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Abstract

Let (X, xg) be a pointed Riemann surface of gegus 4, and letM x be the moduli space parameterizing logarithmi¢3SIC)-
connections orX that are singular exactly ovep and have residue Id /2. We show that the moduli spage y determinesX up
to isomorphismTo citethisarticle: 1. Biswas, J. Nagel, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Un théoremedetype Torelli pour I’ espace desmodulesdes couplesderang deux sur une cour be. Soit (X, xg) une surface de
Riemann pointée de genge> 4, et soitM x I'espace des modules des@L.C)-connexions logarithmiques qui ont une singularité
exactement emg et ont pour résidu- Id /2. On démontre que I'espace des moduldg détermineX a isomorphisme pregour
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Version francaise abr égée

Soit X une courbe algébrique lisse S0iide genreg > 4. Dans cette Note, on considére I'espace des modulgs
des couplesE, D), ou E est un fibré vectoriel de rang 2 siret D est une connexion logarithmique skirqui est
singuliere en exactement un poitt€ X avec résidu—%. L'espaceMy ne dépend pas du choix dg. Le résultat
principal est le théoréme suivant :

Théoréme0.1. Soient X et Y descourbeslissesdegenreg > 4.9 Mx = My, alorsX =Y.

Lidée de la démonstration est de se ramener au théoréme de Torelli classique. On considére Vst
My des couplegE, D) tels que le fibréE est stable. Cet ouvert admet un morphisme vers I'espace des mo-
dules Ny des fibrés stables de rang 2 dont les fibres sont des espaces affines. Les MﬁaeEA/X ont donc
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la méme cohomologie. On montre que le complément&ite \ Mg’( est de codimensio 3. Ceci implique que
H3(My,7Z) = H3(MY, Z). Si on combine les résultats précédents avec I'isomorphiifieVy, Z) = H1(X, Z)
démontré par Mumford et Newstead [7], on obtient un isomorphisme de structures de Hddgty) = H1(X) qui
entraine un isomorphisme entre la Jacobienne intermédidiret x) et la Jacobiennd (X).

Pour terminer la démonstration, on montre qu’on peut retrouver la polarisation principaf(ti¢y) a partir
de M. On considere la famille: M — Mg, définie sur un ouvert de I'espace des modules des courbes deggenre
dont la fibre au—dessus dé est M. Puis on construit un homomorphisme de systemes Ioc;aué\z R3r7 —
R®=6,.7. En utilisant le calcul des nombres de Betti de I'espace des modules des fibrés de Higgs de rang 2 pe
Hitchin [6], on montre que I'image d¢ est un systéme local de rang un. Avec un petit argument supplémentaire, on
retrouve la polarisation principale & partir de la restrictjoiy.

1. Introduction

Let X be a compact connected Riemann surface of ggrrst. Fix a pointxg € X. Let My denote the moduli
space of all logarithmic connectiog&’, D) on X of the following type: rankf) = 2 with /\2 E = Ox(x0), andD
is a logarithmic connection oA singular exactly ovexg with residue—% ldExo such that the logarithmic connection

on /\2E induced byD coincides with the de Rham connection 6X (xp). The moduli spaceMy is a smooth
quasi-projective variety ovet. The isomorphism class of the varietff y does not depend on the choice of the base
point xg.

We prove that the isomorphism class of the varigty determinesX. In other words, if(Y, yo) is another pointed
Riemann surface antty = My, thenX =Y.

We note that the biholomorphism class of the complex manifelld is independent of the complex structuref
the biholomorphism class depends only grindeed, sending a logarithmic connection to its monodromy we get a
holomorphic embedding

p: My — Hom(w1(X — xo), SL(2, C))/SL(2, C).

The image ofp is the complex submanifol® ¢ Hom(w1(X — xp), SL(2, C))/SL(2, C) consisting of homomor-
phisms that send the loop arounmg to — Id. Therefore, the biholomorphism class .6 x is independent of the
complex structure ok .

2. Moduli space of connections

Let X be a compact connected Riemann surface of gghusth ¢ > 4. The holomorphic cotangent bundle Xf
will be denoted byK . Fix a base pointg € X.

Given a holomorphic vector bundlg over X, alogarithmic connection on E singular overxg is a first order
holomorphic differential operator

D E— E®Kx ® Ox(x0) (1)

which satisfies the Leibniz identity. Itesidue Reg D, xg) is an element of End,,) [5].
Let My denote the moduli space of all paiiB, D) of the following type:

(1) E is arank two holomorphic vector bundle o\&r with /\2 E = Ox(xp),
(2) D is alogarithmic connection oA singular overxg, with residue Re@, xg) = —% |dEx01 and

(3) the logarithmic connection o,f\z E induced byD coincides with the logarithmic connection @y (xo) defined
by the de Rham differential.

