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Abstract

We give a description of the connected graded algebras which are finitely generated and presented of global dimension 2 or :
and which are Gorenstein. These algebras are constructed from multilinear forms. We generalize the construction by associatin
homogeneous algebras to multilinear forms. The homogeneous algebras which are Koszul of finite global dimension and which
are Gorenstein of this typ@o cite thisarticle: M. Dubois-Violette, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Algebres graduées et formes multilinéairesNous donnons une description des algébres graduées connexes de présentation
finie et de dimension globale 2 ou 3 qui sont Gorenstein. Ces algébres sont construites a partir de formes multilinéaires. Cette
construction est généralisée en associant des algébres homogénes aux formes multilinéaires. Sont de ce type les algébres homoge
Koszul-Gorenstein de dimension globale fifteur citer cet article: M. Dubois-Violette, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Version frangaise abrégée

On s’intéresse aux algébres graduées connexes de présentation finie sur U6 alggisriquement clos de carac-
téristique zéro. Une telle algébre engendrée par un nombre fini d’éléments en degré 1 qui est de dimension global
D =2 ouD = 3 et qui est Gorenstein eAt-homogéne et Koszul ave¢ = 2 pourD =2 etN > 2 pourD = 3, [5].

PourD = 2, on a le résultat suivarsoit B une forme bilinéaire non dégénérée gt de composanteB,,, dans la
base canonique. L'algébre quadratiqueengendrée par les éléments (i € {1, ..., ¢}) avec relationB,,,x*x" =0
(on utilise partout la convention usuelle de sommation sur les indices répétés en haut et est Baszul de dimen-
sion globale2 et Gorenstein. Inversement, toute algébre quadratique engendréeddéments:* qui est Koszul de
dimension global@ et Gorenstein est de ce type pour une forme bilinéaire non dégéméseée K. Nous aurons
besoin des concepts suivants pour les formes multilinéairesVSoitespace vectoriel @tun entier avea > 1; une
forme (n + 1)-linéaire W surV sera ditepréréguliéresi elle vérifie les conditions (i) et (ii) suivantes :

(i) Si X € V esttel queW (X, X1, ..., X,) =0 pour toutXy, ..., X, € V alorsX =0,
(i) 30w € GL(V) tel queW (Xo, ..., Xn—1, Xn) = W(Qw Xy, Xo, ..., X,,—1) pour toutXp, ..., X, € V.
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Soit N un entier avedV > 2; une forme(N + 1)-linéaire surV sera dite égulieresi elle est préréguliere et
vérifie la condition (iii) suivante :

(i) Si Lo, L1 € End(V) sont tels queW (LoXo, X1, X2, ..., Xy) = W(Xp, L1X1, X2, ..., Xy) pour toutXo, ...,
Xy eV alorsLg= Ly = Al aveci € K.

PourD = 3, on a le résultat suivaroit W une formg(N + 1)-linéaire 3-réguliere surk? de composanted’y,,...;. ,
dans la base canonique. L'algébré-homogéned engendrée par les élément$ (1 € {1, ..., ¢}) avec relations
Wisgoay X x* =0 (L € {1,..., q}) est Koszul de dimension globa@et Gorenstein. Inversement, toute algébre
N-homogeéne engendrée parélémentsc* qui est Koszul de dimension glob&@est Gorenstein est de ce type pour
une forme N + 1)-linéaire 3-réguliereW surK4. Cela suggere la construction générale suivante. SaiettV deux
entiers tels quen > N > 2 et soitW = 0 une formem-linéaire surK?, on définit I'algébreN-homogéened(W, N)
comme l'algébre engendrée palémentsc” avec relationsV,..s,, yug-uyX* - x*¥ =0 (A, A € {1,...,q}).
Les résultats précédents admettent la généralisation partielle suBaiitd.une algébreV-homogéne qui est Koszul
de dimension globale fini® et qui est Gorensteinon a. A = A(W, N) pour une formen-linéaire prérégulierew
surK?, g =dim(Ajy). Pour N >3 onam=Np+ 1letD =2p+ 1 pour un entierp > 1 tandis que poutN = 2
on am = D. La derniére partie de cet énoncé, qui implique que pour les dimensions globales paires les algébre
homogénes Koszul-Gorenstein sont quadratiques, est un cas particulier d’'un résultat de [5] (Proposition 5.3).

