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Abstract

We give a description of the connected graded algebras which are finitely generated and presented of global dimens
and which are Gorenstein. These algebras are constructed from multilinear forms. We generalize the construction by a
homogeneous algebras to multilinear forms. The homogeneous algebras which are Koszul of finite global dimension a
are Gorenstein of this type.To cite this article: M. Dubois-Violette, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Algèbres graduées et formes multilinéaires.Nous donnons une description des algèbres graduées connexes de prés
finie et de dimension globale 2 ou 3 qui sont Gorenstein. Ces algèbres sont construites à partir de formes multilinéai
construction est généralisée en associant des algèbres homogènes aux formes multilinéaires. Sont de ce type les algèbre
Koszul–Gorenstein de dimension globale finie.Pour citer cet article : M. Dubois-Violette, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On s’intéresse aux algèbres graduées connexes de présentation finie sur un corpsK algébriquement clos de cara
téristique zéro. Une telle algèbre engendrée par un nombre fini d’éléments en degré 1 qui est de dimensio
D = 2 ouD = 3 et qui est Gorenstein estN -homogène et Koszul avecN = 2 pourD = 2 etN � 2 pourD = 3, [5].
PourD = 2, on a le résultat suivant.SoitB une forme bilinéaire non dégénérée surK

q de composantesBµν dans la
base canonique. L’algèbre quadratiqueA engendrée par les élémentsxλ (λ ∈ {1, . . . , q}) avec relationBµνx

µxν = 0
(on utilise partout la convention usuelle de sommation sur les indices répétés en haut et en bas) est Koszul de dimen
sion globale2 et Gorenstein. Inversement, toute algèbre quadratique engendrée parq élémentsxλ qui est Koszul de
dimension globale2 et Gorenstein est de ce type pour une forme bilinéaire non dégénéréeB sur K

q . Nous aurons
besoin des concepts suivants pour les formes multilinéaires. SoitV un espace vectoriel etn un entier avecn � 1 ; une
forme(n + 1)-linéaireW surV sera diteprérégulièresi elle vérifie les conditions (i) et (ii) suivantes :

(i) Si X ∈ V est tel queW(X,X1, . . . ,Xn) = 0 pour toutX1, . . . ,Xn ∈ V alorsX = 0,
(ii) ∃QW ∈ GL(V ) tel queW(X0, . . . ,Xn−1,Xn) = W(QWXn,X0, . . . ,Xn−1) pour toutX0, . . . ,Xn ∈ V .

E-mail address:Michel.Dubois-Violette@th.u-psud.fr (M. Dubois-Violette).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.10.017
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Soit N un entier avecN � 2 ; une forme(N + 1)-linéaire surV sera dite 3-régulièresi elle est prérégulière e
vérifie la condition (iii) suivante :

(iii) Si L0,L1 ∈ End(V ) sont tels queW(L0X0,X1,X2, . . . ,XN) = W(X0,L1X1,X2, . . . ,XN) pour toutX0, . . . ,

XN ∈ V alorsL0 = L1 = λ1 avecλ ∈ K.

PourD = 3, on a le résultat suivant.SoitW une forme(N +1)-linéaire3-régulière surKq de composantesWλ0···λN

dans la base canonique. L’algèbreN -homogèneA engendrée par les élémentsxλ (λ ∈ {1, . . . , q}) avec relations
Wλλ1···λN

xλ1 · · ·xλN = 0 (λ ∈ {1, . . . , q}) est Koszul de dimension globale3 et Gorenstein. Inversement, toute algè
N -homogène engendrée parq élémentsxλ qui est Koszul de dimension globale3 et Gorenstein est de ce type po
une forme(N +1)-linéaire3-régulièreW surK

q . Cela suggère la construction générale suivante. Soientm etN deux
entiers tels quem � N � 2 et soitW �= 0 une formem-linéaire surKq , on définit l’algèbreN -homogèneA(W,N)

comme l’algèbre engendrée parq élémentsxλ avec relationsWλ1···λm−Nµ1···µN
xµ1 · · ·xµN = 0 (λ,λi ∈ {1, . . . , q}).

