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Abstract

We study the initial-boundary-value problem for the Camassa—Holm equation on the half-line by associating to it a matrix
Riemann-Hilbert problem in the compl&xplane; the jump matrix is determined in terms of the spectral functions corresponding
to the initial and boundary values. We prove that if the boundary valg@s) are > 0 for all 7 then the corresponding initial-
boundary-value problem has a unique solution, which can be expressed in terms of the solution of the associated RH problem. Ir
the case: (0, t) < 0, the compatibility of the initial and boundary data is explicitly expressed in terms of an algebraic relation to
be satisfied by the spectral functiofi®. cite this article: A. Boutet de Monvel, D. Shepelsky, C. R. Acad. Sci. Paris, Ser. | 341
(2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

L’équation de Camassa—Holm sur la demi-droite. Nous étudions un probléme aux limites pour I'équation de Camassa—
Holm sur la demi-droite en exprimant la solution en termes de la solution d’'un probléme de Riemann-Hilbert matriciel dans le
plan complexe du paramétre speciralLa matrice de saut de ce probleme de Riemann—Hilbert est déterminée par les fonctions
spectrales qui correspondent aux valeurs initiales et aux valeurs au bord. Nous démontrons que si les valeur$Cau) ksmok
> 0 pout toutz, alors le probléme aux limites a une solution unique, qui s’exprime en termes de la solution du probleme de
Riemann-Hilbert associé. Lorsque les valeurs au haéds) sont < 0, les valeurs aux limites doivent vérifier une relation de
compatibilité qui s’explicite par une relation algébrique que doivent satisfaire les fonctions spectrales affmoiéeter cet
article: A. Boutet de Monvel, D. Shepelsky, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée
L'objet de cette Note est d’étudier le probléeme aux limites pour I'équation de Camassa—Holm (CH) [2]
Up — Uy + 2y +utty = 2U Uy + Ullyxy, (2)
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sur la demi-droitec > 0. Cette équation admet une « paire de Lax» constituée des équations linéaires

_1 N 1 _ 1 1 2
Wxx—zlﬁ+ (m+ D, Wz—(z—bt)wx-i-éuxlﬁ ()

oum = u —u,,. La méthode que nous utilisons repose sur I'analyse spectrale simultanée de ces deux équations. C'e
une variante de la méthode par transformation de «scattering» inverse utilisée pour le probléme de Cauchy sur
droite [3]. Nous obtenons les résultats suivants.

Théoréme 0.1. Soitug(x), x > 0, C*° a décroissance rapide, telle qug(x) — uoyx(x) + 1 > 0 pour toutx > 0.
Soientvo(t), v1(t), etva(?), t € [0, T] des fonction€*° telles quevg(t) > 0, vo(z) — v2(t) + 1 > 0 pour toutz, et
(3x)/u0(0) = v;(0), 0< j < 2. Le probléme aux limites défini pét) et par les conditions

u(x,0)=uo(x), x>0,
() u,1)=v;j(t), O0<r<T, j=0,1,2 (3)

a une solution uniquey(x, 1), telle queu(x, 1) — u, (x, t) + 1 > 0 pour toutx € [0, co) et toutr € [0, T].

Remarque 1. Ce Théoréme 0.1 vaut encore lorsqugr) = 0, a condition de prendre dans (3) comme nouvelles
conditions ernx = 0 les conditions:(0, ) = 0 etu, (0, ) = v1(¢).

Théoreme 0.2. On garde les hypotheses du Théorébnksauf qu'on supposeg(r) < 0 pour toutr € [0, T]. Le
probléme aux limitegl), (3) a alors une solution unique pourvu que les fonctions specteales b(k), A(k) et B(k)
associées aux données initiales et au bord satisfassent la «relation glog@lei»apres.