The moduli spaceM x was constructed in [11] and [10] as an irreducible quasi-projective complex variety of
dimension @ — 6. As any connection itM y is irreducible [2, Lemma 2.3], the variety! x is smooth.
Let
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be the Zariski open dense subset defined by&JID) € M x such that the underlying holomorphic vector bundle
is stable, and let

Z::Mx\M())(CMX (2)

be the complement.

Proposition 2.1. The (complex) codimension of the Zariski closed subset Z ¢ My (see (2)) isat least g — 1. In
particular, the codimension of Z is at least three (recall that g > 4).

Proof. Let E be an irreducible vector bundle ovErof rank two such tha;’\2 E = Ox(xp). Consider the space of all
logarithmic connection® on E singular overg such that £, D) € Mx. This space, which we denote BYE), is an
affine space foH°(X, adE) ® Kx), where adE) C End(E) is the subbundle defined by trace zero endomorphisms.

The groupG(E) := Aut(E)/C* acts on the affine spacé(E). Since any logarithmic connection (E) is irre-
ducible by [2, Lemma 2.3], the action 6{ E) on A(E) is faithful. Hence the dimension of the space of isomorphism
classes of logarithmic connections &ns

dim A(E) — dimAut(E) + 1 =h'(X,adE)) — h°(X, End(E)) + 1= 3g — 3. ©)
If E is not semistable, there exists a line subburidle E of degreel > 1 giving an exact sequence
0—>L—>E— L Yxp):=L7? ®oy, Ox(xg) — 0. 4)

Take anyL, with degre€L) > 1. The space of all isomorphism classes of extensions of the above type is parametrized
by H1(X, L2(—x0))/C*. Using Serre duality and Clifford’s theorem fB(—x0)* ® Kx (see [1, p. 107]) we have

dimHY(X, L*(—x0)) < [(2g — 2— degre€L))/2+ 1] = [¢ — degre¢L)/2] < g — 1.

Combining this with (3) we conclude that for fixdd the dimension of the space of &, D) € Mx such thatE
fits in an exact sequence as in (4) is at mgst-33 + g — 2= 4g — 5. Since dimPit(X) = g, this implies that the
dimension of the subvariet{ in (2) is at most 4 — 5+ g = 5¢g — 5. Since diniMx) = 6g — 6, the proposition
follows. O

Let Ny denote the moduli space of stable vector bundlesver X of rank two with/\2 E = Ox(xp). We have a
natural projection
¢: M% — Ny, (5)

Where/\/lg’{ isasin (2), that sends a p&i, D) to E. Since A(E) (defined in the proof of Proposition 2.1) is an affine
space forH%(X, ad E) ® K), it follows that the mag in (5) makesM$ afz}\/x -torsor overNy.

Given a stable vector bundle € Ny, there is a unique unitary flat connectitn; on Ex\ (., such thalE, Dg) €
MS’( [9]. Consequently, we obtain@> section of the holomorphic fibratiap in (5)

y Ny — M% c Mx (6)
that send<st to (E, Dg).

3. Intermediate Jacobian and polarization

The intermediate Jacobian associatedf{M y) is defined by
JA(Myx) = Extiyns(Z(=2), H3(My)).
Carlson [4, Proposition 2] showed that
J2(Mx) = H3 My, ©)/(FPH3(Mx, C) + H3 (M, Z)).

A priori, J2(My) is a generalized torus. In our case it is an Abelian variety because of the following result.

L emma 3.1. We have an isomorphism of Hodge structures H3(My, Z) = HY(X, Z)(-1).
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Proof. Consider the Zariski closed subsétc My defined in (2). By Proposition 2.1 we have codim(Z) > 3.
HenceH3(My) = H(My) =0 (weak purity) and
J* i H My, Z) — H3(MS, Z)

is an isomorphism.

Since<p:/\/l§)( — Ny is an affine fiber bundle, the induced homomorphismH3(Nx, Z) - H3(MY%,Z) is an
isomorphism.

Mumford and Newstead showed that there exists an isomorphism

Iy HYX, Z)(—1) — H3WNx,7Z)

induced by a certain correspondentGg betweenNy and X; see [7, p. 1201, Theorem]. The correspondehge
in question is the second Chern class of the universal adjoint bundleXoxely . The isomorphisnij*)~1 o ¢* o
I'xs: HY(X,7)(—1) — H3(My, Z) gives the required isomorphism in the lemmaz

Corollary 3.2. We have an isomorphism J2(Mx) = J(X). In particular, J2(My) isan Abelian variety.