Les résultats précédents admettent la généralisation partielle suivante.SoitA une algèbreN -homogène qui est Kosz
de dimension globale finieD et qui est Gorenstein; on aA = A(W,N) pour une formem-linéaire prérégulièreW
sur K

q , q = dim(A1). Pour N � 3 on a m = Np + 1 et D = 2p + 1 pour un entierp � 1 tandis que pourN = 2
on a m = D. La dernière partie de cet énoncé, qui implique que pour les dimensions globales paires les
homogènes Koszul–Gorenstein sont quadratiques, est un cas particulier d’un résultat de [5] (Proposition 5.3

1. Introduction

One of our aims is to study the connected graded algebras which are finitely generated in degree 1 and fin
sented with relations of degrees� 2 and which are of low global dimensionD, D = 2 andD = 3. We further impose to
these algebras to be Gorenstein. As pointed out in [5] (Proposition 5.2) such an algebra isN -homogeneous and Kosz
with N = 2 for D = 2 andN � 2 for D = 3. Our second more general objective is the study of theN -homogeneou
algebras (N � 2) which are Koszul of arbitrary finite global dimensionD � 2 and which are Gorenstein. ForD = 2,
it is shown in Section 2 that these algebras are classified by the nondegenerate bilinear forms modulo the ac
linear group. ForD = 3, we show in Section 3 that these algebras are classified by nondegenerate(N +1)-linear forms
satisfying a regularity condition called 3-regularity modulo the action of the linear group. In Section 4 we int
and study homogeneous algebras associated with multilinear forms. It is pointed out that the Koszul homo
algebras of finite global dimensionD which are Gorenstein belong to this class which generalizes the previous r
for D = 2,3.

Throughout this NoteK denotes a field which is algebraically closed, of characteristic zero and all the alg
and vector spaces are overK. In the following N,D andq denote integers greater than or equal to 2 and we
the Einstein summation convention of repeated up down indices in the formulas. For the notion of koszu
homogeneous algebras introduced in [3] we refer to [3] and to [4]. For Koszul duality, KoszulN -complexes and fo
N -homogeneous algebras we refer to [4]; our notations are those of [4].

2. Global dimensionD = 2

As explained in the introduction, the connected graded algebras which are finitely generated in degree 1 an
presented of global dimension 2 and which are Gorenstein are the quadratic Koszul algebras of global dim
which are Gorenstein. These algebras are characterized by the following theorem.

Theorem 2.1.Let B be a nondegenerate bilinear form onKq (q � 2) with componentsBµν = B(eµ, eν) in the
canonical basis(eλ)λ∈{1,...,q} of K

q . Then the quadratic algebraA generated by the elementsxλ (λ ∈ {1, . . . , q})
with the relationBµνx

µxν = 0 is Koszul of global dimension2 and Gorenstein. Conversely, any quadratic alge
generated byq elementsxλ which is Koszul of global dimension2 and Gorenstein is of the above kind for some n
degenerate bilinear formB on K

q . Two nondegenerate bilinear forms onK
q which are on the sameGL(q,K)-orbit

correspond to isomorphic algebras.
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Proof. Let A be the quadratic algebra generated by thexλ with the relationBµνx
µxν = 0. Then the dual quadrat

algebraA! is generated by elementsyλ(λ ∈ {1, . . . , q}) with relationsyµyν = (1/q)BµνB
ρτ yτ yρ whereBµν are

the matrix elements of the inverse of the matrix(Bµν); i.e. BµλB
λν = δν

µ. It follows that A!
0 = K1 � K,A!

1 =⊕
λ Kyλ � K

q,A!
2 = KBβαyαyβ � K andA!

n = 0 for n � 3. The Koszul complex ofA reads

0→A xtB−−→ Aq x−→A → 0 (1)

whereAq = (A, . . . ,A), x is right multiplication by the column(xλ) while xtB is right multiplication by the line
(xµBµν). This complex is acyclic in degrees� 1 so the algebraA is Koszul. The Gorenstein property follows b
transposition and by using the invertibility of the matrix(Bµν).

Assume now thatA is a quadratic algebra generated by elementsxλ (λ ∈ {1, . . . , q}) which is Koszul of globa
dimension 2 and Gorenstein. Then the Gorenstein property implies that the space of the quadratic relationA is
of dimension 1, i.e. that the relations ofA readBµνx

µxν = 0 for some nonzero bilinear formB on K
q . The Koszul

complex reads again as (1) and the Gorenstein property implies that the matrix(Bµν) is invertible, i.e. thatB is
nondegenerate. The fact thatA does only depend on the GL(q,K)-orbit of B is straightforward. �

For q � 3 the algebra has exponential growth while forq = 2 it has polynomial growth so is regular in the sen
of [1]. In the latter case it is easy to classify the GL(2,K)-orbits of nondegenerate bilinear forms onK

2 according to
the rank of their symmetric part [10] and one recovers the usual description of regular algebras of global dime
[12,1].

