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Abstract

Let K be a hypergroup with Haar measure. We relate Reiter’s condition(P2) to positive definite measures and associa
representations, induced representations from a subgroup ofK and convolution operators onL2(K). To cite this article: L. Pavel,
C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

La condition (P2) de Reiter et les représentations des hypergroupes. Soit K un hypergroupe qui possède une mesure in
riante à gauche. Nous établissons la connexion entre la condition(P2) de Reiter et les représentations associées aux mesures d
positif, représentations induites d’un sous-groupe deK et d’opérateurs de convolution surL2(K). Pour citer cet article : L. Pavel,
C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les hypergroupes généralisent les groupes localement compacts. Plusieurs notions et résultats de l’analy
nique et de la théorie des représentations des groupes localement compacts peuvent être transposés aux hy
sans difficulté, mais il y a des sujets où les différences sont notables. La condition(P2) a été introduite par Reite
[13] dans le cas des groupes et généralisée aux hypergroupes par Skantharajah [15] : un hypergroupeK satisfait à
la condition(P2) de Reiter si pour tout ensemble compactE ⊆ K et ε > 0 il existe une fonctionϕ ∈ L2(K), ϕ � 0,
‖ϕ‖2 = 1 telle que‖δx ∗ ϕ − ϕ‖2 < ε, ∀x ∈ E. Skantharajah a démontré que les hypergroupes qui satisfont à
condition sont moyennables, mais contrarement au cas des groupes localement compacts, la réciproque
valide. Un rôle important dans notre note est joué par la notion de représentation subordonnée à l’autre (i
de Fell [4] dans le cas des groupes et translatée littéralement aux hypergroupes) : la représentationπ est faiblement
contenue dans la représentationτ (notéπ � τ ) si toutes les fonctions de type positif associées àπ sont limites pour la
convergence compacte surK de sommes de fonctions de type positif associées àτ . Nous considèrons aussi la rep
sentation constante de dimension 1,iK et la représentation regulière à gauche,λK deK surL2(K) : iK(µ)(f ) = f

et λK(µ)(f ) = µ ∗ f , ∀f ∈ L2(K), ∀µ mesure bornée. Le dual deK , l’ensemble des représentations irréducib
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deK sera noté parK∧ et le dual reduit deK , l’ensemble des représentations irréducibles deK subordonnées àλK ,
parK∧

r .
Le but de cette Note est de contribuer à l’étude des représentations des hypergroupes en établissant la

entre la condition(P2) de Reiter et certaines directions de la théorie des représentations qui sont reliées habitue
dans le cas des groupes localement compacts, à la classe des groupes moyennables (voir [12]).

Premièrement nous étudionsK∧
r (Théorème 3.1) et démontrons qu’un hypergroupe satisfait à la condition(P2) de

Reiter si et seulement siiK � λK . Les résultats principaux Théorème 3.4, Théorème 3.5 et Théorème 3.6 so
extensions aux hypergroupes des théorèmes concernant les groupes localement compacts moyennables
Skudlarek [16], Greanleaf [8] et Granirer [7] respectivement. Dans nos démonstrations la condition(P2) de Reiter
joue le rôle dévolu à la moyennabilité. Nous avons prouvé :

Théorème 0.1. SoitK un hypergroupe commutatif qui satisfait à la condition(P2) de Reiter etµ une mesure de typ
positif bornée surK telle queµ(K) �= 0. Alors ιK � T µ.

Dans ce théorèmeT µ est la représentation associées àµ (voir version anglaise).

Théorème 0.2. SoitK un hypergroupe. Alors K satisfait à la condition(P2) de Reiter si et seulement si pour tou
représentationπ ∈ K∧ et pour tout sous-groupe ferméH deK on aπ � indH↗K π |H .

Pour la construction de la représentation induite d’un sous-groupe à l’hypergroupe on peut consulter [9].

Théorème 0.3. SoitK un hypergroupe qui satisfait à la condition(P2) de Reiter. Alors, l’adhérence faible de l’e
semble{λK(µ) | µ mesure de probabilité} dans l’espace des opérateurs bornés surL2(K) ne contient pas l’opérateu
nul.

