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Abstract

We present two applications of a new method for proving upper bounds for singular perturbation problems involving
bounded variation. The two problems are of first and second order, respectively. The first is a minimization problem, r
the question of optimal lifting for BV-maps with values inS1, for which we prove aΓ -convergence result. The second probl
involves the Aviles–Giga functional,ε

∫
Ω |∇2v|2 dx + 1

ε

∫
Ω(1 − |∇v|2)2 dx, for which we construct upper bounds via a s

quence of functions whose limit has gradient in BV.To cite this article: A. Poliakovsky, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une méthode de construction des bornes supérieures pour des problèmes de perturbation singulières. On présente deu
applications d’une nouvelle méthode pour construire des bornes supérieures pour des problèmes de perturbation sin
interviennent des applications à variation bornée. On applique cette méthode à deux problèmes, l’un du premier ordre
du second. Le premier est un problème de minimisation lié à la question de relèvement optimal pour des applications à
bornée à valeurs dansS1. Pour ce problème on démontre un théorème deΓ -convergence. Le second problème concern
fonctionnelle d’Aviles–Giga,ε

∫
Ω |∇2v|2 dx + 1

ε

∫
Ω(1 − |∇v|2)2 dx, pour laquelle on construit une borne supérieure via

suite de fonctions ayant comme limite une fonction dont le gradient est dans BV.Pour citer cet article : A. Poliakovsky, C. R.
Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On donne deux applications d’une nouvelle méthode pour construire des bornes supérieures pour des p
de perturbation singulière. Le premier problème est lié à la question de relèvement optimal pour des appli
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variation bornée à valeurs dansS1. Par définition, un relèvement optimal d’une fonctionu = (u1, u2) ∈ BV(Ω,S1)

est une fonctionϕ qui réalise le minimum de

E(u) := min

{∫
Ω

|Dϕ|: ϕ ∈ BV(Ω) t.q.u = eiϕ, HN -p.p. dansΩ

}
.

On considère l’approche suivante pour construire une approximation d’un relèvement optimal. Soitp � 1 un
paramètre. Pour toutε > 0 on définit la fonctionnelle suivante surH 1(Ω) :

Jε(ϕ) =
∫
Ω

(
ε|∇ϕ|2 + 1

ε

∣∣u(x) − eiϕ
∣∣2p

)
dx. (1)

On noteϕε un minimiseur deJε, et l’on peut espérer que la limite de{ϕε}, quandε tend vers zéro, soit un relèveme
optimal. Le théorème suivant montre que c’est bien le cas sip = 2. Par contre, un exemple dans [13] montre q
pour p �= 2 la limite n’est pas forcément un relèvement optimal. Pour décrire le problème limite on a bes
définir la fonctionnelleJ0,p : BV(Ω) → R par

J0,p(ϕ) =
∫
Jϕ

{
inf
t∈R

∣∣∣∣∣
ϕ+−t∫

ϕ−−t

2|eis − 1|p ds

∣∣∣∣∣
}

dHN−1(x).

Théorème 0.1. (i) Pour toutε > 0 soitϕε un minimiseur pourJε , vérifiant| ∫
Ω

ϕε(x)dx| � C, oùC est indépen-
dant deε. Alors, de toute suiteεj → 0 on peut extraire une sous-suite vérifiantϕεjk

→ ϕ0 dansL1(Ω).

(ii) Si ϕεj
→ ϕ0 dansL1(Ω), alors ϕ0 ∈ BV(Ω), eiϕ0(x) = u(x) p.p. dansΩ et ϕ0 est un minimiseur pour le

problème

inf
{
J0,p(ϕ): ϕ ∈ BV(Ω), eiϕ = u p.p. dansΩ

}
.

(iii) Dans le casp = 2, toute fonctionϕ0, comme définie dans(i) et (ii) , est un relèvement optimal.