1. Introduction

The Camassa—Holm (CH) equation [2]
U — Upxx +2Ux + Uity =2UxUyy + Ullyyx (1)

is a model for the unidirectional propagation of waves in shallow water. It is integrable, at least formally, because it
possesses a Lax pair representation: the CH equation is the compatibility condition of two linear equations

Yyx = %w + A(m + D)y, Yy = (% - u)l”x + %uxw’ (2)

wherem = u — u,,. This, together with the fact that theequation of the Lax pair can be transformed, by using the
Liouville transformation, to the spectral problem for the one-dimensional Schrédinger equation, allowed developing
the inverse scattering transform method to study the initial value problem for the CH equation for initia} data:

u(x,0), —oo < x < 00, vanishing, asx| — oo, see [3].

Here, we study the initial-boundary-value problem for (1) on the half-lire0< +o00, where the data are the
initial valuesug(x) = u(x, 0), 0 < x < oo vanishing rapidly as — +o0, and the boundary values ofx, ) and of
its normal derivatives fox =0, 0< 7 < T.

Our approach can be viewed as a generalization of the inverse scattering transform method to the case of initiz
boundary-value problems [1]. It is based on siraultaneouspectral analysis of the two eigenvalues equations of the
Lax pair (2) in the domain & x < +o00, 0< ¢ < T. On the boundary of this domain, the analysis leads to the spectral
problems either for the-equation of the Lax pair (for = 0) or for thez-equation (forx = 0). The solution of the
initial-boundary-value problem is expressed in terms of the solution of a matrix Riemann—Hilbert (RH) factorization
problem in the complex plane of the spectral parameter, the data for which are determined in terms of the spectr:
functions associated with the initial and boundary values of the solution.

Theorem 1.1. Let ug(x), x € [0, 00) be a smooth function, rapidly vanishing as— oo, and such thaitg(x) —
uoex(x) +1> 0for all x € [0,00). Letwvg(r), v1(z), andv2(z), ¢ € [0, T] be smooth functions such thai(r) > 0,
vo(t) — va(t) + 1> O for all ¢, and (3y )/ ug(0) = v;(0), j =0, 1,2 Then the initial-boundary-value problem defined
by (1) with boundary conditions
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u(x,0) =uo(x), x>0,
() u0,1)=v;(t), O0<r<T, j=0,1,2 (3)

has a unique solutions(x, 7), such that(x, r) — u,,(x,t) + 1> O for all x € [0, c0) andz € [0, T].

Remark 1. In the caseyg(r) = 0 Theorem 1.1 remains true, if the boundary conditionscfer 0 in (3) are replaced
by u(0,1) =0, u, (0, r) = v1(2).

Theorem 1.2. Assume that in the boundary conditions in Theofefn vo(#) < 0 for all 7 € [0, T']. Then the initial-
boundary-value problenl), (3) has a unique solution provided the spectral functiaiig), »(k) and A(k), B (k)
associated with the initial and boundary conditions satisfy the relg{@)melow.

2. Eigenfunctionsand spectral functions

We rewrite the Lax pair in a 2-vector form. Lét:= (f) then (2) is equivalent to

q§—< 0 1)@ q5—< 7 %_”)cp (4)
“\am+n+% 0) g I —umyy -y )

In order to control the behavior of solutions of (4)Jas> 0 and as. — oo, it is convenient to transform (4) in such a
way that the principal term appears as a diagonal matrix, whereas the term of.®idem off-diagonal matrix. Let

k:=./—\—1/4. Setting

_1(1 -1k ik
g = > <1 1ik > qﬁexp{ (Ikx + Zt)ag}
gives
. ik
Pox + ik[o3, Dol = UpPo, Po + 5[03, Pol = VoPo, )
where
oz =diag(l, -1}, [a,b]:=ab — ba, &30 := €"3q 773,

A -1 -1 uy (0 1\ _u (0 -1 i
Uo(x,t,k)_ﬂm(x,t)<l 1), Vo(x,t,k)_?(l 0):F§<1 0>+0()\) ask — £

Assumehat there exists a smooth real-valued functign, r) satisfying (1) in{0 < x < 00,0 <t < T}, such that
m(x,t) + 1> 0 for all (x, 7). Following (5), we define X 2-matrix-valued eigenfunction®; (x, ¢, k), j = 1,2, as
the solutions of the integral equations

X
Pox(x,t,k) =1 +/e‘ik()“”&3(Uo¢>01)(y, t, k) dy — e ikxd3
0

X

Doo(x,t,k)=1+ f e_ik(x_y)&a(Uo@oz)(y, t,k)dy + g ikxés

e % (=193 (Vo) (0, 7, k) dt,

e 5 =053 (1 o,) (0, 7. k) dr.

