Available online at www.sciencedirect.com

SGIENCE@DIHEGT’

ELSEVIER C.R. Acad. Sci. Paris, Ser. | 341 (2005) 223-228

——_ COMPTES RENDUS

s

> MATHEMATIQUE

http://france.elsevier.com/direct/CRASS1/

Partial Differential Equations

Nonlinear Schrodinger equations: concentration on weighted
geodesics in the semi-classical limit

Manuel del Pind, Michat Kowalczyk®?, Juncheng Wei

a Departamento de Ingenieria Matematica and CMM, Universidad de Chile, Casilla 170 Correo 3, Santiago, Chile
b Kent State University, Department of Mathematical Sciences, Kent, OH 44242, USA
¢ Department of Mathematics, Chinese University of Hong Kong, Shatin, Hong Kong

Received 5 June 2005; accepted after revision 6 June 2005
Available online 3 August 2005
Presented by Haim Brezis

Abstract

We consider the problem
e2Au — VX)u+uf? =0, u>0,uec Hl(RZ),

wherep > 1, ¢ > 0 is a small parameter andis a uniformly positive, smooth potential. LEtbe a closed curve, nondegenerate
geodesic relative to the weighted arclengithV?, whereo = Z—J_’i — % We prove the existence of a solutiep concentrating

along the whole of”", exponentially small iz at any positive distance from it, provided thais small and away from certain

critical numbers. This proves a conjecture raised in [A. Ambrosetti, A. Malchiodi, W.-M. Ni, Singularly perturbed elliptic
equations with symmetry: existence of solutions concentrating on spheres, Part I, Commun. Math. Phys. 235 (2003) 427-466]
in the two-dimensional cas&o citethisarticle: M. del Pino et al., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé
Equations de Schrédinger non linéaires : Concentration sur des géodésiques pondér ées dans la limite semi-classique.
On consideére le probleme
E2Au— V@ u+uP =0, u>0, ueHYR?),

avecp > 1, oue > 0 est un petit parametre &t est un potentiel régulier, uniformément positif. Sbitune courbe fermée
formant une géodésique non dégénérée relativement a la longueur poligérée aveco = ﬁ—j - % Nous démontrons
I'existence d’une solution, qui se concentre le long de la courbeout entiére, exponentiellement petitesea toute distance

positive del”, pourvu ques soit petit et évite certaines valeurs critiques. Ceci répond affirmativement a une conjecture énoncée
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dans [A. Ambrosetti, A. Malchiodi, W.-M. Ni, Singularly perturbed elliptic equations with symmetry: existence of solutions
concentrating on spheres, Part I, Commun. Math. Phys. 235 (2003) 427-466] dans le cas bi-dimeri&onrmoger cet
article: M. del Pinoetal., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Version francaise abr égée

Soit V (x) une fonction réguliére avec ipfr2, V(x) > 0. On considére le probléme

?Au— VX u+u? =0, u>0, ueH®RY), D

correspondant aux ondes stationnaires de I'équation de Schrédinger non linéaire standard. Une attention considé
rable a été apportée au cours des dernieres années au probléme de la construction de telles ondes stationnaires dz

la limite dite semi-classique — 0, a la suite du travail précurseur de Floer et Weinstein [9] en une dimension

d’'espace. Il s'agit essentiellement de trouver des solutions qui se concentrent en un ou plusieurs de I'espace quan
¢ — 0. Une question importante consiste a déterminer si des solutions présentant des propriétés de concentratior

sur des ensemble de dimension plus élevée existent.
Soit I" une courbe fermée réguliére daR¥ de longueur totalé, et (z, #) ses coordonnées naturelles normales
et curvilignes décrivant tous les points a proximité de la courbe..&bitnique solution de

w' —w+w’=0, w>0, w(0)=0 w(too)=0. 2

Nous supposons de plus quizeststationnaire et non-dégénéreur la fonctionnelle d’aire pondérée. V7,

o= ﬁ—j — % En d’autres termed; est une géodésique non dégénérée pour la métrique confofrde?. Notre

principal résultat est le suivant.