The algebraA of Theorem 2.1 corresponds to the natural quantum space for the action of the quantum g
the nondegenerate bilinear form defined in [10].

3. Global dimensionD = 3

In order to state the analog of Theorem 2.1 for homogeneous algebras which are Koszul of global dimensi
which are Gorenstein, we need the following concepts for multilinear forms.

Definition 3.1.Let V be a vector space andn be an integer withn � 1. A (n + 1)-linear formW onV will be said to
be preregular iff it satisfies the following conditions (i), (ii).

(i) If X ∈ V is such that one hasW(X,X1, . . . ,Xn) = 0 for anyX1, . . . ,Xn ∈ V , thenX = 0.
(ii) There is an invertible linear transformationQW ∈ GL(V ) such that one has

W(X0, . . . ,Xn−1,Xn) = W(QWXn,X0, . . . ,Xn−1)

for anyX0, . . . ,Xn ∈ V .

Let W be a preregular(n + 1)-linear form onV . Then theQW ∈ GL(V ) such that (ii) is satisfied is uniqu
and given anyp ∈ {0, . . . , n} the conditionW(X1, . . . ,Xp,X,Xp+1, . . . ,Xn) = 0 for anyX1, . . . ,Xn ∈ V implies
X = 0. Furthermore the space of theseW is stable by the actionW �→ WL of GL(V ) defined byWL(X0, . . . ,Xn) =
W(L−1X0, . . . ,L

−1Xn) and one hasQWL = LQWL−1 for L ∈ GL(V ). Notice that a bilinear form is preregular iff
is nondegenerate.

Definition 3.2. Let N be an integer withN � 2. A (N + 1)-linear formW on V will be said to be 3-regular iff it is
preregular and satisfies the following condition (iii).

(iii) If L0,L1 ∈ End(V ) are such that one hasW(L0X0,X1,X2, . . . ,XN) = W(X0,L1X1,X2, . . . ,XN) for any
X0, . . . ,XN ∈ V , thenL0 = L1 = λ1 for someλ ∈ K.

The subspaceRN
3 (V ) of all 3-regular(N + 1)-linear forms onV is also stable by the action of GL(V ).

Theorem 3.3.Let W be a3-regular (N + 1)-linear form onK
q with componentsWλ0···λN

= W(eλ0, . . . , eλN
) in the

canonical basis(eλ)λ∈{1,...,q} of K
q . Then theN -homogeneous algebraA generated by elementsxλ (λ ∈ {1, . . . , q})
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with relationsWλλ1···λN
xλ1 · · ·xλN = 0 (λ ∈ {1, . . . , q}) is Koszul of global dimension3 and Gorenstein. Conversel

anyN -homogeneous algebra generated byq elementsxλ which is Koszul of global dimension3 and Gorenstein is o
the above kind for some3-regular (N + 1)-linear formW on K

q . Two3-regular (N + 1)-linear forms onK
q which

are on the sameGL(q,K)-orbit correspond to isomorphic algebras.

Proof. Let A be theN -homogeneous algebra generated by thexλ with relationWλλ1···λN
xλ1 · · ·xλN = 0. Then one

has the complex

0 →A⊗ W
d−→A⊗ R

dN−1−−−→A⊗ E
d−→A → K → 0 (2)

whereE = ⊕
λ Kxλ, R = ⊕

λ KWλλ1···λN
xλ1 ⊗· · ·⊗xλN ⊂ E⊗N

, W is the one-dimensional subspaceKWλ0···λN
xλ0 ⊗

· · · ⊗ xλN of E⊗N+1
and whered is induced bya ⊗ (x0 ⊗ x1 ⊗ · · · ⊗ xn) �→ ax0 ⊗ (x1 ⊗ · · · ⊗ xn) of A ⊗ E⊗n+1

into A⊗ E⊗n
(the arrowA → K being induced by the projection onto the degree 0). By the very definition ofA by

generators and relations, the sequence (2) is exact at the first 3 terms from the right, exactness atA⊗ W follows from
preregularity while exactness atA⊗R is equivalent to (iii) once preregularity is assumed. Thus sequence (2) is
it is a free resolution of the trivial leftA-moduleK. It is easy to see then thatW = E ⊗ R ∩ R ⊗ E soA is Koszul
of global dimension 3 and (2) is the corresponding Koszul resolution. The Gorenstein property follows from (
invertibility of QW .