1. Introduction

One of our aims is to study the connected graded algebras which are finitely generated in degree 1 and finitely pr
sented with relations of degrees? and which are of low global dimensidh, D = 2 andD = 3. We further impose to
these algebras to be Gorenstein. As pointed out in [5] (Proposition 5.2) such an algékransogeneous and Koszul
with N =2 for D =2 andN > 2 for D = 3. Our second more general objective is the study offHleomogeneous
algebras §¥ > 2) which are Koszul of arbitrary finite global dimensién> 2 and which are Gorenstein. Fbr= 2,
itis shown in Section 2 that these algebras are classified by the nondegenerate bilinear forms modulo the action of tl
linear group. FoiD = 3, we show in Section 3 that these algebras are classified by nondegéne#aig-linear forms
satisfying a regularity condition called 3-regularity modulo the action of the linear group. In Section 4 we introduce
and study homogeneous algebras associated with multilinear forms. It is pointed out that the Koszul homogeneot
algebras of finite global dimensiab which are Gorenstein belong to this class which generalizes the previous results
for D=2,3.

Throughout this Noté& denotes a field which is algebraically closed, of characteristic zero and all the algebras
and vector spaces are oVEr In the following N, D andg denote integers greater than or equal to 2 and we use
the Einstein summation convention of repeated up down indices in the formulas. For the notion of koszulity for
homogeneous algebras introduced in [3] we refer to [3] and to [4]. For Koszul duality, K§¥szamplexes and for
N-homogeneous algebras we refer to [4]; our notations are those of [4].

2. Global dimensionD =2

As explained in the introduction, the connected graded algebras which are finitely generated in degree 1 and finitel
presented of global dimension 2 and which are Gorenstein are the quadratic Koszul algebras of global dimension
which are Gorenstein. These algebras are characterized by the following theorem.

Theorem 2.1.Let B be a nondegenerate bilinear form d&¥ (¢ > 2) with componentsB,, = B(e,,e,) in the
with the reIationBMUx“;é;’z 0 is Koszul of global dimensio and Gorenstein. Conversely, any quadratic algebra
generated by elements:* which is Koszul of global dimensighand Gorenstein is of the above kind for some non-
degenerate bilinear forn® on K¢. Two nondegenerate bilinear forms &9 which are on the saméL (g, K)-orbit
correspond to isomorphic algebras.
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Proof. Let A be the quadratic algebra generated byithevith the relationB,,,x*x” = 0. Then the dual quadratic
algebraA' is generated by elemenis (x € {1,...,¢}) with relationsy,y, = (1/q)B,,B**y.y, where B*" are
the matrix elements of the inverse of the mat(&,,); i.e. B,MB“ = 6;. It follows that Ag =K1 ~ K, A’l =

@, Ky, K4, A, = KBPy,ys ~ K and A}, = 0 for n > 3. The Koszul complex oft reads
0—>AXE 415 40 (1)

where A7 = (A, ..., A), x is right multiplication by the columrix*) while x’ B is right multiplication by the line
(x*By,). This complex is acyclic in degregs 1 so the algebrad is Koszul. The Gorenstein property follows by
transposition and by using the invertibility of the mat&,,).

Assume now that is a quadratic algebra generated by elementgi € {1, ..., ¢}) which is Koszul of global
dimension 2 and Gorenstein. Then the Gorenstein property implies that the space of the quadratic reldtiens of
of dimension 1, i.e. that the relations dfreadB,,,x*x" = 0 for some nonzero bilinear for@® on K?. The Koszul
complex reads again as (1) and the Gorenstein property implies that the @ifrixis invertible, i.e. thatB is
nondegenerate. The fact thdtdoes only depend on the G, K)-orbit of B is straightforward. O

For ¢ > 3 the algebra has exponential growth while fo& 2 it has polynomial growth so is regular in the sense
of [1]. In the latter case it is easy to classify the @LK)-orbits of nondegenerate bilinear forms &R according to
the rank of their symmetric part [1L0] and one recovers the usual description of regular algebras of global dimension 2,
[12,1].

The algebrad of Theorem 2.1 corresponds to the natural quantum space for the action of the quantum group of
the nondegenerate bilinear form defined in [10].

3. Global dimensionD =3

In order to state the analog of Theorem 2.1 for homogeneous algebras which are Koszul of global dimension 3 anc
which are Gorenstein, we need the following concepts for multilinear forms.

Definition 3.1.Let V be a vector space amdbe an integer witle > 1. A (n 4+ 1)-linear formW on V will be said to
be preregular iff it satisfies the following conditions (i), (ii).