Dans le second problème, on s’intéresse à la fonctionnelle d’énergie d’Aviles–Giga :

Eε(v) = ε

∫
Ω

|∇2v|2 + 1

ε

∫
Ω

(
1− |∇v|2)2

,

oùΩ est un domaine borné de classeC2 dansRN , etv est une fonction scalaire. On s’attend à ce que chaque l
v des minimiseurs vérifie l’équation Eikonale

|∇v| = 1 p.p. dansΩ. (2)

Le problème deΓ -convergence pour cette fonctionnelle est toujours ouvert. On démontre le théorème suiv

Théorème 0.2. Soit Ω ⊂ R
N un domaine borné de classeC2. Soit v ∈ W1,∞(Ω) vérifiant (2) t.q. ∇v ∈

BV(Ω,R
N), v = 0 et ∂v

∂n
= −1 sur ∂Ω . Alors, pour toutp � 1 il existe une famille de fonctions{vε} ⊂ C2(RN)

vérifiant les mêmes conditions au bord quev t.q.

lim
ε→0+ vε(x) = v(x) dansW1,p(Ω)

et

lim
ε→0

{
ε

∫
Ω

∣∣∇2vε(x)
∣∣2 dx + 1

ε

∫
Ω

(
1− ∣∣∇vε(x)

∣∣2)2 dx

}
= 1

3

∫
J∇v

∣∣∇v+(x) − ∇v−(x)
∣∣3 dHN−1(x).
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1. Introduction

The aim of this Note is to present two applications of a new method of constructing upper bounds for s
perturbation problems. Our main tool in constructing the upper bounds is convolution with a smoothing
This is of course a standard technique, but the new ingredient in our method is the special selection of th
which is chosen adapted to the particular functional, using an optimization process. The detailed proofs a
in [16,17]. The first problem is related to optimal lifting in BV-space. We refer to the book [3] (see also [11,1
for properties and notations of BV-space that we use throughout this Note. LetΩ be a bounded domain inRN with
Lipschitz boundary. Anoptimal lifting of a functionu = (u1, u2) ∈ BV(Ω,S1) (i.e., u ∈ BV(Ω,C), s.t. |u| = 1
a.e.) is a functionϕ realizing the minimum for

E(u) := min

{∫
Ω

|Dϕ|: ϕ ∈ BV(Ω) such thatu = eiϕ, HN -a.e. inΩ

}
.

It was shown by Dávila and Ignat [7] that an optimal lifting satisfying the bound
∫
Ω

|Dϕ| � 2
∫
Ω

|Du| always
exists, and that the constant 2 is optimal, in general.

A natural approach to approximating optimal liftings is to consider, for a fixed parameter 1� p < ∞, the family
of energy functionals defined onH 1(Ω) by

Jε(ϕ) =
∫
Ω

(
ε|∇ϕ|2 + 1

ε

∣∣u(x) − eiϕ
∣∣2p

)
dx, ∀ε > 0. (1)

Denoting byϕε a minimizer forJε, one may hope that due to the presence of the penalizing term in (1), a
sequence of{ϕε} will converge, asε goes to 0, say inL1(Ω), to an optimal lifting ofu. Somewhat surprisingly
our result shows that optimal liftings are obtained in the limit, in general, only forp = 2. However, if we restric
ourselves tou ∈ W1,1(Ω), any limit is an optimal lifting. We treat the problem in the framework ofΓ -convergence
Similar singular perturbation problems were studied extensively in the past, see Modica [15], Sternberg [
Ambrosio [1], to name a few. However, here, due to the high irregularity of the functional, new techniqu
needed, and in particular, we make use of our construction method in the proof of the upper bound part.

2. Optimal lifting problem

In order to describe the limiting problem, we define a functionalJ0,p : BV(Ω) → R by

J0,p(ϕ) =
∫
Jϕ

{
inf
t∈R

∣∣∣∣∣
ϕ+−t∫

ϕ−−t

2|eis − 1|p ds

∣∣∣∣∣
}

dHN−1(x).