1. Introduction

Hypergroups are locally compact spaces whose bounded Radon measures form an algebra which has
similar to the convolution measure algebra of a locally compact group. A hypergroup can be viewed as a prob
group in the sense that to each pairx, y ∈ K there exists a probability measureδx ∗ δy on K with compact support
such that(x, y) 
→ suppδx ∗ δy is a continuous mapping fromK × K into the space of compact subsets ofK . Unlike
the groups,δx ∗ δy is not in general a point measure. The convolution between point measures extends to all b
Radon measures onK . Important examples of hypergroups are double coset spaces, orbit spaces and duals aris
certain classes of locally compact groups and corresponding topological group actions. The substantial dev
of the theory of hypergroups with the works of Dunkl [3], Spector [17] and Jewett [11] put hypergroups in th
setting for harmonic analysis and representations theory. As hypergroups generalize locally compact grou
basic notions and facts from harmonic analysis and representations theory of groups carry over to hypergro
with minor changes, but there are certain topics in which the differences are substantial.

The condition(P2) was introduced by Reiter [13] in the groups case and later translated to hypergroups b
tharajah [15]: a hypergroupK satisfies the condition(P2) if wheneverε > 0 and a compact setE ⊆ K are given,
there exists a functionϕ ∈ L2(K), ϕ � 0, ‖ϕ‖2 = 1 such that‖δx ∗ ϕ − ϕ‖2 < ε for everyx ∈ E. Skantharajah [15
Lemma 4.4] proved that, similar to the groups case, this condition means that 1K is the uniform limit on every compac
subset inK of functions of the formϕ ∗ ϕ∼, whereϕ ∈ L2(K), ϕ � 0, ‖ϕ‖2 = 1. He also proved that all hypergrou
satisfying this condition are amenable, but different from the groups case there exist amenable hypergroups
not satisfy it (see [15, Example 4.6]). A hypergroupK is said to be amenable if there exists a left invariant mea
L∞(K).

The purpose of this Note is to relate Reiter’s condition(P2) on hypergroups to those directions of the repres
tations theory which in the context of locally compact groups are usually linked to amenability (see [12]): p
definite measures and associated representations, induced representations and convolution operators. Afte
lating Reiter’s condition(P2) in representations terms, we prove the main theorems: a weak containment re
representations associated to positive definite measures, a Frobenius reciprocity theorem for induced repre
from a subgroup of the hypergroup and a characteristic property of the weak closure of the image of the lef
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representation. We partially extend from locally compact groups to hypergroups results of Skudlarek [16], G
[8] and Granirer [7], respectively. In our approach the role of amenability is played by Reiter’s condition(P2).

2. Preliminaries

For basic definitions and results on hypergroups we shall follow [11].K always stands for a hypergroup with
fixed Haar measurem, symbols like

∫ · · · dx will always denote integration with respect tom. M(K) is the space
of all bounded regular (complex valued) Borel measures onK . Our notation generally agrees with [11]. However
following notations are different from [11]:δx denotes the Dirac measure concentrated atx andx 
→ x∨ the involution
on K . We mention thate ∈ suppδx ∗ δy if and only if x = y∨ and that the involution naturally extends to all posit
measures onK by (δx)

∨ = δx∨ . If f is a Borel function onK andx, y ∈ K the left translatefx is defined onK by
fx(y) = ∫

f dδx ∗δy = f (x ∗y), if the integral exists. The functionf ∼ onK is given byf ∼(x) = f (x∨). Convolution
of two functionsf andg onK is defined by(f ∗g)(x) = ∫

f (x ∗y)g(y∨)dy, whenever it makes sense. Ifµ ∈ M(K)

andf is a Borel function, then the convolutionµ ∗ f is defined onK by (µ ∗ f )(x) = ∫
f (y∨ ∗ x)dµ(y).

