 tel quea’ =1 (mod p) et posonsy = v,(a‘ — 1). Pour tout entiek > 1, posonsy, = ¢pM@k—v.0 Sjp £ g/
(mod p*) pour tout 0< j < s, alorsp fa™ — b (Y n > 1) ; sinon, nous avons

i Cardl<n<N: pFl@@"—b)} 1
N—00 N - Sk

Le résultat précédent, qui concerne effectivement les temps de retdupdeeut étre aussi démontré par un argument
purement algébrique.

1. Statements of main results

In this Note we will present some results gradic affine topological dynamical systeni&,, 7, ), where
a, B €Z,, andT, g is defined by

Top2):=az+p (Vz€Lp). )

Recall thatp > 2 is a prime number arid, is the ring of allp-adic integers, endowed with the usual non-Archimedean
absolute valug- |, defined byz|, = p~Ur@ Thisis alocal ring (i.e., a commutative ring which has only one maximal
ideal). The group of units, the group of roots of unity and the maximal idedl,okill be respectively denoted by,

V, andgp. Then we have

U={zeZp lzlp=1}, V={zeU:"=1forsomen>1}, and p={z€Z,: |z|, <1}. (2)
By the way, we remark that we haWwe= {+1} if p = 2. Finally for all integers: > 1, we denote
U,:=14+p"=14+p"Z,, and S,=0U,\U,q1. 3

By conventionUg = U. All U,,’s andS; are multiplicative groups, but n&%, (n > 2). We will write r, = 1 for p > 2
andrp = 2. As we shall see later, there are some differences between thg caand the case = 2.

The reader can consult [3] and [4] for more information about theZipngand for notions about dynamical systems
respectively.

Our main results are stated in the following three theorems:

Theorem 1.1.The dynamical systeiZ, Ty g) is minimal if and only ife € U,, and g € U. Moreover if all these
conditions are fulfilled, then the system is strictly erga@hiith the normalized Haar measure @), as the unique
T, g-invariant probability measufg and is topologically conjugate tZ,, 71 1), thus has discrete topological spec-
trum consisting of eigenvaludsand e */?" (n > 1, 1<k < p", andp 1 k).

In the sequel we can always suppose without loss of genetalityU \ V. Actually if this assumption is not
verified, the dynamical system is trivial or can be reduced directi tg which is known as adding machine and has
already been well understood. In fact|df|, < 1, there is a unique attracting fixed poifﬁa with the wholeZ, as



132 A.-H. Fanetal./ C. R. Acad. Sci. Paris, Ser. | 342 (2006) 129-134

its attracting basin; itr = 1, it is easy to see thgt+ Z, (0< j < pU®) are Ty g-invariant andly g restricted on
eachj + BZ, is conjugate td', 1; if @ € V\ {1} andp > 2, every point € Z,, is in a periodic cycle, becaudg g is

conjugate tdly, o with conjugacyz - z — 1%, and all orbits ofT, o are cycles; finally ix € V\ {1} andp = 2, then
o = —1, and the restriction df;, g on each two-point subsét, —z + B} is strictly ergodic.

Theorem 1.2.Letp > 2, and lete € U\ V. Denote by the least integer 1 such thaix! = 1 (mod p).

(A) If @ e Uandv,(B) < v,(1—a), then(Z,, T, p) consists ofpv»®) strictly ergodic subsystems which are all
topologically conjugate téZ,,, T1,1).

(B) If « € U and v,(B) > v,(1 — a), then the systeniZ,, T, g) is topologically conjugate tqZ,, Ty0). All
p"U (n > 0) are T, g-invariant and form a partition ofZ,. Moreover all the subsystenig”U, Ty ol ,»1y) are
topologically conjugate. The subsysteth 7, olu) consists ofp?r@ ~D=1(p — 1) /¢ strictly ergodic subsystems
which are all topologically conjugate to the product syst@/(Z) x Z,, D x T11), whereD : Z/{Z — Z/¢Z
is defined byD(¢) = + 1.