O ~— . TT—

0
The eigenfunctiongg; (x, ¢, k) have well-controlled behavior ne&i= +i/2 (A = 0). Defining
171 —1/ik\ (((m+DV4 0 ikp(x,0)03
Poo(x, 1,K) “5(1 1/ik )( 0 (m+ 1)~ Y4 Pe

with

X t
p(x,r>=/¢m<s,r>+1ds—/u(o,c>\/m(o,;)+1dz
0

0



614 A. Boutet de Monvel, D. Shepelsky / C. R. Acad. Sci. Paris, Ser. | 341 (2005) 611-616

gives a form of the Lax pair convenient for the introduction of eigenfunctions well-controlled forlarge

Boor +ikn/m F 1[03, Poo] = Uso®oos  Poor — ikttn/m + L[03, Poo] = Voo Poo, ©6)
whereUs (x, 1. k) = §257(9 ) +0(1/k) and Voo (x, 1, k) = —% 22 (9 1) +O(1/ k) ask — oo. The eigenfunctions

Doojx,t, k), j =1,2, 3 are defined as the solutions of the integral equations
X
Poo1(x,1,k) =1 + / e Ky VmEDTI®S ([ @) (v, 1, k) dy

0
T

_ e—lk/g Jm(E H)+1dsa3 / e—lkf: M(O,{)«/I‘Vl(oyg)"‘ld@'a‘g(VOO¢001)(O’ T, k) dT,

t
X

Booa(x, 1.k) =1 + / e Ky VmENTIETs (7 o (v, 1, k) dy

0
t

+ e*ikfg Jm(E N+1dk63 / eikf,tM(O,C)vm(O,C)Jrld{&s(Voo@ooz)(O, 7, k) dr,

0
00

Booa(x, 1K) = I — / gk S VIEDTIESS (b ) (v, 1, k) dy.

X

Now the spectral functions are defined as matrix-valued functiohgeifting the eigenfunctions introduced above:

Bor(x, 1, k) = Po(x, 1, k) e EFFZNT3g (k)
Poo1(x, 1, k) = Pog(x, 1, k) € KPEDI3G (k) 7)
Pooa(x, 1, k) = Pogo(x, 1, k) € KPEDT3g (1),

where

_(A® Bk _ _(a®) bd)Y _
S(k)—<B(];) A(k)) ©@01(0, 0, k), S(k)_<b(12) a(k)> ®03(0, 0, k),

<o (AB E(k))
S k = ~ ~ = @ 0, O, k .
(k) (B(k) A 001 ( )
The boundary values of and the spectral functions are related by the direct and inverse spectralwgépg <
{a(k), b(k)} and{vo(1), va (1), v2(t)} <> {A(k), B(k)} (0Or {vo(?), v1(2), v2(1)} < {A(k), B(k)}), the inverse maps being
described in terms of the associated Riemann—Hilbert problems [1]. Evald@atiggy, ¢, k) in (7) atx =0, =T we
obtain

®003(0, T, k) = & kPO D351 (k) g (k) ghPO.T)os, )

wherep(0,T) = fOT v0(2)~/v0(¢) — v2(¢) + 1 dz. In particular, the analytic and asymptotic propertieggfz imply
that the(1, 2)-entry of the r.h.s. of (8) is analytic in the domain s 0, |k| > R and

(A(k)b(k) — B(k)a(k)) 2k fo 0OV —2OFIE — O(1/k), k| — oo, Imk > 0. 9)
3. The Riemann—Hilbert problem
Taking into account the analytic properties of the eigenfunctions, the scattering relations (7) can be rewritten ir

terms of a family of Riemann—Hilbert problems (parametrizedctgnd¢), with a jump matrix determined by the
spectral functions. LeD; := {k | |k — 5| <&} and Dz := {k | |k + 5| < &}, for sufficiently smalls > 0. Let ¥ be the
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contourX :={lmk =0} U {|k| =1/2} U {|k| = R} U d D1 U 3 D2, with sufficiently largeR. Assumehatu (0, t) <O.
Let