Following [11], we define a representation ofK as a norm increasing∗-representation of the Banach∗-algebra
M(K). For notational convenience, we writeπx for π(δx), wherex ∈ K . Just as for the locally compact groups ca
to any representationπ of K and any vectorξ in Hπ , corresponds a continuous positive definite function, necess
bounded,f π

ξ (x) = 〈πxξ, ξ 〉. The one trivial representation and the left regular representation ofK on L2(K) will be
denoted byiK andλK , respectively; soiK(µ)(f ) = f andλK(µ)(f ) = µ ∗ f for eachf ∈ L2(K) andµ ∈ M(K).

Similar to the locally compact groups case,L1(K) is an involutive Banach algebra admitting approximate units.
denote byC∗(K) its enveloping algebra (see [2, 2.7]). As the left regular representation ofK is faithful, we can embed
L1(K) (as well asCc(K)) in C∗(K). The (irreducible) representations ofK , are in one to one correspondence with
non-degenerate (irreducible) representations ofL1(K) and hence ofC∗(K). Thus, we are enabled to identify the du
K∧ with C∗(K)∧, each of the sets being endowed with the hull kernel topology [4]. Corresponding represen
of the objectsK , C∗(K), will be denoted by the same letter. Forπ , σ ∈ K∧ , we say thatπ is weakly contained inσ
if all positive functionals associated withπ can be weakly∗-approximated by sums of positive functionals associa
with σ ; in this case we writeπ � σ . Recall that suppσ = {π ∈ K∧ | π � σ }. We will denote the support ofλK by
K∧

r and we will call it the reduced dual ofK . In the commutative caseK∧
r is actually the support of the Planche

measure onK∧, object of thorough studies in recent works by Lasser, Filbir and Voit (see for example [6], [18]

3. Main results

Extending the well known result that characterizes the elements of the reduced dual of a locally compac
we have:

Theorem 3.1. Let K be a hypergroup andπ ∈ K∧. Thenπ ∈ K∧
r if and only if for each unit vectorξ ∈ (Hπ , 〈·, ·〉)

there exists a net(ϕi)i∈I ⊆ L2(K), ϕi � 0, ‖ϕi‖2 = 1 such thatϕi ∗ ϕ∼
i converges to the functionf π

ξ uniformly on
compact subsets ofK .

Proof. We notice that the coefficients of the left regular representation ofK are given by

〈
(λK)xϕ,ϕ

〉 =
∫
K

ϕx∨(y)ϕ(y)dy = (ϕ ∗ ϕ∼)(x), x ∈ K,

with ϕ ∈ L2(K). It is known (see for example [9]) that on the set of all normalized continuous bounded po
definite functions onK the weak∗-topology coincides with the topology of uniform convergence on compact
Then, clearly,π � λK if and only if any positive definite function associated toπ is the uniform limit on the compac
subsets ofK of positive definite functions arising from the left regular representation.�
Corollary 3.2. A hypergroupK satisfies Reiter’s condition(P2) if and only ifiK ∈ K∧

r .

Proof. It follows immediately from Theorem 3.1 and [15, Lemma 4.4].�
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Remark 1. In their paper [6], Filbir and Lasser have introduced in the context of commutative hypergroups
cept useful for investigating the support of the Plancherel measure. They defined for eachα ∈ K∧ the so-called
“ (P2) condition satisfied inα” and proved that it is equivalent toα is in the support of the Plancherel measure. “T
(P2) condition is satisfied in 1K ” means that Reiter’s condition(P2) holds. In order to find sufficient conditions f
π ∈ K∧

r by analogy to the commutative case [6], one can derive some kind of “condition(P2) satisfied inπ ∈ K∧”,
as follows: we say that the(P2) condition is satisfied inπ if for each unit vectorξ ∈ (Hπ , 〈·, ·〉), wheneverε > 0 and
a compact setE ⊆ K are given, there exists a functionϕ ∈ L2(K), ‖ϕ‖2 = 1 such that‖δx ∗ ϕ − f π

ξ (x∨)ϕ‖2 < ε,
∀x ∈ E.