Théoréme 0.1. Il existe une constantg, > 0 telle que, étant donné> 0, il existeep > 0 pour lequel, pour tout
0 < ¢ < gg vérifiant la condition de gap

16%k% — Ay| > ce, ©)

le probléemg6) a une solution strictement positiug qui, prés del”, prend la forme
t
uc(t,0) =V, 9)1/<P1>w<V(0, 9)1/2—> (1+0(1)), (4)
&

et est d’ordreO(e~%/(?)) en dehors de tout-voisinage de".

Ce résultat démontre la conjecture soulevée dans [2] dans le cas bi-dimensionnel. La preuve est basée su

une réduction de Lyapunov—Schmidt infinie : par un changement de variables qui abgmbdilatation dans
I'expression de I'opérateur de Laplace, c’est-a-dire en remplagantparu(ey), 'équation devient

Au+ V(ey)u +u? =0.

Soit (s, z) = e 1(z, ) les coordonnées naturelles dilatées. Ro@) = vV (0,0)Y?-D, g6) = v(0,6)Y2, nous
écrivons

u(s,z) = a(e2)v(B(ez)(x — f(e2)), 2)

ou f est une fonctior-périodique donnée. Dans de telles coordonnées, nous recherchons la solution sous la forme

v(x,z) =w(x) +ee(ex) Z(x) + ¢(x, 2)
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prés de la courbé, ol e est une deuxiéme fonction donnéegegst L2(dx)-orthogonale aw, (x) et Z(x) pour

toutz. Ici Z est la premiére fonction propre dah$(R) du problémeZ” + pwP~1Z — Z = AZ. Une version proje-

tée du probléme non-linéaire résultant pgugst tout d'abord résolue par une méthode d'application contractante
basée sur l'invertibilitée uniforme des opérateurs linéaires mis en jeu. Aprés cette procédure, le probléme complet
est réduit & un systeme non-linéaire, non local, du second ordre, d’'EDOs pour & pHajreui peut étre résolu,

grace a notre hypothése sur la courbe, par le théoréme du point fixe de Schauder.

1. Introduction and statement of the main result

We considestanding wavesor a nonlinear Schrodinger equation®? of the form

.0
—lsa—‘f = %Ay — Q)Y + Y|Pty (5)

where p > 1, namely solutions of the forny (r, x) = exp(ire “1r)u(x). Assuming that the amplitude(x) is
positive and vanishes at infinity, we see that thisatisfies (5) if and only i solves the nonlinear elliptic problem

Au—V@u+u? =0, u>0, ueHRY), (6)

whereV (x) = Q(x) + A. We assume that’ is smooth with inf_g2 V (x) > 0. Considerable attention has been

paid in recent years to the problem of construction of standing waves in the sosmthedlassical limi{e — 0).

In the pioneering work [9], Floer and Weinstein constructed positive solutions to this problemprhehand

N =1 with concentration taking place near a given paigitwith V'(xg) =0, V" (xg) # 0, being exponentially

small ine outside any neighborhood af. This result has been subsequently extended to higher dimensions to
the construction of solutions exhibiting high concentration around one or more points of space under various
assumptions on the potential and the nonlinearity by many authors. We refer the reader for instance to [1,5-7,
10-12,17,18].

