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Abstract

We propose a stochastic modelling of the PCR amplification process by a size-dependent branching process starting as a st
percritical Bienaymé—Galton—Watson transient phase and then having a saturation near-critical size-dependent phase. This mod
based on the concept of saturation allows one to estimate the probability of replication of a DNA molecule at each cycle of a single
PCR trajectory with a very good accuradp citethisarticle: N. Lalam et al., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Estimation de I'efficacité de la PCR basée sur une modélisation taille-dépendante du processus d’amplificatidfous
proposons une modélisation stochastique du processus d’amplification par PCR s’appuyant sur un processus de brancheme
taille-dépendant qui débute par une phase transitoire de type Bienaymé—Galton—Watson supercritique et qui présente ensuite ui
phase de saturation taille-dépendante presque-critique. Cette modélisation basée sur le concept de saturation permet d’estimer
probabilité de réplication d’'une molécule d’ADN a chaque cycle d’amplification a partir de I'observation d’'une unique trajectoire
d’amplification par PCR avec une trés bonne précisRmor citer cet article: N. Lalam et al., C. R. Acad. Sci. Paris, Ser. | 341
(2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Polymerase Chain Reaction (PCR [9]) is a largely used enzymatic technique of molecular biology allowing to
amplify the number of DNA molecules called the target through successive replication cycles. The beginning of the
reaction is characterized by an exponential accumulation of target population. Then, because of a depletion of reactio
components and a loss of activity of the polymerase enzyme, the probability that a molecule will be duplicated after
one replication cycle, called the efficiency, decreases leading to a saturation phase [15].
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We propose to model the whole PCR amplification process by a size-dependent branching process in order |
estimate the efficiency of the reaction from a single amplification trajectory whereas current quantification method:
need many amplification trajectories and use only one observation in the exponential phase per trajectory [1]. Th
results presented here are detailed in [6,7].

2. Stochastic modelling of the amplification process

It is natural to model the amplification process by a branching process. In the literature, several authors use
the classical Bienaymé—-Galton—Watson model for the exponential phase of the reaction either for estimating th
mutation rate (Krawczak et al. [4], Sun [17], Weiss and Von Haeseler [19], Wang et al. [18], Piau [12-14]), for
simulation purposes (Weiss and Von Haeseler [20]) or for estimating some other characteristics of this process (Jac
and Peccoud [2], Peccoud and Jacob [10,11]). Jagers and Klebaner [3] used a size-dependent branching process rel
on the enzymological study of the reaction of Schnell and Mendoza [16]. They proposed the following efficiency

P(Np) =

) 1

K + N, 1)
where N, is the molecules number present at cyeland K is the Michaelis—Menten reaction constant. We model
the sequence of DNA molecules number at each replication cycle by a branching gréggsdVe assume that each
molecule can give birth at the next cycle to two identical molecules if the replication succeeds or remains unchange
otherwise. The number of molecules at cyele 1 is given by the formula

Ny
Nn+1 = Z Yn+1,i , (2)
i=1

whereY, 1, is the number of descendants at cyel¢ 1 of theith molecule belonging to cycke: Y,,+1,; =2 when

the replication has succeedéd,.1 ; = 1 otherwise. We assume that 1§ 1 ;}; are independent and identically dis-
tributed (i.i.d.) random variables conditionally ,, theo -algebra generated hyy, ..., N,, and that the replication
depends only on the initial conditions and on the amount of molecules already synthesized. Then, the process may
considered as a size-dependent process and demotiig) = E (Yy,+1.i|Fn) ando2(N,) = var(Y,+1.;|Fn), we have

P(Yni1i =21F) = p(Ny),  P(Yui1i=1F,) =1— p(Ny),
m(N) =14+ p(Nw),  0%(Ny) = p(N) (1= p(Ny)),

where p(N,) is the efficiency at cycle: + 1. The efficiencyp(N,) is then modelled according to the following
assumption: there exists a saturation threshold, denotefieigh S > No, such that, whemV, < S, the underly-

ing branching process may be considered as a supercritical Bienaymé—Galton—Watson process, whereas as sool
N, = §, the efficiency decreases. Therefore we assume that the efficiency is a decreasing furgtign tifat we

denote byp(N), whereS(N) = Sliy.sy + Nln>s and 1y is the indicator function. We will use the following
efficiency model generalizing (1) and deduced from a real-time PCR data analysis performed in [8]:

