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Abstract

Optimal control of time-dependent fluid-flow governed by the incompressible Navier–Stokes model is considered
functional based on a local dynamical systems characterization of vortices is investigated. The resulting functional
convex function of the velocity gradient tensor. The optimality systems based on a Lagrangian formulation and adjoint e
describing first order necessary optimality conditions is provided. The first and the second derivative of the cost functio
respect to the control are derived.To cite this article: S. Chaabane et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Contrôle optimal des vorticités dans des écoulement de Navier–Stokes.On considère un problème de contrôle optim
d’un écoulement gouverné par les équations de Navier–Stokes dynamiques. On considère une fonctionnelle coût ba
systèmes dynamiques locaux caractérisant les tourbillions. La fonctionnelle traitée est non-convexe par rapport au t
gradient des vitesses. Les systèmes d’optimalité basés sur la formulation du Lagrangien et le problème adjoint déc
conditions d’optimalité nécessaires de premier ordre sont fournis. Le gradient ainsi que la seconde dérivée de la fon
coût par rapport au contrôle sont établis.Pour citer cet article : S. Chaabane et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

On s’interesse à un problème de contrôle optimal des fluides gouvernés par le modèle de Navier–Stoke
pressible formulé dans un cylindre temps-espaceQ = (0, T ) × Ω , T > 0 où Ω est un domaine bidimensionn
d’un seul côté de sa frontièreΓ de classeC2. Le problème est donné par les Éqs. (4), Le but principal con
à établir un modèle mathématique lié à la nouvelle formulation de réduction des tourbillions dans un flu
compressible, (voir [3]). La fonctionnelle coût à minimiser dans l’ensembleU des contrôles admissiblesu est la
suivanteJ (y,u) = J1(y) + βJ2(u).

Dans plusieurs cas, un choix propre deJ2 est donné par l’Éq. (1), oùT etΩc ⊂ Ω sont respectivement l’horizo
et le support du contrôle.

La fonctionnelleJ1 est déduite d’une analyse locale basée sur les systèmes dynamiques caractér
l’écoulementy(x). Différentes études suggèrent que les tourbillions sont souvent localisés dans les rég
le det∇(y) > 0 ; ce qui nous amène à faire le choix donné par l’Éq. (2), oùΩ0 est la région où l’on désire de de
tourbillions eth est une fonction positive adéquate.

Notons queJ1 est une fonction non convexe par rapport au tenseur des vitessesy du fluide.
Le problème de contrôle qu’on considère consiste à optimiser la fonctionnelle coûtJ sous la contrainte de

équations de Navier–Stokes dont le contrôle est le terme source (Éq. (5)). Dans ce travail, on montre les
suivants :

Théorème 0.1.Le problème de contrôle optimal(5) admet une solution(y,p,u).

On établit la dérivabilité de l’état de l’écoulement par rapport au contrôle en se basant sur le théorè
fonctions implicites au sens faible, [1].

Théorème 0.2.La solutiony du problème de Navier–Stokes est différentiable par rapport au contrôleu dansU .
La dérivée de l’état en un pointu dans une directionδu satisfait les Éqs.(6).

On donne le système d’optimalité de premier ordre associé aux solutions du problème de contrôle op
travers le Lagrangien associé. On fournit le gradient de la fonctionnelle par rapport au contrôle.

Théorème 0.3.Le gradient de la fonctionnelle coût enu dans une directionδu dansU est donné par l’Éq.(9), où
Ĵ est la réduite deJ donnée par l’expression(8) et ξ est l’état adjoint calculé à partir du système d’optimalité.

À la fin de cette Note, on donne la dérivée seconde de la fonctionnelle par rapport au contrôle.

Proposition 0.4.La dérivée seconde de la fonctionnelle réduite enu est donnée par l’Éq.(10).

1. Introduction

This work deals with optimal control related to fluid flow. The motion of the fluid is governed by the in
pressible Navier–Stokes model with non-homogeneous Dirichlet conditions. The aim of this work is to pr
mathematical study linked to the novel optimal control formulation for the reduction and possibly extinction
ticities in an incompressible fluid introduced in [3]. Optimal control is based on minimization of a cost func
J (y,u) = J1(y) + βJ2(u) over a setU of admissible controlsu, wherey = y(t, x) denotes the velocity vector o
the fluid at timet > 0 and locationx in the spatial domainΩ andβ > 0 stands for the control costs. The controlu

can be body forces or an action like blowing or sucking along the boundary ofΩ . Alternatively, the control action
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on the fluid can be enforced in a more indirect manner like heating or cooling. In many cases a proper ch
J2 is given by

