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Abstract

This Note is devoted to the study of a Liouville-type comparison principle for entire weak solutions of semilinear elliptic
partial differential inequalities of the formu + [u|91u < Lv + |v|9~1v, whereq > 0 is a given number anl is a linear
(possibly non-uniformly) elliptic partial differential operator of second order in divergent form given formally by the relation

0 3
L= Z —[aij(x)—].
Pyt 0x; 0x;
We assume that > 2, that the coefficients;; (x), i, j = 1,..., n, are measurable bounded functionsibhsuch that; ; (x) =

aj;(x), and that the corresponding quadratic form is non-negative. The results obtained in this work complete similar results
on solutions of quasilinear elliptic partial differential inequalities announced in Kurta [C. R. Acad. Sci. Paris, Ser. | 336 (11)
(2003) 897—-900]To citethisarticle: V.V. Kurta, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Sur un principe de comparaison de type Liouville pour des solutions d’inégalités aux dérivées partielles elliptiques
semi-linéaires.Cette Note est consacré a I'étude d'un principe de comparaison de type Liouville pour des solutions entiéres
faibles d'inégalités aux derivées partielles elliptiques semi-linéaires de la torme|u|9 1y < Ly + |v]9~ 1y, olg > 0 est

un nombre donné dt un opérateur aux dérivées partielles (possiblement non-uniformément) elliptique linéaire de deuxiéme
ordre en forme divergente donné formellement par la relation

9 d
L= Z —|:a,~j(x)—:|.
i,jzlax,- ij

Nous supposons que> 2, que les coefficientg,;; (x), i, j = 1, ..., n, sont des fonctions bornées mesurableRerelles que
a;j(x) = a;j(x), et que la forme quadratique correspondante est non-négative. Les résultats obtenus dans ce travail complétent
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d’'autres résultats similaires pour des solutions d’inégalités aux dérivées partielles elliptiques announcés dans Kurta [C. R. Acad.
Sci. Paris, Ser. 1 336 (11) (2003) 897—90Rur citer cet article: V.V. Kurta, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction and preliminaries

This Note is devoted to the study of a Liouville-type comparison principle for entire weak solutions of semilinear
elliptic partial differential inequalities of the form

Lu+ |ul? Y < Lo+ |v|9 o, (1)

whereg > 0 is a given number and is a linear (possibly non-uniformly) elliptic partial differential operator of
second order in divergent form given formally by

“L 9 3
L =”z_:18—xi[aij(x)37j}. @

Here and in what follows, we assume that> 2, that the coefficients;;(x), i, j = 1,...,n, are measurable
bounded functions oR” such that;;; (x) = aj; (x), and that the corresponding quadratic form is non-negative, i.e.,

n

> aij(x)EE >0 ®3)

i,j=1
forall £ = (&1,...,&,) € R" atalmost allk € R”.
Remark 1. It is important to note that ift andv satisfy, respectively, the inequalities
—Lu > |ul" @
and
—Lv < Jol M, ®)
then the pait(u, v) satisfies inequality (1). Thus, all the results obtained in this work for solutions of (1) are valid

for the corresponding solutions of the system (4), (5).

Remark 2. The results obtained in this work complete similar results on solutions of quasilinear elliptic partial
differential inequalities announced in [1]. To prove these results we further develop the approach that was proposed
for solving similar problems in wide classes of partial differential equations and inequalities in [2].

Definition 1.1.Letg > 0. By an entire weak solution of inequality (1) we understand a(pair) of functionsu (x)
andv(x) measurable of®” which belong to the spaddiloc(R”) N L, 1oc(R™) and satisfy the integral inequality

n n
/ [ Y aijitgex; — |u|‘f—1u<p] dr > / [ Y aijvg ey — Ivl"‘lwp} cx (6)

jn Lij=1 g Lij=1

for every non-negative functiop € C°°(IR") with compact support.