An important question is whether solutions exhibiting concentration on higher dimensional sets exist. In a related
Neumann problem with concentration on the boundary this issue has been analyzed in [14-16]. The radial case has
been considered in the works [2—4]. In [2], Ambrosetti, Malchiodi and Ni have considered the dase vf|x|),
also treated in [3,4], and constructed radial solutisngx|) exhibiting concentration on a spheprg = rg under
the assumption thag > 0 is a non-degenerate critical point 8f(r) = r¥ =1V (r) whereo = Z—Jj — % The

asymptotic profile of this solution s, (r) ~ V (ro)Y ?~Dw(V (r9)Y2¢ ~1(r — ro)), wherew is the unique solution
of

w' —w+w?=0 w>0, w(0)=0 w(too)=0. @)

In [2] it is conjectured that this type of phenomenon takes place (at least along a seguengce> 0) whenever
the spheréx| = rg is replaced by a closed hypersurfdcewhich isstationary and non-degenerdia the weighted
area functional/~- V°. In this note we prove the validity of this conjecture in dimensioe- 2.

Let I" be a closed smooth curvelR? and¢ = | I'| its total length. We consider the natural parametrizai¢f)
of I with positive orientation, where denotes the arclength parameigr)) the outer unit normal. Points near
I' can then be represented in the form

y=y(0) +tv(H). 8

We say thatl” is stationary and non-degeneratfier the weighted lengthy (I") = [ V7 if first variation vanishes
on I' and second variation is non-singularklfdenotes curvature af and we denoté/(¢,0) = V (y), y given
by (8), these assumptions are respectively equivalent to the pointwise relation

o V;(0,0) = —k(0)V(0,0) forallg e (0,0), (9)
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and to the fact that the onBrperiodic solution of the differential equation

(VR —[(VO)y — 2V k?]h =0 (10)
is h = 0. Our main result is the following.
Theorem 1.1. Let I" be a nondegenerate, stationary curve for the weighted length functjeriaf, as described

above. Then there is a constant > 0 such that the following holds. Given> 0 there existgg > 0 such that for
all ¢ < gg satisfying the condition

|82k2 — Ax| = ce, (11)
problem(6) has a positive solution. which nearl" has the form

uc(y) =V, 9)1/(”_1)w<V(0, 9)1/2£> (1+0(1)), (12)

and is exponentially small ia outside any neighborhood &f.

2. Sketch of proof of Theorem 1.1

We sketch here the proof of the theorem, whose details are provided in [8]. The first step consists of building
an approximation to a solution of the problem which involves as parameters some functions to be later adjusted.
Expanding the local variablgs, 9) defined on a neighborhood 6t to (s, z) = ¢ 1(z, ), we see that the equation
becomes in terms of these variables

Uy +ugs + B1(w) — V(es,ez)u +u? =0 (13)
for, say|s| < g whereu is £~ 1-periodic in thez variable and
By() 1 1 ek(ez)uy e2sk’(e2)u
u)=u — .
! @ (1+ek(2)9)2 | 1T+ ek(sz)s | (1+ ek(e2)9)3

We make a further change of variables: givertgreriodic functionf (9) we set
u(s, 2) = a(ez)v(B(e2) (x — f(e2)).2)
where
a®) =vO,0YP D BB =V 62
The equation written in terms efbecomes now
S() =B 202z + vex + B2(v) 07 —v =0 (14)

whereB;(v) is a linear differential operator inherited from for derivatives written in terms of the new variables,
and of the differencé’ (es, ez) — V (0, £z), so that all terms in this operator carry at least one powerioffront.

In these coordinates, we takgx) as our first approximation for a solution, which yields then an efipe S(w)

of sizee. Examining closely this term, we see that its part of ordrrns out to be precisely

Ev=ef kwy — B72V,(0, e)xw] — 672V, (0, £2) fw.

Our assumption (9) turns out to be equivalent to thisbeingL2(dx) orthogonal tow, (x) for eachz. This allows
to improve the approximation to ordef by adding tow the unique solutiog = sw; orthogonal tow, of the
problem

Gxx — ¢+ pwP o = Eq.
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To make the full first approximation we need a further parameter. We consider now a new periodic fa¢tion
and consider the approximation near the curve to be
W(x, z) = wx) + sw1(x, z) + ce(ez) Z(x).