(i) If X € Vissuch that one ha®' (X, X1, ..., X,) =0foranyXs,..., X, € V,thenX =0.
(i) There is an invertible linear transformati@y € GL(V) such that one has
W(XOa L ] Xn—lv Xn) - W(QWXna XOa ML) Xn—l)
forany Xo,..., X, € V.
Let W be a preregulatn + 1)-linear form onV. Then theQw € GL(V) such that (ii) is satisfied is unique
and given anyp € {0, ..., n} the conditionW (X4, ..., X,, X, X41,..., X,) =0 for any Xy, ..., X,, € V implies
X = 0. Furthermore the space of thei§eis stable by the actioW — W of GL(V) defined byWX(Xo, ..., X,) =

W(L *Xo,...,L71X,) and one ha® . = LQwL ! for L € GL(V). Notice that a bilinear form is preregular iff it
is nondegenerate.

Definition 3.2. Let N be an integer withV > 2. A (N + 1)-linear formW on V will be said to be 3-regular iff it is
preregular and satisfies the following condition (jii).

(iii) If Lo, L1 € EndV) are such that one ha® (LoXo, X1, X2,...,Xy) = W(Xo, L1X1, X2,..., Xy) for any
Xo,..., Xy €V,thenLg= L1 = A1 for somex € K.

The subspac@fs"(V) of all 3-regular(N + 1)-linear forms onV is also stable by the action of GV).

Theorem 3.3.Let W be a3-regular (N + 1)-linear form onK¢? with componentdVy...., = W(e,, ..., exy) in the

,,,,,
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with relationsWy;,,.., yx*t---x*¥ =0 (L € {1, ..., q}) is Koszul of global dimensiod and Gorenstein. Conversely,
any N-homogeneous algebra generatedgoglements:* which is Koszul of global dimensi@and Gorenstein is of
the above kind for som&regular (N + 1)-linear form W on K4. Two 3-regular (N + 1)-linear forms onkK¢? which
are on the sam&L(g, K)-orbit correspond to isomorphic algebras.

Proof. Let .4 be theN-homogeneous algebra generated byathevith relation W, ..., x* - - - x*¥ = 0. Then one
has the complex

0> AW L AR A9E L A>K—0 )

whereE = @, Kx*, R =@, KWy, x1®---®@x* C E®", W is the one-dimensional Subspac# ..., , x*0 ®
. @x* of E®"™ and whered is induced byt @ (:°® x1®-- @ ") > ax’ @ (1@ --- ® x") of A® EC"
into A® E®" (the arrowA — K being induced by the projection onto the degree 0). By the very definitich of
generators and relations, the sequence (2) is exact at the first 3 terms from the right, exactreess &llows from
preregularity while exactness 4t® R is equivalent to (iii) once preregularity is assumed. Thus sequence (2) is exact,
it is a free resolution of the trivial lefd-moduleK. It is easy to see then thif = E ® RN R ® E so A is Koszul
of global dimension 3 and (2) is the corresponding Koszul resolution. The Gorenstein property follows from (ii) with
invertibility of Qw.

Conversely given & -homogeneous algebré which is Koszul of global dimension 3 and Gorenstein, the Koszul
resolution of the trivial leftd-moduleK reads

0> AQE®RNRIE) L AR LS AQEL A>K—0

and Gorenstein property implies difi®@ RN RQ E) =1S0E® RN R Q® E =KW for someW € E®" which
(again via Gorenstein property) must satisfy conditions (i) and (ii) and therefore also (iii).
The fact that4 does only depend on the @&}, K)-orbit of W is straightforward. O

The Poincaré series of suchAdhomogeneous algebrd which is Koszul of global dimension 3 and which is
Gorenstein is given by [2,118 4(t) = (1 — gt + gtV — tN+1)~1 whereg = dim(A;) as before. It follows thatl has
exponential growth iy + N > 5. The casg =2 andN = 2 is impossible so it remains the cages 3, N =2 and
g = 2, N = 3 forwhich one has polynomial growth [1]. These latter cases are the object of [1] and one encounters thert
various values oDy in GL(3,K) and in GL(2, K). Examples withV = 3 and arbitrary values af are the Yang—

Mills algebra [7] and its deformations [9] for whiofy = 1 and the super Yang—Mills algebra and its deformations
[9] for which Qw = —1.

4. Homogeneous algebras and multilinear forms

Letm andN be two integers such that > N > 2 and letW be am-linear form onkK? with W # 0. We denote by
W the 1-dimensional space of multilinear forms spanne#bgnd letW,,...,,, = W(ey,. ..., ex,,) be the components
of W in the canonical basi&;)se1,....q) Of K7. Let A = A(W, N) be theN-homogeneous algebra generated by el-
ementse” with relationsWi,..., yugun 2 x*¥ =0 (A, A; € {1,...,¢}), in other wordsA(W, N) = A(E, R)
with E = @, Kx* and with space of relationg = 2 KWt ypgpuny X1 @ - @ xHN C E®" . The vector space
E can be interpreted as the dualléf and its basigx*) as the dual basis @k;) while W is the 1-dimensional sub-
space ofE®” spanned by € E®". To W c E®" we associate the family of subspadé§? c E®"™", m >n >0,
defined byWw @ = W andW™ =3, KW, ugppy_ X"t ® - - ® xm=n for m > n > 1. Consider the sequence

