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Abstract

We present a curvature-dimension condit©@B(K, N) for metric measure spacés/, d, m). In some sense, it will be the
geometric counterpart to the Bakry—Emery [D. Bakry, M. Emery, Diffusions hypercontractives, in: Séminaire de Probabilités XIX,
in: Lecture Notes in Math., vol. 1123, Springer, Berlin, 1985, pp. 177-206. [1]] condition for Dirichlet forms. For Riemannian
manifolds, it holds if and only if dirfi) < N and Rig,(§,§) > K - |5|2 for all £ € TM. The curvature bound introduced in
[J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Annals of Math., in press. [4]; K.T. Sturm,
Generalized Ricci bounds and convergence of metric measure spaces, C. R. Acad. Sci. Paris, Ser. | 340 (2005) 235-238. [6
K.T. Sturm, On the geometry of metric measure spaces. |, Acta Math., in press. [7]] is the limZRé&eoo).

Our curvature-dimension condition is stable under convergence. Furthermore, it entails various geometric consequences e.g. tt
Bishop—Gromov theorem and the Bonnet—Myers theorem. In both cases, we obtain the sharp estimates known from the Riemannie
caseTo citethisarticle: K.-T. Sturm, C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Résumé

Une condition de type courbure-dimension pour des espaces métriques mesurBlaus présentons une condition de type
courbure-dimensio€D(K, N) pour des espaces métriques mesundsd, m), qui peut étre considérée comme une contrepartie
géométrique de celle de Bakry—Emery [D. Bakry, M. Emery, Diffusions hypercontractives, in: Séminaire de Probabilités XIX,
in: Lecture Notes in Math., vol. 1123, Springer, Berlin, 1985, pp. 177-206. [1]] pour les formes de Dirichlet. Pour les variétés
riemanniennes, elle est satisfaite si et seulement s{din< N et Ricy(£,&) > K - |§|2 pour touté € TM. La borne de la
courbure [J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Annals of Math., in press. [4]; K.T.
Sturm, Generalized Ricci bounds and convergence of metric measure spaces, C. R. Acad. Sci. Paris, Ser. | 340 (2005) 235-238. [6
K.T. Sturm, On the geometry of metric measure spaces. |, Acta Math., in press. [7]] est le ca€Drpkieco).

Notre condition est stable pour la convergence. Elle comporte des conséquences géométriques diverses, comme les théoren
de Bishop—Gromov et de Bonnet—Myers. Dans les deux cas, on obtient des estimations optimales connues dans le cas riemannie
Pour citer cet article: K.-T. Sturm, C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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A metric measure spacgill always be a triple(M, d, m) where(M, d) is a complete separable metric space and
m is a locally finite measure oW equipped with its Bored -algebra. The case (M) = 0 will be excludedP»(M, d)
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denotes thd.o-Wasserstein space of probability measuregoanddy the correspondingd.o-Wasserstein distance.
The subspace ofi-absolutely continuous measures is denote@®pyM, d, m).

Given a metric measure spac¥,d,m) and a numbeV € R, N > 1 we define theRényi entropy functional
Sy (-|m) : P2(M, d) — R with respect ton by

Sy(w|im) = —/pfl/N dv

where p denotes the density of the absolutely continuous pain the Lebesgue decomposition= v¢ + v¥ =
pm +vS of v e Pa(M, d). Note thatS1(v|m) = —m(supgdv¢]). The functionalSy := N + NSy shares various prop-
erties with the relative Shannon entropy Emt). For instance, ifn is a probability measure théﬁv(-|m) >0on
Pao(M,d) and Sy (vjm) = 0 if and only if v = m. If m(M) is finite then Entv|m) = limy_. oo N(1 + Sy (v|m)) for
eachv € Po(M, d).

Definition 1. Given two numbersk, N € R with N > 1 we say that a metric measure spase d, m) satisfies the
curvature-dimension condition QIR , N) iff for each pairvg, v1 € P2(M, d, m) there exist an optimal coupling of
vo, v1 and a geodesif’ : [0, 1] — P2(M, d, m) connectingyg, v1 with

Sy (M @)lm) < — / [18 3 (dxo. x) - o5 ™ (o) + 70y (Ao, x0)) - 3 ™™ ()] dg (w0, x2)
MxM

for all r € [0,1] and allN" > N. Here p; denotes the density of the absolutely continuous pax; af.r.t. m (for
i =0,1) and for eacly e Ry

00, if K62> (N — )72,
% % 1-1/N
YN ( sin 10 /sin J——=0 . if0<KBZ<(N—1r?,
N-1 N-1
ty©) =11, if K62=0or

if K02 <0andN =1,

% — 1-1N
YN sinh 160 /sinh J——0 , if K62 <0andN > 1.
N-1 N-1

Theorem 2.Let M be a complete Riemannian manifold with Riemannian distdrared Riemannian volume and
let numbersK, N € R with N > 1 be given.

(i) The metric measure spac&@/, d, m) satisfies the curvature-dimension condition @D N) if and only if the
Riemannian manifold/ has Ricci curvature= K and dimensior< N.
(i) Moreover, in this case for every measurable functionM — R the weighted spacéM, d, V m) satisfies the
curvature-dimension condition G + K’, N + N’) provided
! K/ !
HessV V' < —— . yYUN
N/
for some numberk’ € R, N’ > 0in the following sense

VN = o0 0 [@do. vn)V oYY + o) 4 ([divo. yo) v Y

for each geodesig : [0, 1] - M and eachr € [0, 1]. Hereol(;,)’N, @) =1t~ YN". rl((t?’N,+1(9)1+l/N/.