_1 yaf1 1\, 1 a1 -1
Ox, 1) =5 (m(x, ) +1) (1 1>+§(m(x,t)+1) <_1 1 )
Define a sectionally meromorphic22-matrix-valued function@ /) denotes thgth-column of a 2« 2 matrix @)

@ (x, 1, k))
A(k)

. 1 1
if ke Dy, |kl <3, orke Dy, [kl > 3.

<q>gll> (x,1,k) 5

(qbgg(x,t,k)

B)
G 8 (x,1, k))

. 1 1
it ke Dy, k| > 5. orke Dy, |kl <3,

M(x,t,k) = { ®oa(x, 1, k) if k| <R, k¢ D1U Ds,
o))
0] Jtk .
Q_l(x,t)(%)) @éﬁéu,r,k)) if k| > R, Imk > 0,
a
@
] bk .
Ql(x,t)<¢>;?3(x,z,k) %) if |k| > R, Imk <O.
a(k)
The limits ML (x, t, k) of M (x, t, k') ask’ approache € X from the adjacent sectors are related by

M_(x,t,k) = My (x, t, k) I (x,1,k), ke, (10)

where the jump matri¥ (x, ¢, k) is defined as follows:

b(k)
L Twm
—ikp(x,t)o3 _ a ikp(x,t)o3 i —
e b 1 e if Imk=0, |k|> R,
ak) la(k)|?
_ a(k) —b(k) o _
g lkpixnos 0 L ]e 0)é®**+20% if Imk >0, [k| =R,
a(k)
P ;L I N W i 1
g itkxtgnos 50 I%IE) dkxtznos if |k —5|=e Ikl <3,
J(x,t, k)= 11
(x,t,k) ) B0 (11)
ikt X A(k) ot X . [ 1
e-itkx+gnos [ dkxta003  jf (g — — kl= =
2 B3O 1 z i S| <& |k| >
AK) A Ak)
(2 é) (J(x,z,iz))‘1<(1) é) if Im & <0,
I if Imk=0, |k|] <R,
. 1
I If|k|=§,k¢D1UD2.

The definitions ofM andJ for the case: (0, ) > 0 are similar.
4. Sketch of proofs
The jump relation (10) suggests the definition of the matrix-valued functihz, x, ¢, k) by (11), with z —

o vo(O)/vo(@) — v2(0) + 1dz instead ofp(x, t). Let M@ (z, x,1,k), x,z € [0, 00), t € [0, T] be the solution of the
following Riemann—Hilbert problem:
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o M©@(z,x,1,k)is piecewise holomorphic relative to the contdtiy
o MOz x.t.k)=MP (2. x,1,k)J Dz, x.1.k) fork € X;
o M (z,x,t,k)y=1+0(1/k) ask — oo.

Letu(z,x,t) = (Mizz) (z,x,1,i/2) + Mézz) (z,x,1,i/2))2. Definez = z(x, t) as the solution of the differential equation
0
—z(x,t) = u(z,x,t), z(0,1)=0.
0x
Setm(x, 1) = (u(z(x, 1), x, 1))? — 1. Finally, determine:(x, r) by

u(x,t):%{/ey_"m(y,t)dy—I—/ex_ym(y,t)dy} +e_x{vo(t)—/e_ym(y,t)dy}.
0 X 0

The Riemann—Hilbert problem formulated above is uniquely solvable for athd¢. The proof that: solves the
Camassa—Holm equation is based on the dressing method [4]. The proaf shtisfies the initial and boundary
conditions is based on the fact that the RH problemMd? (0, 0, 7, k) (respectivelyM @ (z, x, 0, k)) is equivalent to
the RH problem describing the inverse spectral rh&pB} — {vg, v1, v2} (respectively{a, b} — {ug}); in the case
u(0, 1) < 0, the proof of this equivalence requires (9).
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