——_ COMPTES RENDUS

Available online at www.sciencedirect.com

SGIENCE@DIHEGT’

ATHEMATI
ELSEVIER C.R. Acad. Sci. Paris, Ser. | 341 (2005) 169-173 MATHEMATIQUE

http://france.elsevier.com/direct/CRASS1/

Differential Geometry
On linearization of planar three-webs and Blaschke’s conjecture

Vladislav V. Goldberd, Valentin V. Lychagir?

@ Department of Mathematical Sciences, New Jersey Institute of Technology, Newark, NJ 07102, USA
b Department of Mathematics and Statistics, University of Tromso, N-9037 Tromso, Norway

Received 17 December 2004; accepted after revision 5 June 2005

Presented by Charles-Michel Marle

Abstract

We find relative differential invariants of orders eight and nine for a planar nonparallelizable 3-web such that their vanishing
is necessary and sufficient for a 3-web to be linearizable. This solves the Blaschke conjecture for Bowibshis article:
V.V. Goldberg, V.V. Lychagin, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur la linéarisation de 3-tissus plans et la conjecture de Blaschke. Nous présentons des invariants relatifs différentiels
d’ordre huit et neuf pour un 3-tissu plan non parallélisable dont I'annulation est nécessaire et suffisante pour que la 3-tissu soit
linéarisable. Ceci apporte une solution a la conjecture de Blaschke pour le probleme de linéarisation de$8utisstes. cet

article: V.V. Goldberg, V.V. Lychagin, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit W, un d-tissu donné pad feuilletages de courbes sur une variété bi-dimensioriéfeLe tissuw, est
linéarisable (rectifiable) si il est équivalent a ditissu linéaire, i.e., ud-tissu formé pavl feuilletages de lignes
droites sur un plan projectif.

Le probléme d’établir un critére de linéarisabilité des tissus a été posé par Blaschke dans les années 1920 (voir
par exemple son livre [2], 817). Il y conjecture que les conditions de linéarisabilité pour un JAtisdoivent
consister en quatre relations pour les invariants d’ordre neuf du tissu (pour des EDP d’ordre neuf).

Nous prouvons le résultat suivant :
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Théoréme0.1.

e Un 3-tissu plan est linéarisable si et seulement si le systeme d'équations différerfigbeasne solution lisse
(A1, A2, @).

e Les conditions de compatibilité pour le systegheconsistent en deux équations différentielles non-linéaires
(2) du second ordre en la fonctiqn seulement.

e Pour que le systéme d’équations différentie(2sadmette une solution, des conditions de compatibi#é
doivent étre ajoutées a ce systéme. Les conditions de compatibilité pour le systéme résultant sont équivalentes
a I'existence de solutions réelles lisses pour le systeme d’équations algéhijues

e En substituant une solution réelle lisse @ dans(1), on obtient un systeme totalement intégrable pour les
fonctions(i1, A2).

Ce théoreme implique qu’il y a 1040 invariants d’ordre inférieur ou égal a neuf (18 d’entre eux sont d’ordre huit)
dont l'annulation est nécessaire et suffisante pour la linéarisabilité d’'un 3WissGeci prouve que I'estimation
de Blaschke de la « codimension fonctionnelle » des orbites du 3-tissu linéarisable était juste, mais que le nombre
d’invariants ne I'était pas. De plus, ce probleéme fait intervenir des invariants d’ordre huit qui ne correspondent pas
a sa prédiction.

Nous établissons aussi une procédure pour tester la linéarisabilité d'un 3#issanné par une fonction de
tissuz = f(x, y) et nous appliquons cette procédure a un 3-tissu linéaire arbitraire.

1. Introduction

Let W, be ad-web given byd foliations of curves on a two-dimensional manifald?. The webW, is lin-
earizable (rectifiable) if it is equivalent to a line&web, i.e., al-web formed by foliations of straight lines on a
projective plane.

The problem of finding a criterion of linearizability of webs was posed by Blaschke in the 1920s (see, for
example, his book [2], 817 and §42) who claimed that it is hopeless to find such a critégiarade the conjectures
that conditions of linearizability for a 3-wely3 should consist of four relations for the ninth-order web invariants
(four PDEs of ninth order) and those for a 4-w8h should consist of two relations for the fourth-order web
invariants (two PDEs of fourth order).

In [1] the authors proved that the Blaschke conjecture on linearizability conditions for 4-webs was correct. In [1]
a complete solution of the linearizability problem fdwebs,d > 5, was also presented. In [4] the linearizability
conditions found in [1] were applied to check whether some known classes of 4-webs are linearizable.