J2(u) = 1

2

T∫
0

∫
Ωc

∣∣u(t, x)
∣∣2 dx dt (1)

whereT is the control horizon andΩc ⊂ �Ω the support of the controller.
In [3] a definition ofJ1 is suggested, serving the purpose of penalizing vorticity, by connecting it to vortex

local analysis based on dynamical systems characterized by the flowy(x). Several propositions which are differe
in dimension 3 coincide in dimension 2 and suggest to link vorticity to region where det(∇y) > 0. This leads to
the choice

J1(y) = α

T∫
0

∫
Ω0

h
(
det

(∇y(t, x)
))

dt dx (2)

whereΩ0 is the region in which it is desired to suppress vortices, andh is a positive function whenever its argume
is positive. The choice of the functionh is motivated by the fact that the period lengths of the trajectories gene
by the velocityy(x), are closed curves, decrease as det(∇y) increases. This allows us to chooseh as a monoton
ically increasing function of time. To allow differentiability of the cost functionalJ , h is chosen asC1-function.
This results in a possible choice forh given by

h(s) =




0 if s < −δ,

s2

2δ
+ s + δ

2
if − δ � s � 0,

s + δ

2
if 0 � s

(3)

for fixed and smallδ > 0.

2. Navier–Stokes equations

Let Ω be a bounded spatial two-dimensional domain locally on one side of itsC2-boundaryΓ . By (y1, y2) we
denote the velocity of the fluid atx = (x1, x2) and byp its pressure. The controlled time-dependent Navier–St
equations on the time-space cylinderQ = (0, T ) × Ω , T > 0 are given by



yt − 1

Re
�y + (y · ∇)y + ∇p = Bu in Q,

div(y) = 0 in Q,

y = g onΣ = (0, T ) × Γ,

y(0, x) = y0(x) in Ω

(4)

whereu ∈ U is the control variable,U is the space of controls.B ∈ L(U,L2(Q)) andy0 ∈ H . FurtherRe is the
Reynolds number. The functionBu ∈ L2(Q) represents a volume force. If the control acts on a subsetΩc of Ω ,
thenB is the extension by zero operator:Bu = u in Ωc andBu = 0 in Ω\Ωc. The functiong satisfying

∫
Σ

g ·n = 0
is fixed inWΣ andn is the outward normal onΓ .

2.1. Functional setting

Let us introduce the functional setting arising from the previous equations,
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H = L2(Ω)2, V = H 1(Ω)2, L2
0(Ω) = L2(Ω)/R,

W = {
v ∈ L2(V ): vt ∈ L2(V ∗)

}
, Z := L2(V ) × H, X = W × U,

W is endowed with the norm‖v‖W = (|v|2
L2(V )

+ |vt |2L2(V ∗))
1/2,

H 2,1(Q) = {
v ∈ L2(V ∩ H 2(Ω)2); vt ∈ L2(H)

}
.

We set〈·, ·〉 := 〈·, ·〉L2(V ∗),L2(V ) with V ∗ denoting the topological dual space ofV . HereL2(V ) is an abbreviation
for L2(0, T ;V ) and similarlyL2(V ∗) = L2(0, T ;V ∗). U denotes the Hilbert space of controls which is identifi
with its dual. LetWΣ = {g = τ ĝ: with ĝ ∈ W} the set of the admissible inhomogeneities for Dirichlet bound
conditions (see [4]).

Definition 2.1. Set ê(y, u) = (yt − 1
Re�y + (y · ∇)y − Bu, y(0) − y0) where ê is defined fromW × U to

L2(V ∗) × H .

Theorem 2.2.For Bu any given data inL2(Q) andg in WΣ . Then the associated Navier–Stokes problem h
unique solution(y,p) in the spaceW × L2(0, T ;L2

0(Ω)) (see[2,4]).

2.2. Cost functional

For positive scalarsα andβ we define

J (y,u) = α

T∫
0

∫
Ω0

h(det∇y)dx dt + β

2
‖u‖2

U

where Ω0 ⊆ Ω with Γ0 its boundary and set�Γ = Γ0\Γ . Clearly, J is bounded from below by zero, an
J (y,u) → ∞ as‖u‖U → ∞ for everyy in W .

3. The optimal control problem

The optimal control problem that we consider has the form

{
minJ (y,u) over(y,u) ∈W × U

subject to (4)
(5)

Theorem 3.1.The optimal control problem(5) has a solution(y,p,u) in W × L2(L2
0(Ω)) × U .