Before stating our main result for this problem, we note that since adding a constant multiple of 2π to ϕε does not
change the value ofJε(ϕε), we may assume that 0� ϕε(x) � 2π |Ω| for everyx ∈ Ω and everyε.

Theorem 2.1. (i) For eachε > 0 let ϕε be a minimizer forJε, satisfying| ∫
Ω

ϕε(x)dx| � C, whereC does not
depend onε. Then, for any sequenceεj → 0 there exists a subsequence satisfyingϕεjk

→ ϕ0 in L1(Ω).

(ii) If ϕεj
→ ϕ0 in L1(Ω), thenϕ0 ∈ BV(Ω), eiϕ0(x) = u(x) a.e. inΩ andϕ0 is a minimizer for the problem

inf
{
J0,p(ϕ): ϕ ∈ BV(Ω), eiϕ = u a.e. inΩ

}
.

(iii) In the casep = 2, any functionϕ as in(i) and (ii) is an optimal lifting.
0
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The proof of Theorem 2.1 is given in [17]. In [13] it is shown by an example that forp �= 2 andu ∈ BV the limit
ϕ0 in Theorem 2.1 is not necessarily an optimal lifting. On the other hand, foru ∈ W1,1 it is proved in [17] that
ϕ0 must be an optimal lifting, for anyp. Actually, assertion (ii) in Theorem 2.1 is a consequence of the follow
Γ -convergence result from [17]. Consider an extension of eachJε to a functionalJ̄ε, defined on all ofL1(Ω), by
settingJ̄ε ≡ ∞ on L1(Ω) \ H 1(Ω). Similarly, we define a functional̄J0,p on L1(Ω) by: J̄0,p(ϕ) = J0,p(ϕ) if
ϕ ∈ BV(Ω) is a lifting of u, and∞ otherwise. Then,{J̄ε} Γ -converges toJ̄0,p.

3. Aviles–Giga functional

The second problem that we treat involves the Aviles–Giga energy functional

Eε(v) = ε

∫
Ω

|∇2v|2 + 1

ε

∫
Ω

(
1− |∇v|2)2

. (2)

Here we assume thatΩ is aC2 bounded domain inRN , v is a scalar function andε is a small parameter. Energie
similar to (2) appear in different physical situations: smectic liquid crystals, blisters in thin films, micromag
(see [14] and the references therein). Clearly, it is expected that any limit of the minimizers to (2) will sati
Eikonal equation:

|∇v| = 1 a.e. inΩ. (3)

Aviles and Giga [4] made a conjecture, based on a certain ansatz for the minimizers, that the limiting energ
take the form

E(v) = 1

3

∫
J∇v

|∇+v − ∇−v|3 dHN−1,

whereJ∇v is the jump set of∇v, and∇±v are the traces of∇v on the two sides of the jump set (cf. [3]). Most
the results for this problem treat the two-dimensional caseN = 2 (an example due to De Lellis [8] shows that t
Aviles–Giga ansatz does not hold forN � 3, so we assumeN = 2 in the survey of the known results below).

Support for the Aviles–Giga conjecture was given in the work of Jin and Kohn [14] who gave a lower
for Eε under the boundary conditionsv = 0 and ∂v

∂n
= −1 on∂Ω . Aviles and Giga [5] refined the method of [14

They defined a functionalJ on W1,3(Ω) that coincides with the functionalE on functionsu with ∇u ∈ BV that
satisfy (3). Note that there exist functionsu in W1,3(Ω) satisfyingJ (u) < ∞, for which∇u is not in BV (see [2]).
Another important contribution is due to Ambrosio, De Lellis and Mantegazza [2] and DeSimone, Kohn,
and Otto [9], who independently proved that for any family{vε} satisfyingEε(vε) � C, {∇vε} is pre-compact in
L3(Ω). It was shown by Aviles and Giga [5] thatJ is lower semicontinous w.r.t. the strong topology ofW1,3(Ω).
However, theΓ -convergence problem for the functionals{Eε} is still open, since for a givenu satisfyingJ (u) < ∞
and (3), it is not known whether there exists a family{uε} satisfying:uε → u asε → 0+ andEε(uε) → J (u).