In the present Note we continue to use the Akivis approach (see [1]) for establishing criteria of linearizability of
3-webs. In this approach, the linearizability problem is reduced to the solvability of a system of nonlinear PDEs on
the components of the affine deformation tensor. This is the system of four nonlinear first-order PDEs with three
unknown functions defined on the plane. In [3] the first obstruction for integrability of the system was found. In
this Note we use results of [7] to investigate the integrability of the system and show that the obstruction found in
[3] coincides with the Mayer bracket defined in [7].

We show that for nonparallelizable 3-webs, the solvability of the system indicated above is equivalent to the
existence of real and smooth solutions of a system of five algebraic equations of degrees not exceeding 17, 18, 18,
24 and 24. This allows us:

() To find relative differential invariants whose vanishing leads to the linearizability of a 3Wgel his solves
the Blaschke problenmentioned earlier on finding linearizability conditions in the form of invariants whose
vanishing is necessary and sufficient for linearizability of a 3-Wé&b There are 1040 invariants of order not
exceeding nine, and 18 of them have order eight. Note that the number of invariants can be different but there
are always invariants of order eight. Note also that the Blaschke estimation of the ‘functional codimension’ of
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the orbits of the linearizable 3-webs was correct, but the number of invariants was not. Moreover, the problem
has invariants of order eight, which do not match his prediction.

(ii) To establish an algorithm for determining whether a given 3-wiéfis linearizable. This algorithm is based
on investigation of the existence of a real solution of the five algebraic equations mentioned above.

The current Note contains the statements of our main results on linearization of planar 3-webs; see [5] for the
proofs.

Note that the authors of [6] were trying to solve the linearizability problem for planar 3-webs. However, the
results of [6] are incomplete because they do not contain all conditions. Moreover, the main (and only) example of
a linearizable (in their approach) 3-web (see [6], Example (1), p. 2653) is not linearizable at all (see [5], Example 7,
pp. 38-39).

2. Basic constructions

Let M2 be a two-dimensional manifold, and suppose that a 3-Wekis given onM? by three differential
1-forms w1, w2, andws such that any two of them are linearly independent (see [3]). The farima,, andws
can be normalized in such a way that the normalization conditipf- wy + w3 = 0 holds. Becaus@/? is a
two-dimensional manifold, there is a unique differential 1-fgrrauch that d1 = w1 A y, dwz = w2 A y.

We cally theconnection formThe formy determines the so-called Chern connectiomh The differential
2-form dy does not depend on the web representation and is the curvature of the Chern connectign=Let d
Kw1 A wp. The functionk is called theveb curvatureThis is a relative web-invariant of weight two.

It is easy to see that the foliation&1 = 0}, {w2 = 0}, and{w3 = 0} are geodesic with respect to the Chern
connection.

The problem of linearization of webs can be formulated as folldind:a torsion-free flat connection such that
the foliations of the web are geodesic with respect to this connection

Let y be the Chern connection and tbe a torsion-free connection such that the foliatigms = 0}, p =
1,2, 3, are geodesic with respect %. Then for the covariant differentials one hés = d,, — T:2YM) -
2Y(M) @ 21(M), where the deformation tens®ris of the form

T= (Tlllwl Qw1 + Tllz(a)l ® w2+ w2 ® w1)) ® 1 + (T222w2 ® wp + lez(wl Qw2+ w2 ® w1)) ® 2

with the component§?, = A1, T, = A2, Tl = 201 + p, TS = 212 —  for some smooth functionsy, A, and.
Here{d1, 9>} is the dual basis fofw1, ws}.

Therefore, in order to linearize a 3-web, one should find functians, andu in such a way that the connection
corresponding tdr =d, — T is flat.

3. Linearizability conditionsfor 3-webs

In order to obtain a flat torsion-free connection, components of the affine deformation tensor must satisfy the
following Akivis—Goldberg equations

81(A1) = A1 (A1 + ),

5200 = Aha+ = 2811) — 252()
2\A1) = ALA2 3 31/1' 32/’Lv (1)

81(A2) = A1 £+28() }5()
1(42) = A1h2 = o+ go1{) = Z02(1),

82(A2) = A2(A2 — ),

whered; anddz are the covariant derivatives aloAgandd, with respect to the Chern connection.
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We shall look at the above system as a system of partial differential equations with respect to the functions
andAy provided thaiu is given. The compatibility conditions for this system are

I1(p) = 812(1) — 2812(1) — pud1(p) + 2ud2(p) + 81(K) =0, (2
Io() = 822(1) — 2812(1) — 2u81(p) + ud2(w) + 82(K) =0, 3

wheres;; = %(&8 j +8;6;) are the symmetrized second covariant derivatives.
In order to get a compatible system, the Mayer bracket (sed{Zpf 11 and I, should be added to (2). In our
case

l12=24K j112+ 6(2K1 — K2) i1 + 6(2K2 — K1) 2 + 24K (i1 — p2)
+3u(K11— K12+ K22) — 8K (K1 + K2) + 3(K112— K122 — 3K °, (4)

whereu;, uij, Ki, Kij, Kijr are the symmetrized covariant derivativeuodind K of the orders 1, 2, etc.
The systeml; =0, I =0, I12 = 0 determines a 2-dimensional distribution on the space of 1-jets ahd we
are looking for 2-dimensional integral manifolds of this distribution. Finally, we get that the systerf), I> =0,
112 =0 is compatible if and only if there exists a real and smooth solution of the system of algebraic equations:

0,=0, Q0,=0, Q12=0, 01=0, Q»2=0, (%)

whereQ,, Oy, 012, 01, Q> are the polynomials in of degrees 17, 18, 18, 24, and 24, respectively.
We summarize these results in the following theorem:

Theorem 3.1.

e A planar 3-web is linearizable if and only if systefd) of differential equations has a smooth solution
(A1, A2, ).
e Compatibility conditions for systefii) consist of two nonlinear differential equatiof® of second order with
the unknown functiop only.
e For the system of differential equatio(®) to be solvable, one needs to add compatibility condiirto this
system. The compatibility conditions for the resulting system are equivalent to the existence of real and smooth
solutions of systertd) of algebraic equations.
e By substituting a real and smooth root (8) into (1) one gets a completely integrable system for functions
(A1, A2).

4. Differential invariantsfor linearizability and the Blaschke conjecture

Let T, S1,..., S, be polynomials over an algebraically closed fi&ldT, S4, ..., S, € F[u], and chaF = 0.
Denote byR(f, ) the resultant of polynomialg andg. ThenR(f, g) as a function irg, given f, is homogeneous
of degree deg. HenceR(T, x1S1+x252+- - - +x,,.5,) is a homogeneous polynomial of degree @ag x4, ..., x;,.

Let R(T, Y/ _1xiSi) =Y , x°Rs (T, S1, ..., S,), whereo runs over all multi-indices of the length d&g We
call the coefficient®R,, (T, S1, ..., S,) generalized resultantsf the system of polynomialg, S1, ..., S,.

One can prove thathe polynomialsT, S1,...,S, have a common root if and only if all resultants
R, (T, S1,...,S,) are equal to zeroNote that the number of resultarRs (7, S1, ..., Sp) equals(”+§_l), where
t =deqT.

As we indicated earlier, the solvability of the system of differential equatigns I, = 12 = 0 is equivalent
to the existence of real roots of the system of algebraic equations (5). This implidsrtlaanhonparallelizable
3-web W, the differential invariantsR;,;,i,i,(Q4, Os, @12, Q1, Q2) vanish if and only if algebraic syste(g) has
at least one solutionNote that all the differential invariants depend on the curvature fun&i@mnd its covariant
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derivatives up to order six, biR;,;,i5i, (Qa, Os, Q12, Q1, @2) With i3 =is = 0 depend on the curvature function
K and its covariant derivatives up to order five. Since for a nonparallelizable 3-web we ha@g delj7, the total
number of invariants equals 1040, and among them there are 18 invariants of orderkiva iterms of the web
function f(x, y), the corresponding orders are nine and eight.

Note also that the number of invariants is not invariant: it depends on which of the polynamiad®;, O12,

01, O we take as the first one. In our considerations we took the polynamialf the least degree 17 as the first
polynomial. Moreover, the number of invariants can be reduced if we reglad®y the linear combination of,
and Q, whose degree is less than 17.

In the book [2] (817) Blaschke made the following conjecture: the linearizability conditions for a nonparalleliz-
able 3-web are expressed in terms of the web funcfion y) and its covariant derivatives up to order nine, and the
number of differential invariants equals four. As we have seen, Blaschke’s estimate of the ‘functional codimension’
of the orbits of the linearizable 3-webs was correct while the number of algebraic conditions is much greater than
four. Moreover, not all linearizability invariants are of order nine: 18 of them are of order eight.

To find out whether algebraic system (5) has real solutions, we consider the greatest commorCdivisor
GCD[Qy, Os, 012, Q1, Q2] of the polynomialsQ,, O, Q12, Q1, Q2. It is easy to see that degG = 0, then
there are no common solutions, and Bwveb is nonlinearizabtef degG > 1, but G has no real roots, then the
3-web is also nonlinearizabjeand in the case whedegG = 1, or degG > 1 but G has a real root, a3-web is
linearizable

Our main theorem implies that for testing a 3-w8h given by a web functiory = f(x, y) for lineariz-
ability one should compute the curvatuke and its covariant derivatives up to order six, find the polynomials
04, Os, 012, O1, Q2, computeG = GCD[Q,, Oy, 012, 01, Q2] and apply the criterion indicated above. We have
checked that all the differential invariants vanish foraahitrary linear 3-web Ws.
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