HereZ is the first eigenfunction il 2(R) of the problemz” + pw?~1Z — Z = AoZ. We search a solution of (13)
of the formv = w+ ¢. We assume thaf ande are ¢-periodic functions inH2(0, £) which satisfy in(0, ¢) the
bounds

1 N2+ 1 Moo 4+ 1 flloo < Y2, €21 24 €lle lloo + llelloo < ¥/2. (15)

The expressions involved only make sense in principlefpk 25e~1 for somes > 0, however we can idealize
bothwand¢ as defined in the whole stri§ = R x [0, £¢~1]. Consider a smooth cut-off function(|x|e~1) with
x(®)=1,t<8,x(t)=0,r> 25, and the problem fop, which reduces to (13) far| < ¢ 1,

L@)=xE+N(p), ¢cHAS) (16)

with periodic boundary conditions diS. Here

L(®) = B2 + bxx — ¢ + pwP~2p + x Ba(¢), (17)
N() = x[W+$)P —w — pw~1g]. (18)

This problem is of course not equivalent in the entire space to the original oneghiihg reductionprocedure
makes itessentially spto the expense of perturbing by a an exponentially small (in) nonlocal operator i
which can be neglected for the whole remaining of the argument.

We consider first the following projected problem#t(S): givene, f € H2(0, ¢), find functionsp € H2(S),
¢,d € L?(0, ¢) such that

L(¢) =XE + N(@) +c(e)xwy +e(e)xZ, ¢ € HXS), (19)
¢(x,0)=¢<x,§), qbz(x,O):qSZ(x,é) forall — oo <x < 400, (20)
/ @ (x, Dwye(x)dx = / ¢(x,2)Z(x)dx =0 forall0<z<§. (21)

Here E = S(w). The orthogonality condition makes the operatoro have a uniformly bounded inverse between
L2(S) and H?(S)-periodic inz. This, analyzing the size and form of the errors created, and an application of
contraction mapping principle yield the existence of a nuniber 0, such that for all sufficiently smadland any

(f. e) satisfying (15), problem (19), (20) has a unique solutor ¢ ( f, ¢) which satisfieg|¢|| ;;2s) < De¥2. The

last part of the proof is to set up equations foandd which are equivalent to making the coefficientd in (19)
identically zero. This is achieved by simply multiplying the equations respectively,bgnd Z, and integrating

in x. After an integration by parts, using the orthogonality conditions satisfietl ke find that(c, d) = (0, 0) is
equivalent to a system fdlf, ¢) of the form

Li(f) = f"+y1f + vaf =yse+eMi(f.e), (22)
La(e) =e?[1+ef ya+ O(e)| B2 + eyse’ + hoe = eyee” + eyrfe + eys + e2Mas(f, €). (23)

Herey; (9) are smooth{-periodic functions. The operatofd;, and M1, are uniformly bounded ii2(0, ¢), on

the region of(f, e) satisfying constraints (15). Moreover, for each fixethey define compact operators. The
coefficientsy; can be computed explicitly: the operat6i(f) corresponds precisely td —° times that in the
left-hand side of Eqg. (10), and it is therefore invertible with periodic boundary conditions, with bounded inverse
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betweenL?(0, ¢) and H2(0, £). The operatoi,(e) is also invertible with periodic boundary conditions: (cis

away from its spectrum thanks to the condition (11) if the chaige= )»04%2([5 V(0,6)Y2dp)? is made, and
one uses classical asymptotic formulas for eigenvalues of periodic Sturm-Liouville operators found for instance in
[13]. More precisely, we find the validity of the following estimates for the inverseﬁgl(d).

"2+ ellell2+ llell2 < Ce~Hid|2, lelloo < Cllld 112 +-l1d"l12]-

Using these estimates, it is not hard to construct an invariant region inside constraints (15) for the fixed point
operator obtained from (22)—(23) after applying inverses pand £, respectively. By applying Schauder’s fixed
point theorem, one completes the proofa
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