Our main contribution to this problem is the construction of such a family foru satisfying∇u ∈ BV and (3).
However, we were unable to relax the assumption onu by requiring onlyJ (u) < ∞ instead of∇u ∈ BV. To our
knowledge, an upper-bound for the minimization problem (2) was proved only in very special cases, like
case ofu which is the distance to the boundary of an ellipse (see Jin and Kohn [14]), see also Ercolani et
for a related result. Our main result Theorem 3.1 establishes an upper bound for a more general energy f
than (2), and the latter case is then deduced in Corollary 3.2.

Theorem 3.1. Let Ω be a bounded domain inRN with boundary of classC2. Let F :RN × R × R
q → R be a

C2-function such thatF(a, b, c) � 0 for all a, b andc. Let f ∈ BV(Ω,R
q) ∩ L∞(Ω,R

q) andv ∈ W1,∞(Ω) be
such that∇v ∈ BV(Ω,R

N) andF(∇v(x), v(x), f (x)) = 0 a.e. inΩ . Then,
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(i) For everyp � 1 there exists a family of functions{vε} ⊂ C2(RN) satisfying

lim
ε→0+ vε(x) = v(x) in W1,p(Ω)

and

lim
ε→0

{
ε

∫
Ω

∣∣∇2vε(x)
∣∣2 dx + 1

ε

∫
Ω

F
(∇vε(x), vε(x), f (x)

)
dx

}

= 2
∫

J∇v

∣∣∇v+(x) − ∇v−(x)
∣∣ inf
τ∈[0,1]

{ τ∫
0

√
F

(
s∇v−(x) + (1− s)∇v+(x), v(x), f +(x)

)
ds

+
1∫

τ

√
F

(
s∇v−(x) + (1− s)∇v+(x), v(x), f −(x)

)
ds

}
dHN−1(x),

where we assume that the orientation ofJf HN−1 a.e. coincides with the orientation ofJ∇v onJf ∩ J∇v .
(ii) Moreover, if there existsh ∈ C2(RN) which satisfies the boundary conditionsh = v and∇h = T ∇v on ∂Ω ,

then we can choosevε that satisfies the same boundary conditions,vε = v and ∇vε = T ∇v on ∂Ω . If v

satisfies the additional conditionv � 0 in Ω then we have alsovε � 0 in Ω .

Corollary 3.2. Let Ω ⊂ R
N be a boundedC2 domain. Letv ∈ W1,∞(Ω) satisfy∇v ∈ BV(Ω,R

N) and |∇v| = 1
a.e. inΩ . Then,

(i) For everyp � 1 there exists a family of functions{vε} ⊂ C2(RN) satisfying

lim
ε→0+ vε(x) = v(x) in W1,p(Ω)

and

lim
ε→0

{
ε

∫
Ω

∣∣∇2vε(x)
∣∣2 dx + 1

ε

∫
Ω

(
1− ∣∣∇vε(x)

∣∣2)2 dx

}
= 1

3

∫
J∇v

∣∣∇v+(x) − ∇v−(x)
∣∣3 dHN−1(x).

(ii) Moreover, ifv satisfies the boundary conditionsv = 0 and ∂v
∂n

= −1 on∂Ω , then we can choosevε that satisfies

the same boundary conditions,vε = 0 and ∂vε

∂n
= −1 on ∂Ω . If v satisfies the additional conditionv � 0 in Ω

then we have alsovε � 0 in Ω .

Remark 1. A similar result for the Aviles–Giga functional has been independently obtained by Sergio Con
Camillo de Lellis [6].
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