Our next aim is to recover the principal polarization H0X) from Myx. To this end, we consider the universal
curve

_ 0 P, 340
C= Mg, — M,
over the moduli space of curves of genuwithout nontrivial automorphisms. Let
J-Lmd ML M

be the families whose fibers ovex] € M{ areq~1(X) = J(X), r1(X) = M.
Consider the local syste®?q,Z on Mg. For any curveX, the Jacobiad (X) has a canonical principal polarization
which gives a constant sublocal system

L C R%q.7Z.

Proposition 3.3. Thelocal system R%q,.Z on M{ decomposes as

R?q.7 =L & (R%q.Z)o.
The local system (R%¢,Z)o isirreducible.

Proof. Since(R2¢.Z)o is torsionfree, it suffices to show that the local system of primitive cohomc(lﬂézy*C)prim =
(R%4.7)0 ®7z C is irreducible. If we fix a base poiri € Mg, then the mapping class group (the monodromy for the
family p) surjects onto AutH1(Xo, Z)) = Sp(2g, Z), and the Borel density theorem says thatZpZ) is Zariski
dense in S@g, C) [3]. Since the Lefschetz decomposition Bf (J(Xo), C) for the canonical principal polariza-
tion on J (Xo) corresponds to the decomposition of the& Bp(Xo, C))-module H' (J (Xo), C) = N Hl(Xo, C) into
irreducible components, the proposition followsa

We haveH?%(My, Z) = H3(N, Z) (follows from Proposition 2.1), an&#2(Ny, Z) = Z [8, Theorem 3]. There-
fore, R%r,Z = 7 (the ample generator df°(Ny, Z) gives a trivialization ofR?r,Z). Let n denote the section of
R?r,7Z given by the ample generator 82(Ny, Z).

Consider the homomorphism of local systems

¥ NPROZ — R%On 7
defined byy (@ A B) =a U BU 3886,

Lemma 3.4. Theimage of v isarank one local system.
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Proof. The earlier mentioned result of Mumford and Newstead says that we have an isomorphism of local systems
I:RYp.Z — R3,Z (8)
defined by the correspondenteon the fiber producMg?’1 X M9 M given by the second Chern class of the universal
adjoint bundle; note thak1p,Z is self-dual.
Define
v = o N2I: A\2R p,.Z —> R% 6.7,

We recall that the local systeR?q,Z)o is irreducible of rankg(2g — 1) — 1 (see Proposition 3.3). We also know
that R24,Z = N\? R p,Z.

On the other hand, the rank &°¢—6,7 is g [6, Theorem 7.6]. As an irreducible local system does not admit any
nonzero homomorphism to a local system of lower rank, the homomorphisranishes on the sub-local system of
/\ZRlp*Z corresponding tdR2¢.Z)o. Therefore, the image af coincides with the image dt (after identifying
/\2 Rp.7Z with R%q.7Z). Hence the rank of the image ¢fis at most one.

Let& € Hey—6(My, Z) be the homology class defined by the image\&f by the mapy in (6). Letw denote the
first Chern class of the ample generator of(Rig) = Z. Since the homomorphism

N2H3WNx, Z) — Z
defined by

a\B+— /ozUﬁUa)3g_6
Nx

is nonzero, we conclude that the composition

AZH3 My, 7) 2 58-S Ay, 7) 25 72

is nonzero. Hence the homomorphigrin (7) is nonzero. This completes the proof of the lemma.

For any[X] e Mg, the homomorphisng’ |(x] gives an element
6 € Hom(\*H3(Myx, Z), C) = H?(J?(My), C) 9)

up to a scalar multiplication. More precisefyjs a complex line inH2(J2(My, C).
Theorem 3.5. Let X and Y be smooth curvesof genus g > 4. If Mx = My, then X =Y.

Proof. We have to show that it is possible to recover the paiX), @) from M. The result then follows from the
classical Torelli theorem. By Corollary 3.2, the varietyx determines/ (X) up to isomorphism.

In the proof of Lemma 3.4 we saw thatvanishes oriR?¢.Z)o. Hence the complex ling (defined in (9)) contains
the canonical principal polarization.

We recall that a principal polarizationon in Abelian varietyA is an element of72(A, Z) which is ample and
satisfies the condition®4 N[A] = 1. In particular, the integral cohomology classs indivisible.

We haved N H%(J?(My),7Z) # 0 (as# contains the canonical principal polarization). HenceZh@oduled N
H2(J%(My),Z) = Z has two generators. Since the principal polarization is an ample class, exactly one of the two
generators 06 N H2(J%(My), Z) can be the principal polarization. Therefore, we have constructed the canonical
principal polarization or/?(M x) from v. This completes the proof of the theorent

Remark 1. Itis not clear whether this argument can be generalized to bundles of arbitrary rank. The missing ingredient
is an estimate on the dimension Bfimec Mx (A, C).
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