It is immediate that if the(P2) condition is satisfied inπ , thenπ ∈ K∧
r . Indeed, letε > 0 andE a compact subse

of K . Then, there existsϕ ∈ L2(K), ϕ � 0, ‖ϕ‖2 = 1 such that‖δx ∗ ϕ − f π
ξ (x∨)ϕ‖2 < ε, ∀x ∈ E. Hence, with the

Cauchy–Schwarz inequality, we have:

∣∣f π
ξ (x∨) − ϕ ∗ ϕ∼(x)

∣∣ =
∣∣∣∣f π

ξ (x∨)

∫
K

ϕ(y)ϕ(y)dy −
∫
K

ϕ(y)ϕ(x∨ ∗ y)dy

∣∣∣∣

=
∣∣∣∣
∫
K

ϕ(y)
[
f π

ξ (x∨)ϕ(y) − ϕ(x∨ ∗ y)
]
dy

∣∣∣∣ = ∣∣〈f π
ξ (x∨)ϕ − ϕx∨ , ϕ

〉
2

∣∣

� ‖ϕ‖2
∥∥δx ∗ ϕ − f π

ξ (x∨)ϕ
∥∥

2, ∀x ∈ E.

The next theorems show that Reiter’s condition(P2) is deeply involved in the representation theory of hypergro
playing the role of the amenability in the locally compact groups context.

We recall that a measureµ ∈M(K) is positive definite onK if
∫
K

f ∗ f ∼ dµ � 0, ∀f ∈ Cc(K).

Proposition 3.3. Let K be a hypergroup,µ ∈ M(K) a positive definite measure onK , andπ ∈ K∧
r . Then, for each

positive definite function arising fromπ , f π
ξ ,

∫
K

f π
ξ dµ � 0. In particular if K is a hypergroup satisfying the Reit

condition(P2), thenµ(K) � 0.

Proof. Sinceπ � λK , using Theorem 3.1 we have thatf π
ξ is a uniform limit on every compact subset inK of

functions of the formϕ ∗ ϕ∼, ϕ ∈ Cc(K). As µ is positive definite, everything is clear.�
In [14], it is noticed that if the positive definite measureµ satisfies the so called condition(B),

∫
K

f ∼ ∗ g∼ ∗ g ∗
f dµ � ‖g‖2

1

∫
K

f ∗ f ∼ dµ, ∀f , g ∈ Cc(K), the usual Gelfand–Segal construction for the representation associa
µ can be applied. IfK is commutative any positive definite measureµ ∈M(K) satisfies condition(B). Consequently
we can construct the associated representation ofL1(K): for everyg ∈ Cc(K), T

µ
g is the extension ofT µ

g ([f ]) =
[g∗f ], [f ] ∈ Cc(K)/Nµ(K), whereNµ(K) = {f ∈ Cc(K) | ∫

K
f ∗f ∼ dµ = 0}, to the completion ofCc(K)/Nµ(K)

with respect to the norm generated by the inner product〈[f ], [g]〉 = ∫
K

f ∗ g∼ dµ. The next theorem translates
commutative hypergroups satisfying the(P2) condition a well known property of amenable locally compact gro
proven by Skudlarek [16].

Theorem 3.4. Let K be a commutative hypergroup satisfying Reiter’s condition(P2) and µ ∈ M(K) a positive
definite measure onK with µ(K) �= 0. Then,ιK � T µ.

Proof. By Proposition 1,µ(K) > 0. LetE be a compact subset ofK andε > 0. There exists a compact subsetC in
K such thatE ⊂ C and|µ|(K \ C) < ε/3. By [11, 3.2],C ∗ C = ⋃

x,y∈C suppδx ∗ δy is compact. We may suppo
thatC is symmetric, so sinceK satisfies the condition(P2), we infer that there existsϕ ∈ Cc(K), ϕ � 0, ‖ϕ‖2 = 1
such that‖ϕx∨∗z − ϕ‖2 < ε (3µ(K))−1, ∀x, z ∈ C. Then, using the Cauchy–Schwarz inequality, we have