Analogous definitions for solutions of inequalities (4) and (5), which are special cases of inequalityWH €or
andu = 0, respectively, can be immediately obtained from Definition 1.1.
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Definition 1.2. Let ¢ > 0. By an entire weak solution of inequality (4) (resp., (5)) we understand a funeiion
measurable of” which belongs to the spad@zl’loc(R") N L4 10c(R™) and satisfies the integral inequality

n
D dijwy e, dr — f wl* twpdx >0 (resp, <0) ™
R» i,j=1 R

for every non-negative functiop e C*°(R") with compact support.

2. Main results

Theorem 2.1Letn = 2,4 > 0,and (u, v) bean entire weak solution of inequality (1) on R" suchthat u(x) > v(x).
Then u(x) = v(x) on R”".

Theorem 2.2.Letn > 2, 1 < q < ;%5, and (u, v) be an entire weak solution of inequality (1) on R" such that
u(x) > v(x). Thenu(x) = v(x) on R".

Theorem 2.3.Letn > 2 and g > ;% Then there exists no entire weak solution (u, v) of inequality (1) on R" such
that u(x) > v(x) and therelation

lim SupR_"+2(q_”)/(q_l) / (u(x) - v(x))q_u dx = +o0 (8)
R—+o00 <R

holds with any given v € (0, 1).

Example 1.To illustrate the sharpness of Theorem 2.3 we note that ter2, ¢ > .=, and a suitable constant
¢ > 0, the pair(u, v) of functions
u(x) =c(1+1x) 74P and vx)=0 9)
is an entire weak solution of inequality (1) &% for L = A such that for any given € (0, 1) the relation
lim supr " +2¢—v)/(¢=D / (u(x) — ()" dx = €, (10)
R— 400 <R
X<

with C1 a certain positive constant, holds.
The two following statements are simple special cases of Theorem 2.3:

Theorem 2.4.Let n > 2 and g > .. Then for any given constants ¢ > 0 and v > 0 there exists no entire weak
solution (u, v) of inequality (1) on R” such that u(x) > v(x) + c(1 + |x|?)~Y@-D+v,

Theorem 2.5.Letn > 2and g > - Then for any given constant ¢ > 0 there exists no entire weak solution (u, v)
of inequality (1) on R” such that u(x) > v(x) + c.

Theorem 2.6.Let n > 2 and 0 < g < 1. Then there exists no entire weak solution (u, v) of inequality (1) on R"
such that u#(x) > v(x) and therelation

lim suprR®™" / (Il — o)) (u — v) Fdx = +oo (11)
R—+o00 <R
x| <

holds.
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Example 2. To illustrate the sharpness of Theorem 2.6 we note thatfer2, 0<¢ <1, 0< u < ;%5, and a
suitable constant > 0, the pair(u, v) of functions

u(x) =c(1+ x4 (14 1A (12)
and

v(x)=c(1+ |x|2)l/(17(1) (13)
is an entire weak solution of inequality (1) &% for L = A such thau(x) > v(x) and the relation

limsupR?™" / (lul ™ u — )~ (u — v) Hdx = Cp, (14)

R—+o00

|x|<R
with C2 a certain positive constant, holds.

Example 3.We also note that fot > 2,0<¢ <1,0<pu < .25, 1 > ﬁ, and a suitable constant- 0, the pair
(u, v) of functions

u(x) = c(L+ )" + (14 1xP) " (15)
and

v(x) = c(1+|x?)* (16)
is an entire weak solution of inequality (1) &% for L = A such thau(x) > v(x) and the relation

lim supR®™" / (lul?tu — w9 ) (u —v)tdx =0 (17)

R— 400

|x|<R

holds.

Example 4. To illustrate the importance of condition (11) in Theorem 2.6 we note that fer2, 0 < g < 1,
O<p< 5,12 i%;, a suitable constamt> 0, and any given constart> 0, the pair(«, v) of functions

u(x):c(1+|x|2)A+K+(l+ |x|2)_“ (18)
and

v(x) =c(1+ |x|2)k (29)
is an entire weak solution of inequality (1) &% for L = A such thau(x) > v(x) + « and the relation

limsupR?™" / (lul " u = ) v)(u —v) Fdx =0 (20)

R—+o00

|x|<R

holds.

Theorem 2.7.Let n > 2 and ¢ = 1. Then there exists no entire weak solution (u, v) of inequality (1) on R" such
that u(x) > v(x).
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