
1/

s, France

erators,
tion of
n

ctoriel
ration
d’Itô qui

emple

y
on
n on

tangent
C. R. Acad. Sci. Paris, Ser. I 341 (2005) 185–188
http://france.elsevier.com/direct/CRASS

Probability Theory/Differential Geometry

Stochastic covariant calculus of order two

Laurence Maillard-Teyssier

Laboratoire LAMA, université de Versailles Saint Quentin-en-Yvelines, bâtiment Fermat, 45, avenue des États-Unis, 78035 Versaille

Received 5 April 2005; accepted after revision 2 June 2005

Presented by Marc Yor

Abstract

We study continuous semimartingales in a vector fibre bundleE over a differentiable manifoldM. Following Meyer and
Schwartz’s principle, we show that stochastic covariant integration on a manifold involves second order differential op
according to the Itô formula integrating not only the differential but the 2-jet of a function, and using a notion of connec
order 2. A fundamental example of such a connection is given by the 2-jet of the parallel transport along geodesics oM. To
cite this article: L. Maillard-Teyssier, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Calcul stochastique covariant d’ordre deux.Nous étudions des semimartingales continues à valeurs dans un fibré ve
E au dessus d’une variété différentielleM. Dans la continuité des travaux de Meyer et Schwartz, nous montrons que l’intég
stochastique sur une variété concerne en réalité des opérateurs différentiels d’ordre 2, en accord avec la formule
fait intervenir le 2-jet d’une fonction et non sa différentielle, et à l’aide de la notion de connexion d’ordre 2. Un ex
fondamental de connexion d’ordre 2 est donné par le 2-jet du transport parallèle le long des géodésiques surM. Pour citer cet
article : L. Maillard-Teyssier, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction and reminders

Let (zt ) be a continuous semimartingale on a manifoldU . To integrate along(zt ), first order forms are usuall
considered. The transfer principle permits to define Stratonovich integrals on manifolds, then Itô calculusU is
usually deduced from a Stratonovich to Itô conversion formula, for which we need a torsion-free connectioU .
However, the stochastic infinitesimal variations∂zt (Stratonovich) anddzt (Itô) are not intrinsic. The Itô formula
rather incites us to consider a second order stochastic infinitesimal variation, similar to a second order
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∂
∂zi + 1

2d〈zi, zj 〉t ∂2

∂zi∂zj . Therefore, integrands are second order forms onU (for instance the

2-jetd2f of aC2 functionf onU ). This set is denoted byτ ∗U . This second order formalism, providing compa
and geometrically intrinsic formulas, was developed by Meyer in [6], [7] and [8] and by Schwartz in [11]. I
Emery writes Stratonovich and Itô integrals as particular cases of integrals of order 2. Maps need to be int
ds for Stratonovich,G for Itô, allowing us to transform a first order formα into a second order form. With rega
to the Itô integral, a torsion-free connection is needed onU , which induces the mapG.

Definition 1.1.The Stratonovich integral ofα along(zt ) is defined by
∫

αz∂z = ∫
(dsα)z dz. In an imbedding, it is

written as
∫
(dsα)zt

dzt = ∫
(αzt

)i dzi
t + 1

2

∫
∂αi

∂zj (zt )d〈zi, zj 〉t .

Definition 1.2. The Itô integral ofα along(zt ) is defined by
∫

αz dz = ∫
(Gα)z dz. In an imbedding, it is written

with the Christoffel symbols ofG, as
∫
(Gα)zt

dzt = ∫
(αzt

)i dzi
t + 1

2

∫
(αzt

)kΓ
k
ij (zt )d〈zi, zj 〉t .

In the following, we will be interested in semimartingales in a vector fibre bundleE overM . For all V in E,
we writeV = (x, v), with x in M andv in the fibreEx throughV . Let us recall the definition of a connection o
M , following [4], [12] and [13]. The tangent spaceTV E to E at V contains a canonical subsetTv(Ex), called the
vertical space atV . A connection onM is a way of choosing for eachV a supplementary space, called horizon
of this vertical space.

Definition 1.3. A connection onM is a smooth mapp :V ∈ E → pV such that for allV = (x, v) in E (i) pV

projectsTV E onto the vertical spaceTv(Ex), (ii) ∀λ ∈ R,pλ̃V ◦ dλ̃(V ) = λpV , with λ̃(V ) = (x,λ.v).

Let (Yt ) = ((xt , yt )) be aC1 curve inE. Its covariant derivative can be seen as the projection of the u

derivative onto the vertical space:∂VYt

∂t
= pYt (Ẏt ). In an imbedding, we write∂

VYt

∂t
= [ẏi

t + Γ i
jk(xt )y

k
t ẋ

j
t ] ∂

∂yi , with
∂

∂yi ∈ Tyt Ext , and whereΓ i
jk are the Christoffel symbols ofp.

(Notice our(non-usual) notation: the exponentV stands for“vertical”, since∂VYt

∂t
is in the vertical space.)

Norris [9] and Elworthy [2] have defined stochastic covariant continuous integrals. They are equivalently
as follows, using the formp∗(α) onE (∀W ∈ TV E,p∗(α)V (W) = αV (pV (W))).

Definition 1.4. Let (Yt ) = ((xt , yt )) be a continuous semimartingale inE andα a form onM . The Stratonovich
covariant integral ofα along(Yt ) is defined by

∫
αY ∂VY = ∫

p∗(α)Y ∂Y .
The Itô covariant integral ofα along (Yt ) is defined by

∫
αY dVY = ∫

p∗(α)Y dY , where the Itô integration
alongY is defined with a connectionG onE (for instance the horizontal lift of the connectionp).

We want to write these integrals as second order integrals, in order to understand stochastic covariant
as a second order calculus, according to Meyer and Schwartz’s principle.