K 1+exp(—C(S(N)S~1—-1) 3
K + S(N) 2 ’ 3
The efficiency parameter is eithek (S, C) with C > 0 or (K, S) when takingC = 0. WhenS = Ng andC =0, (3) is
equivalent to (1) and in this case, the parameter to be estimatéd is
Letny = supn: N,_1 < S} be the last cycle of the non-saturated phase. Then, in the exponential ph&ises
K/(K + S) = p, if N, < S which is equivalent ta < ny — 1.

p(N) =

Remark 1. The real-time PCR amplification trajectories are observed through the fluorescence emitted by the DNA
molecules. We assume that the observed fluorescgrisg@roportional to the DNA molecules numb&rwhich is a
classical condition in the PCR setting and we do not take into account the measurement errors. When considering re:
time PCR amplification trajectories, the efficiengyF) expressed in fluorescence units may be written according to
(3) wherek, S andS(N) are replaced by their equivalents in fluorescence uijits Sy andSr(F) = Srl{r<sz} +
Fl{r>s;y. Kr andSr are proportional t&k ands, andSF(F)S*1 =S(N)S~ L.
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3. Asymptotic behavior of the process
Letap=1andforalln > 1, a, = a,—1m(a,—1). SetKc = K(1+ Lic=0))/2.

Theorem 3.1.

_1as.

(i) Mmoo Npya, - ='1;
(i) lim o0 ann™ 1=Kc.

4. Estimation of the efficiency

We estimate the unknown parametdfg, S andC from a single PCR trajectory by using the nonlinear autore-
gressive model deduced from (2):

Ny =m(Ng—1)Ng—1+ 1k, m(Nk—1) =1+ p(Nk-1),
EmFi-1) =0, o2l Fi—1) = Nx—10>(Nk—1).

Since

Kc 2
M=— 10 N 4
p(N) = SV + Ok,s5.c((S(N)) ™), (4)
theno (| Fi—1) = Ok.5.c (Ni—1(S(Nx—1)) 1. So, relying on [5], we define the estimata®c, ,,, Sh.n, Ch.n) =
argmirkC,S,CSSh,n(Kc, S, C), where

n

SSuan(Ke.S.C) =Y (Ne = (1+ p(Nee)) Nem1) N S(Ni—).
k=h+1

where, fork < ny, the weightS(Ny—1) = S is estimated by, . According to (4).K¢ is asymptotically identifiable

at the rateN whereas @ s, c((S(N)™?)N is asymptotically negligible [5]. Consequently, relying on [21], we will
study the properties othch 2} and we will con5|der{(Sh " C;, n)}n @S a nuisance parameter. The existence and
uniqueness of these estimators are guaranteed asymptotically. Notice that the propeﬁ@ﬁ,pt, do not depend

on the values of(Sh " Ch Wln-

Theorem 4.1.Let/ be fixed. Thetim, . o K¢, 2 K¢ and
. o~ d
lim /n(Kcpn,—Kc)/vVKe=N(0,1).
n—>0oo

Remark 2. Relying on the exponential phase and on a Conditional Least Squares Esfiynafethe efficiency

p during this phase, Jacob and Peccoud [2] build an asymptotic confidence inter¥al ek n — oo. Since
I|m,,_>Oo N,(1+p)~™" = Wig,p» Where E(Wy, ,) = No and (72(WNO p) = Noll — pl[1+ p]™ 1 , they considered

No ao=Np /(L+ pA:)”‘ where the cycléi; is an estimator of the end of the exponential phase One can extend
their results to an estimator based on observations until a replication,cpdlmnging to the early linear part of the
saturation phase where model (3) is adequate. Such an extension is of interest since real-time PCR data are less no
in the saturation phase.
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