Conversely given aN -homogeneous algebraA which is Koszul of global dimension 3 and Gorenstein, the Ko
resolution of the trivial leftA-moduleK reads

0 →A⊗ (E ⊗ R ∩ R ⊗ E)
d−→A⊗ R

dN−1−−−→A⊗ E
d−→ A → K → 0

and Gorenstein property implies dim(E ⊗ R ∩ R ⊗ E) = 1 soE ⊗ R ∩ R ⊗ E = KW for someW ∈ E⊗N+1
which

(again via Gorenstein property) must satisfy conditions (i) and (ii) and therefore also (iii).
The fact thatA does only depend on the GL(q,K)-orbit of W is straightforward. �
The Poincaré series of such aN -homogeneous algebraA which is Koszul of global dimension 3 and which

Gorenstein is given by [2,11]PA(t) = (1− qt + qtN − tN+1)−1 whereq = dim(A1) as before. It follows thatA has
exponential growth ifq + N > 5. The caseq = 2 andN = 2 is impossible so it remains the casesq = 3, N = 2 and
q = 2,N = 3 for which one has polynomial growth [1]. These latter cases are the object of [1] and one encounte
various values ofQW in GL(3,K) and in GL(2,K). Examples withN = 3 and arbitrary values ofq are the Yang–
Mills algebra [7] and its deformations [9] for whichQW = 1 and the super Yang–Mills algebra and its deformati
[9] for which QW = −1.

4. Homogeneous algebras and multilinear forms

Let m andN be two integers such thatm � N � 2 and letW be am-linear form onK
q with W �= 0. We denote by

W the 1-dimensional space of multilinear forms spanned byW and letWλ1···λm = W(eλ1, . . . , eλm) be the component
of W in the canonical basis(eλ)λ∈{1,...,q} of K

q . Let A = A(W,N) be theN -homogeneous algebra generated by
ementsxλ with relationsWλ1···λm−Nµ1···µN

xµ1 · · ·xµN = 0 (λ,λi ∈ {1, . . . , q}), in other wordsA(W,N) = A(E,R)

with E = ⊕
λ Kxλ and with space of relationsR = ∑

λi
KWλ1···λm−Nµ1···µN

xµ1 ⊗· · ·⊗xµN ⊂ E⊗N
. The vector spac

E can be interpreted as the dual ofK
q and its basis(xλ) as the dual basis of(eλ) while W is the 1-dimensional sub

space ofE⊗m
spanned byW ∈ E⊗m

. To W ⊂ E⊗m
we associate the family of subspacesW(n) ⊂ E⊗m−n

, m � n � 0,
defined byW(0) = W andW(n) = ∑

λi
KWλ1···λnµ1···µm−nx

µ1 ⊗ · · · ⊗ xµm−n for m � n � 1. Consider the sequence

0 →Wm
d−→ Wm−1

d−→ · · · d−→W2
d−→ W1

d−→ W0 → 0 (3)

of free leftA-modules andA-module-homomorphisms withWn ⊂ A⊗ E⊗n
defined by

Wn =
{
A⊗ W(m−n) if m � n � N

A⊗ E⊗n
if N − 1� n � 0

and where the homomorphismsd are induced by the homomorphisms ofA ⊗ E⊗n+1
into A ⊗ E⊗n

defined by
a ⊗ (v0 ⊗ v1 ⊗ · · · ⊗ vn) �→ av0 ⊗ (v1 ⊗ · · · ⊗ vn) for m > n � 0, a ∈A andvi ∈ E (= A1).
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Proposition 4.1.Assume that them-linear formW is preregular. Then sequence(3) is a sub-N -complex of the Koszu
N -complexK(A).

Proof. One hasW(m−n) ⊂ E⊗n−N ⊗ R for m � n � N . By Property (ii) of Definition 3.1, relations

Wλa ···λm−Nµ1···µN
xµ1 · · ·xµN = 0

are equivalent to relationsWλr+1···λm−Nµ1···µNν1···νr x
µ1 · · ·xµN = 0 for m − N � r � 0. It follows thatW(m−n) ⊂

E⊗n−N−r ⊗ R ⊗ E⊗r
soWn ⊂ A⊗ ⋂

r E⊗n−N−r ⊗ R ⊗ E⊗r = Kn(A) for m � n � N and one has the result.�
In the remaining part of this sectionW is assumed to be preregular,QW denotes the corresponding element

GL(q,K) = GL(E∗) andA = A(W,N) = A(E,R) is the N -homogeneous algebra defined above. One hasW ∈⋂
r Em−N−r ⊗ R ⊗ Er = A!∗

m soW composed with the canonical projectionA! → A!
m on degreem defines a linea

form ωW onA!.

