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Abstract

We expose in full detail a constructive procedure to invert the so-called ‘finite Markov moment problem’. The proofs rely on the
general theory of Toeplitz matrices together with the classical Newton's relaliog#e this article: L. Gosse, O. Runborg, C. R.
Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Résolution du probléme fini des moments de MarkowNous présentons en détail une procédure constructive pour inverser le
«probléeme fini des moments de Markov ». Les preuves reposent sur la théorie générale des matrices de Toeplitz et les classiqu

relations de NewtorPour citer cet article: L. Gosse, O. Runborg, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Afin d’inverser le systeme fini et mal conditionné (1), Koborov, Sklyar et Fardigola, [8,12] ont proposé un al-
gorithme recursif non-linéaire. Dans [6] nous avons prouvé un lemme le réduisant a I'extraction de valeurs propres
généralisées, voir (4). Cette Note vise a expliquer en détail les raisons pour lesquelles cette procédure simplifiée résol
le probleme des moments de Markov. Apres avoir rappelé quelques éléments de la théorie des matrices de Toeplitz:
les relations de Newton (Propositions 2.1 et 2.2), nous reformulons cet algorithme simplifié afin d’établir facilement
certains lemmes techniques. Finalement, le Théoreme 2.7 démontre le lien entre valeurs propres généralisées (4)
l'inversion de (1).

1. Introduction

We aim at inverting a moment system often associated with the prestigious name of Markov, as appearing in [2,3,
5,10,11] in several fields of application; consult [4,9,13] for general background on moment problems. The original
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problem is the following. Given themomentsn; for k=1, ..., K, find a bounded measuraldensityfunction f and
areal valuex > 0 such that

(1) fo f@&dE=m, k=1, K,
(2) 1f(&)| =1 almost everywhere ofd, X[,
(3) f has no more thak — 1 discontinuity points insidg0, X[.

The solution is a piecewise constant function taking valugs-ih 1} a.e. on|O, X[ and changing sign in at mo&t— 1
points, which we denotg:,}, ordered such thatf u1 < --- <ug = X. Finding{u;} from {m;} is an ill-conditioned
problem when the; values come close to each other; its Jacobian is a Vandermonde matrix and iterative numerical
resolution routines require extremely good starting guesses. For less than four moments, however, a direct meths
based on solving polynomial equations was presented in [11]. Here we are concerned with an arbitrary number c
momentsk € N.

We consider a slightly modified version of the problem whegréakes values if{1, 0} instead of{—1, 1} and
the moments are scaled ag — kmy. This is the precise setting for the applications in geometrical optics that we
are interested in [6]. Moreover, to simplify the discussion we confine ourselves to the cas&vibewen, setting
K =:2n. The resulting problem can then be written as an algebraic system of nonlinear equationsa Ghivrethu
such that

n
mp=Yy us;—ub,_y, k=1... K=2n 1)
j=1

An algorithm for solving this problem was presented by Koborov, Sklyar and Fardigola in [8,12]. It requires solving a
sequence of high degree polynomial equations, constructed through a rather complicated process with unclear stabil
properties. In [6] we showed that the algorithm can be put in a more simple form that makes it much more suitable fol
numerical implementation. The simplified algorithm reads

(1) Construct the matrice$ and B:

1 1
—n1 2 ni 2
A= . . B= : S : 2)
—moy_1 -+ —m1 2n Mmop_1 -+ m1 2n
(2) Letm = (m1,mo, ..., mo,)" and solve the lower triangular Toeplitz linear systems
Aa=m, Bb=—m, 3)
to geta andb.
(3) Construct the matricesy, A froma = (a1, ay, . .., as)' as
ay az S a, az as ctr dp4l
a az -+ dpyl as as -+ apy2
A= . . . . , Ar= ) ) . . ,
dap Ap41 -+ A2p—-1 ap4+1 dp42 - azn

and the corresponding matric8s, B, from b.
(4) Compute the generalized eigenvalues of the problems

A2v=uA1v, Bov =uBv. 4)
The generalized eigenvalues of the left problem are precisely theugvealues,{uz};_,, and the generalized
eigenvalues of the right problem are the odd ofes,1};_;.