2. Stochastic covariant calculus of order two

We need to specify the notion of connection of order two onM . The tangent space of order two,τV E, to E

at V , contains a canonical subsetτv(Ex). We call it the vertical space of order two atV . Thus, a connection o
order twop̃ on M is a way of choosing for eachV a supplementary horizontal space of this vertical space. T
by analogy with the first order calculus, we can define the covariant calculus of order two as the image byp̃ of the
(non-covariant) calculus of order two.
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Definition 2.1. A connection of order two onM is a smooth map̃p :V ∈ E → p̃V such that for allV = (x, v)

in E, (i) p̃V projectsτV E onto the vertical space of order twoτv(Ex), (ii) ∀λ ∈ R, p̃λ̃V ◦ d2λ̃(V ) = d2λ̃(V ) ◦ p̃V ,
(iii) the restriction ofp̃ to first order vectors is a connectionp of order one onM .

Definition 2.2. Let p̃ be a connection of order two onM . For every continuous semimartingale(Yt ) in E and
every second order formΘ onE, the integral

∫
Θ dVY = ∫

p̃∗(Θ)dY is called the stochastic continuous covari
integral ofΘ along(Yt ), where∀V ∈ E,∀L ∈ τV E, p̃∗(Θ)V (L) = ΘV ◦ p̃V (L).

To see Stratonovich and Itô integrals as second order integrals, one needs to specify how the connecp is
transformed into connectionsdsp andGp of order two.

2.1. The connectiondsp

Let p be a connection of order one onM . Then everypi :V → pi
V = dvi + Γ i

jk(x)vk dxj :TV E → R is a first
order form onE, which can be transformed into a second order form onE by the operatords of Definition 1.1. In
a way, the following definition extends this applicationds .

Definition 2.3. dsp is a map yielding for allV in E a smooth mapdspV : τV E → τv(Ex) defined by∀V ∈ E,

∀L ∈ τV E, dspV (L) = (dsp
i)V (L) ∂

∂vi + pi
V · dvj (L) ∂2

∂vi∂vj .

Note that we use coordinates(V i) = ((xi, vi)) = (xi, dxi(v)) aroundV = (x, v) on E, deduced from coordi
nates(xi) aroundx onM . In [5], we show thatdsp does not depend on the choice of these coordinates onM . For all
V in E andL in τV E, we can write the vector of order twodspV (L) as:dspV (L) = [d2vi(L)+Γ i

ml(x)vl d2xm(L)+
∂Γ i

ml

∂xk (x)vl dxm · dxk(L) + Γ i
mk(x)dxm · dvk(L)] ∂

∂vi + [dvi · dvj (L) + Γ i
kl(x)vl dxk · dvj (L)] ∂2

∂vi∂vj . Moreover, we
get the following result.

Theorem 2.4.For every connectionp of order one onM , there exists a connection of order two,dsp, such that the
restriction ofdsp to first order vectors isp, satisfying, for all first order formα on E: ds(p

∗(α)) = (dsp)∗(dsα).
As a consequence, the Stratonovich covariant integral along a continuous semimartingale can be expres
second order covariant integral∫

α∂VY =
∫

(dsp)∗(dsα)dY.

In particular, we get for the covariant case an analogous formula than in Definition1.1:
∫

α∂VY = ∫
dsα dVY ,

wheredV is defined with the connectiondsp.

2.2. The connectionGp

Let p be a connection of order one onM . Let τ be the associated parallel transport along geodesics oM .
More precisely, forV = (x, v) in E, consider the mapτx(·, ·) :E → Ex , such that, for allW = (y,w) in E,
τx(y,w) is the parallel transport ofw along the geodesic (if it exists), joiningy to x on M . The 2-jet of this
map, at pointV , is denoted by(Gp)V = d2τx(V ) : τV E → τvEx . In [5], we show that, for allV in E andL in

τV E, we can write the vector of order twoGpV (L) as:GpV (L) = [d2vi(L) + Γ i
ml(x)vl d2xm(L) + (

∂Γ i
lm

∂xk (x) +
Γ i

kj (x)Γ
j
lm(x))vm dxl · dxk(L) + 2Γ i

mk(x)dxm · dvk(L)] ∂
∂vi + [dvi · dvj (L) + Γ i

kl(x)vlΓ
j
mr(x)vrdxm · dxk(L) +

2Γ i (x)vldxm · dvj (L)] ∂2
. Moreover we get the following result.
ml ∂vi∂vj
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Theorem 2.5.For every connectionp of order one onM , there exists a connection of order two,Gp, such that its
restriction to first order vectors isp, satisfying, for every first order formα on E, G(p∗(α)) = (Gp)∗(α) (where
G is the map of Definition1.2 considered onE, taken to be flat sinceE is a vector bundle). As a consequence, th
Itô covariant integral along a continuous semimartingale can be expressed as a second order covariant in:∫

α dVY =
∫

p̃∗(α)dY.

In particular, we get an analogous formula to that in Definition1.2:
∫

α dVY = ∫
α dVY , wheredV is defined with

the connectioñp.

3. Conclusion

We showed that covariant calculus on manifolds is a second order calculus. This second order forma
used in the classical case by Cohen in [1] to extend stochastic calculus on manifolds to processes with j
order to give discretization theorems for s.d.e. on manifolds. A function describes the jumps, its 2-jet pe
recover the continuous case. In the covariant framework, according to Definition 2.2, a covariant jump is de
by a function whose 2-jet is a connection of order two. We saw a fundamental example with the parallel tr
along geodesics. Using [1], [10] and [9], we have introduced in [5] a more general notion of transport, allow
to define Itô and Stratonovich covariant integrals with jumps.
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