Proposition 4.2.LetW,A,A!,QW ,ωW be as above.

(i) QW ∈ GL(E∗) induces an automorphismσW of theN -homogeneous algebraA!.
(ii) One hasωW(xy) = ωW(σW (y)x) for x, y ∈A!.

Proof. QW induces an automorphism̃σW of degree zero of the tensor algebraT (E∗). Let x̃ be in R⊥ i.e.
x̃ = ρµ1···µN eµ1 ⊗ · · · ⊗ eµN

such thatWλ1···λm−Nµ1···µN
ρµ1···µN = 0, ∀λi . Then sinceW ◦ Q⊗m

W = W one has
Q

ρ1
λ1

· · ·Qρm−N

λm−N
Wρ1···ρm−Nν1···νN

Q
ν1
µ1 · · ·QνN

µN
ρµ1···µN = 0 i.e. Wλ1···λm−Nν1···νN

Q
ν1
µ1 · · ·QνN

µN
ρµ1···µN = 0 (∀λi ) which

means that̃σW(x̃) is in R⊥. Thusσ̃W passes to the quotient and defines an automorphismσW of A! which proves (i).
(ii) is then obvious in view of (ii) in Definition 3.1. �
Theorem 4.3.Let A be aN -homogeneous Koszul algebra of finite global dimensionD which is Gorenstein. The
A = A(W,N) for some preregularm-linear form onK

q , q = dim(A1). Furthermore ifN � 3 thenm = Np + 1 and
D = 2p + 1 for some integerp � 1, while forN = 2 one hasm = D.

Proof. The Koszul resolution starts as· · · d−→ A ⊗ A!∗
N

dN−1−−−→ A ⊗ A1
d−→ A → K → 0 and must end as 0→ A ⊗

A!∗
m

d−→ A ⊗ A!∗
m−1

dN−1−−−→ · · · in view of the Gorenstein property. This implies eitherN = 2 andm = D or if N > 2,
m = Np + 1 andD = 2p + 1 for some integerp � 1. The Gorenstein property implies also that dim(A!∗

m) = 1
and dim(A!∗

m−1) = q. Let W be a generator ofA!∗
m ⊂ A⊗m

1 . IdentifyingA∗
1 with K

q , W is a m-linear form onK
q ,

A!∗
m−1 = W(1) andW satisfies condition (i) of Definition 3.1. Theorem 5.4 of [5] implies then thatA!∗

n = W(m−n)

for n = Nk andn = Nk + 1, k ∈ N. So, in particular the space of relationsR = A!∗
N coincides withW(m−N) which

means thatA = A(W,N). Condition (ii) of Definition 3.1 follows also (see e.g. Corollary 5.12 of [5]), soW is
preregular. �

As example withN = 2 andm = D = 4, consider the algebraAu of [6] and [8]. This is the quadratic algeb
generated by 4 elementsxλ, λ ∈ {0,1,2,3}, with relations

cos(ϕ0 − ϕk)
[
x0, xk

] = i sin(ϕ� − ϕm)
{
x�, xm

}
and cos(ϕ� − ϕm)

[
x�, xm

] = i sin(ϕ0 − ϕk)
{
x0, xk

}
for any cyclic permutation(k, �,m) of (1,2,3) and where{A,B} = AB + BA. This algebra is Koszul of globa
dimension 4 and Gorenstein whenever none of these six relations becomes trivial and then one has as explai
the nontrivial Hochschild cycle

W = c̃h3/2(Uu) = −
∑

α,β,γ,δ

εαβγ δ cos(ϕα − ϕβ + ϕγ − ϕδ)x
α ⊗ xβ ⊗ xγ ⊗ xδ

+ i
∑
µ,ν

sin
(
2(ϕµ − ϕν)

)
xµ ⊗ xν ⊗ xµ ⊗ xν

which may be considered as a 4-linear form onK
4. One checks that one hasAu = A(W,2) and thatQW = −1 here.
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