0= Wi L Wu1 S o LWy 4o 4 Wy — 0 3)
of free left.4-modules and4-module-homomorphisms with/, ¢ A ® E®" defined by
AQW™ ™M it m>n>N
| AR E¥ ifN—1>n>0

n

and where the homomorphismsare induced by the homomorphisms 4f® E® into A® E®" defined by

a®@WUI® - Ruy) > ave® (V1 Q- Qvy) form >n>0,a € Aandv; € E (= A1).
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Proposition 4.1.Assume that the:-linear form W is preregular. Then sequen¢®) is a sub#/-complex of the Koszul
N-complexk (A).

Proof. One hasw ™" ¢ E®"™" g R for m >n > N. By Property (ii) of Definition 3.1, relations
Wigeohpoypgepy X!t =0

are equivalent to relation®;,,..x,, yuq-puyvr-u X4 x# =0 for m — N > r > 0. It follows that w—" ¢

E®" " @RQE® sow,c A®), E®" " <X>R®E® = K, (A) for m >n > N and one has the resulto

In the remaining part of this sectioW is assumed to be preregulg,y denotes the corresponding element of
GL(g,K) = GL(E*) and A = A(W, N) = A(E, R) is the N-homogeneous algebra defined above. OneWas
N, E"™ V" ®R®E" = A soW composed with the canonical projectigti — A}, on degreen defines a linear
form wy on A'.

Proposition 4.2.Let W, A, A, Qw, ww be as above.

() Qw e GL(E*) induces an automorphismy of the N-homogeneous algebrd'.
(i) One haswy (xy) = ww (ow (y)x) forx, y € A"

Proof. Qw induces an automorphisiy, of degree zero of the tensor algebfdE*). Let ¥ be in R+ i.e.
X =phiNe, ® -+ ® ey, such thatW,\l Stz PPN =0, VA;. Then sinceW o 0%, = W one has
Qﬁ Qf,': x PLPm—N V1 VNQlVLll : Q NPITEN =0 ie. Wi, NV1"'VNQ;11 : Q y !N =0 (V2;) which
means thafy (¥) is in R+. Thuséy passes to the quotient and defines an automorphigraf .A' which proves (i).
(ii) is then obvious in view of (ii) in Definition 3.1. O

Theorem 4.3.Let A be a N-homogeneous Koszul algebra of finite global dimendiowhich is Gorenstein. Then
A= A(W, N) for some preregularm-linear form onK4, g = dim(Az1). Furthermore ifN > 3thenm = Np + 1 and
D =2p + 1for some integep > 1, while for N = 2 one hasn = D.

Proof. The Koszul resolution starts as- % A ® A'* d” A® A 4, A K- 0andmustend as® A®

A'* > A® A —1> - in view of the Gorenstein property. This implies eitiér= 2 andm = D or if N > 2,
m=Np+1 andD = 2p + 1 for some integep > 1. The Gorenstein property implies also that dif}) = 1
and dln”(A,;Ll) =gq. Let W be a generator ofl’* C A%’ . Identifying A7 with K9, W is am-linear form onK¢,
A =w® and W satisfies condition (i) of Definition 3.1. Theorem 5.4 of [5] implies then tAgt= W~
for n = Nk andn = Nk + 1, k € N. So, in particular the space of relatioRs= A% coincides withw ™~") which
means thatd = A(W, N). Condition (ii) of Definition 3.1 follows also (see e.g. Corollary 5.12 of [5]), §ois
preregular. O

As example withNV =2 andm = D = 4, consider the algebrd, of [6] and [8]. This is the quadratic algebra
generated by 4 element$, A € {0, 1, 2, 3}, with relations

cos(go — @) [x°, x¥] =isin(pe — g {x“. 2™} and  cospr — @) [x", x™] = isin(eo — o) {x°, x¥}
for any cyclic permutatior(k, ¢, m) of (1,2,3) and where{A, B} = AB + BA. This algebra is Koszul of global

dimension 4 and Gorenstein whenever none of these six relations becomes trivial and then one has as explained in [6
the nontrivial Hochschild cycle

W = (fhg/z(Uu) =— Z €apys COSWo — @ + ¢, — s5)x“ RxP @x7 ®x°
o, B,y,8
+i Zsin(Z((pu —p))x" @x" @x' @x’
Y

which may be considered as a 4-linear formlih One checks that one hak, = .A(W, 2) and thatQw = —1 here.
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