Theorem 1.3.Letp =2, and leta €e U\ V.

(A) If « €e U=0U1 andv2(B) < v2(1 — «), then we have two possibilities

(a) If @ € Uy, then the systert¥,, T, g) consists o2 strictly ergodic subsystems which are all topologically
conjugate to(Zy, T1.1).

(b) If @ € U1\Us, then the systentZy, T, g) consists oR2v23+®)~1 strictly ergodic subsystems which are all
topologically conjugate t@Zy, T1.1).

(B) If « € U and v2(B) > v2(1 — ), then the systeniZ,, T, g) is topologically conjugate t@Zy, Ty o). All the
2"U (n = 0) are T, o-invariant and form a partition ofZ,. Moreover all the subsysteni®"U, T, o|2y) are
topologically conjugate. About the subsyst@m 7, olu), we distinguish two cases

(a) If @ € Uy, then the subsyste, 7, oly) consists obv2@—D-1 strictly ergodic subsystems which are all
topologically conjugate t6Zy, T1.1).

(b) If @ € U1\Uz, then the subsysted, T, o|y) consists oRV2@+D~1 strictly ergodic subsystems which are
all topologically conjugate ta@Zy, T1.1).

The special casg, o was studied by Coelho and Parry in [1], and their result on the ergodiciiy gf; is contained
in Theorem 1.2(B) above.

We shall apply the above results to study the monomial dynamical systéms, ,), wheren > 2 is an integer,
p €Uy, ands, , is defined as follows:

Su.p(@):=pz" (YzeUy). (4)

Notice that the casg | n is trivial: in this caseS,, , has a unique attracting fixed poipt/ 1= with U, as its attracting
basin.

We remark that whep > 2, the p-adic monomial dynamical syste(y, S, ,) is topologically conjugate to the
p-adic affine dynamical syste,, T, g), with 8 := Log(p)/Log(1 + p). Thus Theorem 1.2 can be translated into
the following theorem:

Theorem 1.4.Let p > 2 be a prime numbep € Uy, andn > 2 an integer such thap { .

(A) fv,(p—1) <v,(1—n)+1, then(Uy, S, ,) consists ofpvr(*=D=1 strictly ergodic subsystems which are all
topologically conjugate teZ,, 71 1).

B) If vp(p — 1) > v,(1—n) + 1, then (U, S, ,) is topologically conjugate taUs, S, 1). All the spheresS,,
(m > 1) are S, 1-invariant and form a partition ofU;. Moreover, all the subsystengS,,, S,.1ls,) are topo-
logically conjugate. The subsystey, S, 1]s,) consists ofp?»®~D=1(p — 1)/¢ strictly ergodic subsystems
which are all topologically conjugate to the product syst@tf/¢Z) x Z,, D x T11), where( is the least integer
> 1 such that! = 1 (modp), and D :Z /(7 — 7./¢Z is defined byD(r) =1 + 1.
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The special cass, 1 was studied by Khrennikov, Lindahl, and Gundlach in [2]. Their result is contained in Theo-
rem 1.4(B).

The case = 2 is slightly more complicated. The reason is that in this case, there does not exist any homeomorphic
group isomorphism from the additive groép onto the multiplicative groufiJ1, for the latter is not monothetic. We
are thus obliged to consider the direct decompositipe= {£1}-U,, and reduce our study to that of the direct product
of two systems respectively da-1} and onU,. We do not give here the statement of our theorem for the pas@,
because it is too long.

2. Applications

As more or less direct applications of our above theorems, we can obtain as corollaries all the following results.
The first ones are dynamical, and the others are arithmetical.

Corollary 2.1. Let T, ! be another affine transformation defined similarly &sg by the formula(1), but on a
different ringZ, (¢ # p). If la|, =l =1, thenToi,’ﬂ, andT,, g are not topologically conjugate.