The forthcoming section is devoted to a complete justification of this algorithm. We recall that these inversion routines
have been shown to be numerically efficient in the paper [6].
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2. Analysis of the algorithm

We begin by stating two classical results of prime importance for the analysis.
Let " ¢ R"*" be the set of lower triangular x n real Toeplitz matrices. We define the diagonal scaling matrix
and the mapping@ :R" — IL" as

0 X1 X1
1 X2 X1 X2

A= . s T(x) = . . . s X =
n—1 Xn e X2 X1 Xn

The mappind/ has the following properties, see e.g. [1]:

Proposition 2.1.Lower triangular Toeplitz matrices commute aifdlis closed under matrix multiplication arfdvhen
the inverse exisjsnversion,

TEOT()=TWTx)el", T tel (5)
Moreover,7 is linear and

Tx)y=T(yx, TxTY=T(Tx)y). (6)
The A matrix has the property

T(Ax)=AT(x) —T(x)A. (7

Another result that we rely heavily upon is the classical Newton relations, see e.g. [7]:

Proposition 2.2(Newton’s relations)Let P be then-degree polynomial,
P(x)=co+c1x+ -+ cpx" =icp(x —x1) - (x — x).

SetSy = n and defineSy for k > 0 as the sum of the roots &f taken to the powet, Sy = Z’}:l xj?. Then, thes + 1
following relations hold '

cxSo+ ck41S1+ -+ enSu—k =kex, k=0,...,n. (8)
2.1. Reformulation of the simplified algorithm
We want to write the equatioAa = m using the mapping: hence we augment the anda-vectors with a zero

and one element, respectively, to get= (0, m)" anda = (1, a)", both inRX+1, We observe that the-matrix
in (2) is the lower rightk x K block of A — 7 (in). Therefore,

(A —T(#))a=—in + <A0a> = (Aao_m>.

Thus the equatioda = m in (3) is equivalent to

T(m)a = Aa. 9)
By the same argumenBb = —m in (3) is equivalent to

T ()b = — Ab. (10)
with b = (1, b)".

We can then directly also show tha{a) and7 (b) are in fact each other’s inverses.

Lemma 2.3.Whena are b given by(9), (10)then7 (@)7 (b) = I.
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Proof. By Proposition 2.1 and (9), (10),
AT(@)b =T (Ad)b + T (@) Ab =T (T ()a)b + T (@) Ab = T (@)[ 7 ()b + Ab] =0.
Thus7 (a)b lies in the nullspace oft which is spanned by the vectér= (1,0,...,0)". Moreover,(7 (@)b)1 = 1

since the first elements @fandd are both one and we must in fact hakéi)b = 1. The lemma then follows from (6)
and the definition of. O

2.2. What lies beneath the algorithm

To understand the workings of the algorithm we need to introduce some new quantities and determine how the
relate toa, b andm.

Let us start with some notation: we sgt=uo; andy; = up;_1 for j =1,...,n. Furthermore, we introduce the
sums

n n
Xk:fo, Yk:ny, k=12,...,K="2n, 1)
j=1 j=1
and defineXo = Yo = K. In the even case, it then holds that
n n
mk=ZXf—Zy§=Xk—Yk, k=1....,K=2n.
=1 =

We also define the two polynomials
px)=(x—x1) - (x —xp)="co+cix+---+ cn_lx”_l +cpx”, (12)
and

n—1

gx)=x —y)---(x—y) =tdo+dix +---+dy_1x +dnxn~ (13)

We note here that by constructiopn=d,, = 1.
By applying (8) tox" p(x) with k =0, ..., K we get

Cn Kcy,
Cn—1 (K = Dep-1
Xo ) .
X1 Xo : :
: : _ co |=| (K-—n)o
: ) ) 0 0
Xk -+ X1 Xo . .
0 0

The analogous system of equations holds als&f@andd; . We introduce now some shorthand notation to write these
equations in a concise form. First we get (¢, ...,co)' e R"1 andd = (d,, ...,do)" € R**1. We then construct
the larger vectors, padded with zeres: (¢, 0)T andd = (d, 0)7, both inRX+1, Finally, we letX = (Xo, ..., Xx)"
andY = (Yo, ..., Yx)". Using7 and A we can state the systems of equations above as follows:

T(X)e=(KI— A)e, TX)d=(KI— A)d. (14)
We also clearly havét = X — Y.
Before we can relate andd with a we need the following lemma:

Lemma 2.4.Let f:R" — R” be defined byf (x) := 7 (x) 1 Ax for x with a non-zero first element. Thefi(x1) =
f(x2) implies thatx; = ax» for some non-zera € R.