∣∣〈T µ
x [ϕ], [ϕ]〉 − µ(K)

∣∣ =
∣∣∣∣
〈 ∫
K

∫
K

(ϕx∨)z(y)(ϕ∼)∨(y∨)dy dµ(z)

〉
− µ(K)

∣∣∣∣

=
∣∣∣∣

∫ ∫
ϕ
(
x∨ ∗ (z ∗ y)

)
ϕ(y)dy dµ(z) +

∫ ∫
ϕ
(
x∨ ∗ (z ∗ y)

)
ϕ(y)dy dµ(z)
K\CK C K
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∫
K

ϕ(y)ϕ(y)dy dµ(z) +
∫
C

∫
K

ϕ(y)ϕ(y)dy dµ(z) − µ(K)

∣∣∣∣

�
∣∣∣∣

∫
K\C

∫
K

ϕ
(
x∨ ∗ (z ∗ y)

)
ϕ(y)dy dµ(z)

∣∣∣∣ +
∣∣∣∣
∫
C

∫
K

ϕ
(
x∨ ∗ (z ∗ y)

)
ϕ(y)dy dµ(z)

−
∫
C

∫
K

ϕ(y)ϕ(y)dy dµ(z)

∣∣∣∣ +
∣∣∣∣
∫
C

∫
K

ϕ(y)ϕ(y)dy dµ(z) − µ(K)

∣∣∣∣
� ‖ϕ‖2

2|µ|(K \ C) + ‖ϕ‖2ε/3µ(K)−1µ(K) + |µ|(K \ C) < ε.

Hence, sinceµ(K) ·1K is approximated uniformly on the compact subsets by positive coefficients of the represe
T µ, it follows thatιK � T µ. �

In [8], answering to a question raised by Fell [5], Greanleaf characterized the amenability of a locally c
groupG by a certain Frobenius property: for eachπ ∈ G∧ and every closed subgroupH of G, π � indH↗G π |H .
This weak Frobenius reciprocity property can not be stated literally in the hypergroups context, replacing the s
H by a subhypergroup, because it is well known that not every representation of a subhypergroupH of a hypergroup
K is inducible toK [10]. However, ifH is a subgroup of the hypergroupK , then each representation ofH is inducible
to K . Consequently, focusing on this situation, we obtain:

Theorem 3.5. Let K be a hypergroup. ThenK satisfies Reiter’s condition(P2) if and only if for everyπ ∈ K∧ and
every closed subgroupH of K we haveπ � indH↗K π |H .

Proof. If K satisfies the Reiter condition(P2), the proof follows exactly as in [8, Theorem 5.1] for locally comp
groups because the principal role in Greanleaf’s approach is played by the Makey machinery for the con
of induced representations (which can be used in our situation, see [9]) and the amenability of the group
of Reiter’s condition(P2) (our hypothesis). The converse follows immediately, takingH = {e} andπ = ιK because
ind{e}↗K 1{e} = λK . �

In the following theorem the closure of a subsetΩ of the space of all bounded linear operators onL2(K) with
respect to the weak operatorial topology will be denoted byω-clΩ .

Theorem 3.6. Let K be a hypergroup which satisfies Reiter’s condition(P2). Then0 /∈ ω-cl{λK(µ) | µ probability
measure}.

Proof. Let us denote byΩ the set{λK(µ) | µ probability measure}. If 0 ∈ ω- clΩ , then 0 is still in the norm close
convex hull ofΩ . On the other hand, eachT belonging to coΩ , T = ∑n

j=1 cjλK(µj ) = λK(
∑n

j=1 cjµj ) has the
norm equal to 1 as it follows from‖λK(µ)‖ = ‖µ‖, [15, Lemma 4.4] and from‖∑n

j=1 cjµj‖ = 1. �
Remark 2. Theorem 3.6 is motivated by a similar result from locally compact groups case obtained orig
by Granirer [7] and used recently to give a characterization of the class of amenable locally compact gr
Theorem 2.7]. Hence, we might hope that it leads to a characterization result for hypergroups satisfying
condition(P2).
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