Corollary 2.2. Let p > 2 and« € U. Then the following statements are equivalent

(i) the systentU, T, o|v) is strictly ergodic,
(i) «is a primitive rootmodp anda?~1 2 1 (modp?),
(iii) the sef{e™: m € N} is dense irU,
(iv) o (modp") generatesZ/p"Z)*, for all integersn > 1,
(v) o (mod p?) generatesZ/p27)*.

Corollary 2.3. If p=2 and« € U, then(U, T, oly) can never be strictly ergodic. Butdf € Uy, then the following
statements are equivalent

(i) the systeniUaz, Ty olu,) is strictly ergodic,
(i) « € U2\Us,
(iii) the sef{a™: m € N} is dense irlJz,
(iv) £a (mod 2') generategZ/2"7Z)>, for all integersn > 3,
(v) £a (mod 8 generatesZ/87)*,
(Vi) «=5(mod 8.

Corollary 2.4. Letn > 1 be an integer.

(i) If p > 2, the multiplicative grougZ/p"7Z)* is cyclic, and can be generated Byl + p) (modp™), whered € V
is a generator ofy.

(i) If p=2andn > 3, then the multiplicative groufZ/2"Z)* is isomorphic to the direct product groyg-1} x (5,
where(5) is the subgroup ofZ,/2"7)* generated by := 5+ 2"Z.

Given two rational integers # 1 andb, we consider the sequence of integets— 5. How many integers in this
sequence are divided by a given power of prime numiiérFor this, we have the following corollary (similar result
holds forp = 2).

Corollary 2.5. Let p > 2 be a prime number. Laei > 1 and b > 1 be two integers coprime witp. Let £ be the
least integer> 1 such thata* = 1 (mod p), andv = v,(a* — 1). For all integersk > 1, put sy = £pM@*—.0
b a’ (mod pX) for all 0< j < s¢, thenp* fa™ — b for all n > 1; otherwise we have
i Cardl<n<N: pFl@@"—b)} 1
N—00 N - Sk
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The above result can also be proved by a purely algebraic argument. The caseithdésa or b is either trivial
or can be reduced to the above case. Moreover, the same result equally hglesdiorintegers: andb, but there is
a new case that (# 1) is a root of unity.

3. Proofs (sketches)

We have two methods for proving Theorem 1.1. The most important is to find a dense orbit under suitable con:
dition. Our first method is to use Fourier expansion to find exact condition for the Haar measure to be ergodic, an
then show that such a condition implies the existence of dense orbits. This method, which also allows us to fin
all topological eigenvalues, suggests that a strictly ergodic sysfmT, g) is conjugate to(Z,, T1,1). Actually

a direct proof is provided by the conjugagye Ty g = T1,1 o h, Whereh(z) = ﬂ‘fjjll. Remark here that we have
i) = %g;l)/ﬁ)z)_ Remark also that in thig-adic context, the exponential function Expis isometric and
its inverse is the logarithmic function L¢g.

The proof of Theorem 1.2(A) is based on the observation Zhats a disjoint union of theT, g-invariant sub-
setsA; = j + pﬂZp (0<j < pp(B)). Actually, the subsystertd;, Ty gla;) is strictly ergodic, and conjugate to
(Zp, T1,1). When the condition of Theorem 1.2(B) is satisfi@tl g is conjugate tdl,, o via a linear conjugacy. For
the latter,Z, admits a partitions consisting @, o-invariant set”U (n > 0). It is easy to see that all the subsystems
(p"U, Ty 0l pnu) are conjugate. To analyze the subsystémT, o|y), we follow Coelho and Parry by using the direct
product decompositiofy = V - U;. Indeed this is precisely the case studied by Coelho and Parry in [1].

The proof of Theorem 1.3 is similar to that of Theorem 1.2. However, in this case, wéhavé;, and we need
decomposdJ into {+1} - Us. The case = 2 is usually not studied. It is actually more complicated, due to the above
mentioned reason.

Theorem 1.4 is a consequence of Theorem 1.2.
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