Proof. Supposef(x) = y. Then7 (x)y = Ax and by Proposition 2.1(7 (y) — A)x = 0. Hencef (x1) = f(x2)
implies thatx1 andx2 both lie in the nullspace of (y) — A. Since the top left element of is zero, it follows that
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the first element o is zero and therefore the diagonal®fy) is zero. Consequently, the nullspaceZafy) — A has
the same dimension as that.af which is one. O

We can now merge together and express the general structure from (12), (13) and (9), (10) in the most concise way

Lemma 2.5.Suppose, d are defined by12), (13)anda, b by (9), (10). Then

T(@c=d, Thd=c.
Proof. We only need to prove the left equality. The right one follows immediately from Lemma 2.3.+éf (a)c =
7T (c)a. We want to show that = d. We note first that by (147 (X)c= (K1 — A)¢ = T()X =(KI — A)¢c =

X =K7T(c) Ye — T(c) 1 Ac, whereT (¢) is invertible sincer,, = 1. Moreover, it is clear thal (y)1 =y for all y.
Hence X = K1 — T (¢)~1Ac. In the same way we also obtaih= K1 — 7 (d)"1Ad. Then,

Ta=T@m=T@X-Y)=-T@7T () *Ac+T@7Td)*Ad.

We now note that by Proposition 2.7,(a@)7 (¢) *Ac = T(¢) YT (a)Ac = T (¢) 1T (Ac)a = T (¢c) 1AT (¢)a —
Aa =T (c)"1Av — Aa. Since alsoT (¢)7 (@) = T (v) we getT (m)a = —7 (¢) 1Av+ Aa + T(@)T (d)"1Ad =
T(@)[T (d)"1Ad — T (v)"1Av] + Aa. Consequently, by (9 (d)1Ad =T (v)"1Av and by Lemma 2.4y = od,;
for somea € R. But for the first element in we then have); = ¢, = ad,, and we getr = 1 sincec, =d, =1. O

Finally, we also establish the following lemma.

Lemma 266._::? V and W be the Vandermonde matrices correspondingxtp}’}:0 and {yj}’]’.:0 respectively, with
xo=Yyo="\. en

VIRT@V =diag({5'0)};_y). W' RT (@)W =diag({g'(x)};_o):

wherep(x) := xp(x), §(x) := xg(x) and R = {§,42—;—;} € R*"* 1"+l is the reversion matrix.

Proof. We have

nor P(xi—1)—p(xj-1) i

— —0 . — . 9 ’
(VTRT(C)V),-j = § E Crxf_lx; i= B Xi—1—Xj—1 . .
r=0 (=0 P (xi-1), i=],

showing the left equality sinc{ecj};%zo are the roots op(x). The right equality follows in the same wayo
2.3. Conclusion
We can now conclude and show that the unknown vaiyes (1) are indeed the generalized eigenvalues of (4).

Theorem 2.7.Suppose& = 2n; let a, b be defined by3). If all values{x;} U {y;} are distinct, ther(x;}, {y;} are the
generalized eigenvalues ¢4).

Proof. Leta, b be defined by (9), (10), which is equivalent to (3). Also defirendd as before by (12), (13). By
Lemma 2.5 we hav& (a)c =d € R#'*1 je.

1
ai 1
¢ d
ay al 1 _ (15)
an+1 dn eap|l 0 0
Any2 uy1 -+ azlar 1
az, Au—1 -+ aplap—1 - a1 1
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Clearly, the lower left block of the matrix multiplied lyis zero, i.e.}"}_ciaitx =0 fork=1,...,n. Now, let;
be the coefficients of the polynomialx) := p(x)/(x — x;) for some fixedj. Hence, by the special structure of (12),

cotc1x 4+ epx =1 (v1 +vpx 4 - F v H(x — x;),

and, fori =0,...,n,

—XjViy1, i=0,
ci=1v—Xxjvir1, 1<i<n-—1
v, i=n.

Thus we deduce,

n—1 n n
0= —xjviax + Z(Ui — XjVi+1)di+k + VnQpyk = Z Viditk — Xj Z Viditk—1,
i=1 i=1 i=1

which is the componentwise statement4fv = x;A1v. It remains to show that the rightmost sum is non-zero
for at least somek, so thatx; is indeed a well-defined generalized eigenvalue. &et (1, ai,...,a,)" and
v=(0,v1,...,vs)". Then (15) gived (a)¢ = d and, using Lemma 2.6 while takirig= 1 we have the sum

> v =a"o=(T@ ) o= (VTR diag({5' () })VTo =g x)).
i=1

sinceVTRd = {g(xx)} and Vo = {xpv(xp)} = {8k—j P’ (xx)}. Hence, the sum is non-zero becauge# y; for all
i, j > 0. The same argument can be used for gnyhich proves the theorem f¢x;}. The proof for{y;} is identical
upon exchanging the roles efa andd, b. This leads to (4). O
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