This essentially follows from estimates for the Jacobian of transport maps in [3] and [5]. The particular case of
the CD(0, N) condition has already been treated in [5] and later in [4]. In this particular Kas€), the assertions
of the following Theorems 4 and 8 have been already deduced in [4]. In the borderling case, the curvature-
dimension conditiofCD(K, N) reduces to the generalized lower Ricci curvature bound introduced independently in
[4] and [6,7]. Also in this case, a stability result analogous to Theorem 8 from below has been derived in the above
mentioned papers.

Let us have a closer look on the previous resulf ifs a subset of the real line equipped with the usual distance
and the 1-dimensional Lebesgue measure
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Example 1.

(i) For each pair of real number& > 0, N > 1 the spacg]0, L],d, Vm) with L := NT‘ln and V(x) =
sin(,/ 74 x)V 1 satisfies the curvature-dimension condit®D(K, N).

(i) For each pair of real number < 0, N > 1 the spac&R ., d, Vm) with V(x) = sinh(\/%x)’v—l, if K <0,
andV (x) =xN~1 if K =0, satisfies the curvature-dimension condit@B(K , N).

(iif) For each pair of real number& < 0, N > 1 the spacéR, d, Vm) with V(x) = cosr(\/%x)]"‘1 satisfies the
curvature-dimension conditicd@D(K, N).

Note that forN — oo the weightV from example (iii) from above converges to the weidhtr) = exp(=%x?).
Also note that according to [2], the examples (i)—(iii) equipped with natural weighted Laplacians are also the proto-
types for the Bakry—Emery curvature-dimension condition.

Proposition 3 (Generalized Brunn—Minkowski Inequality)ssume that the metric measure spate d, m) satisfies
the curvature-dimension condition €K, N) for some real numberk, N € R, N > 1. Then for all measurable sets
Ao, A1 C M withm(Ag) -m(A1) >0,allr €[0,1]andallN' > N

m(ApYY > 7 30©) - maY + 1), ©) - m(apY
where A; denotes the set of pointg on geodesics with endpointg € Ap and y1 € A1 and where® =
iNfryeag, xiea, dxg, x1) if K > 0and® = SUR e g, x1e4, (X0, X1) if K <O. In particular, if K > 0then

m(ANN > (1= 1) - m(A)"N +1-m(ApYV.

Now let us fix a pointxg € supgdm] and study the growth of the volume of concentric balls as well as the growth
of the volume of the corresponding spheres:

_ . 1 —
v(r) :=m(By(x0)),  s(r):= “? sups - m(By4s(x0) \ Br(x0)).

Theorem 4 (Generalized Bishop—Gromov Volume Growth Inequalithssume that the metric measure space
(M, d, m) satisfies the curvature-dimension condition @D N) for someK, N € R, N > 1. Then each bounded
setM’ C M has finite volume. Moreover, eitheris supported by one point or all points and all spheres have rass

More precisely, ifN > 1 then for each fixedg € supgm] and all0 <r < R < %—;é 7T

s() (sin(«/K/(N —Dr) )Nl and 20 o Jo siN/K/(N =Ty )N =D dr
s(R) ~ \sin(y/K/(N —DR) v(R) ~ [Rsin(/K/(N —DH)N-Ldr
with s(-) andv(-) defined as above and with the usual interpretation of the RHSf0. In particular, if K =0
N-1 N
() 2 (3)"
s(R) R v(R) R

The latter also holds true iN =1 and K < 0.

For eachk and eaclintegerN > 1 the simply connected spaces of dimengiband constant curvatui€ /(N — 1)
provide examples where these volume growth estimates are sharp. But also for arb#@lamymbersN > 1 these
estimates are sharp as demonstrated by Example 1 (i) and (ii) where equality is attained.

Corollary 5 (Doubling) For each metric measure spac¢#f, d, m) which satisfies the curvature-dimension condi-
tion CD(K, N) for someK, N € R, N > 1, the doubling property holds on each bounded subgetc supgm]. In
particular, each bounded closed subaét C supgm] is compact.
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If K >0or N = 1the doubling constant i 2. Otherwise, it can be estimated B - cosi,/ +%; L)Y~ where
L is the diameter of1’.

Corollary 6 (Hausdorff Dimension)Each metric measure spa¢#f, d, m) which satisfies the curvature-dimension
condition COK, N) for someK, N € R, N > 1, has Hausdorff dimensiogd N.

Corollary 7 (Generalized Bonnet—Myers Theorerfdr every metric measure spac&f, d, m) which satisfies the
curvature-dimension condition QI&, N) for some real numberk > 0 and N > 1 the support ofzn is compact and
has diameter
N-1
K
In particular, if K > 0and N = 1 thensupfdm] consists of one point.

L <

TT.

Theorem 8(Stability under Convergencd)et((M,,, d,, m,)),en be a sequence of normalized metric measure spaces
where for eactr € N the spacaM,,, d,,, m,,) satisfies the curvature-dimension condition @I, N,) and has diam-
eter< L,. Assume that foir — oo

(Myy. . ) —> (M., d, m)

and (K,, N,, L,) — (K, N, L) for some triple(K, N, L) € R? satisfyingK - L2 < (N — 1)z2. Then the space
(M, d, m) satisfies the curvature-dimension condition @D N) and has diameteg L.

Corollary 9 (Compactness)or each triple(K, L, N) € R® with K - L? < (N — 1)z? the familyX1(K, N, L) of
isomorphism classes of normalized metric measure spaces which satisfy the curvature-dimension conditioviyCD
and which have diameteg L is compact w.r.tD.

For detailed proofs and further results see [8].
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