Proposition 3.2.The cost functionalJ has at least one admissible minimum(y,u) in W × U .

Proposition 3.3.LetSp be the set of all minima of the cost functionalJ subject to(4). Then,S is weakly compac
with respect to the topology induced by the spaceW × U .
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4. First order-optimality system

4.1. Differentiability of the state with respect to the control

In order to prove the differentiability ofy with respect to the controlu, we cannot use the classical implic
function theorem, since it requires strong differentiability results inH−1 for our applications. We therefore use t
weak implicit function theorem (see [1]).

Theorem 4.1.The solutiony to the Navier–Stokes problem is differentiable with respect to the controlu in U . Its
derivative at a pointu in a directionδu satisfies

êy(x)y1(u) · δu = −êu(x) · δu
and 



y1
t − 1

Re
�y1 + (y1 · ∇)y + (y · ∇)y1 = Bδu in Q,

div(y1) = 0 in Q,

y1 = 0 onΣ,

y1(0, x) = 0 in Ω.

(6)

4.2. Lagrangian

Let us introduce the Lagrangian associated to the cost functionalJ subject to the weak formulation of th
Navier–Stokes problem as a constraint:L :W × L2(L2

0(Ω)) × U ×W × L2(L2
0(Ω)) → R defined by

L(z, q, v,ϕ,ω) = J (z, v) +
∫
Q

(
zt − 1

Re
�z + Dz · z + ∇q −Bv

)
ϕ dx dt +

∫
Q

ω div(z)dx dt.

4.3. First order-optimality conditions

Lemma 4.2.The mappingy → J1(y) is differentiable fromW to R.

Accordingly, we establish the optimality system associated to problem (5).

Theorem 4.3.Let (y∗,p∗, u∗) be a solution to the problem(5) and (ξ∗,π∗) be the adjoint variables. Then th
optimal system satisfied by(y∗,p∗, u∗, ξ∗,π∗) is given by



y∗
t − 1

Re
�y∗ + (y∗ · ∇)y∗ + ∇p∗ = Bu∗ in Q,

div(y∗) = 0 in Q,

y∗ = g onΣ,

y∗(0, x) = y0(x) in Ω,

−ξ∗
t − 1

Re
�ξ∗ − (ξ∗ · ∇)y∗ + (∇y∗)T ξ∗ + ∇π∗ = R(y∗) in Q,

div(ξ∗) = 0 in Q,

ξ∗ = 0 onΣ,

ξ∗(T , x) = 0 in Ω,

(7)
βu∗ −B∗ξ∗ = 0 in U.
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Here,B∗ :L2(Q) → U denotes the adjoint of the operatorB, ((∇y)T ξ)i = Σj(
∂yi

∂xi
)ξi and the right-hand side

R(y) is given by

R(y) = −α

(−curl(h(det∇y)∇y2) + χ[0,T ]×�Γ0
h′(det∇y)(∂2y2 − ∂1y2)

curl(h(det∇y)∇y1) − χ[0,T ]×�Γ0
h′(det∇y)(∂2y2 − ∂1y2)

)

whereχ[0,T ]×�Γ0
denotes the characteristic function of the set[0, T ] × Γ 0. We notice thatR(y) lies inW∗.

4.4. Derivatives of the cost functional with respect to the control

For second order methods applied to optimal control problems (5) can be expressed as the reduced pr

min Ĵ (u) = J
(
y(u),u

)
overu ∈ U. (8)

Theorem 4.4.The gradient of the reduced functional atu in directionδu in U is given by

〈
Ĵ ′(u), δu

〉
U

= 〈βu, δu〉U −
∫
Q

(ξ,Bδu), (9)

whereξ is computed from the optimality system.

Let x = (y,u). We introduce the LagrangianL :X × Z → R with L(y,u,λ) = J (y,u) + 〈ê(y, u), λ〉Z∗,Z and
let the mappingT :X →W × U with T ∗(x) = (−ê−1

y (x)êu(x), IdU) and rangeT (x) = ker(êx(x)).

Proposition 4.5.The second derivative of the reduced cost functional atu is given by

Ĵ ′′(u) = T ∗(x)Lxx(x,λ)T (x) (10)

where

Lxx =
(

Jyy + 〈êyy, λ〉 0

0 Juu

)
.

5. Conclusion

We have investigated a cost functional involving the velocity gradient tensor of the fluid for the reduc
vortices in optimal control based formulations of vortex reduction strategies. The optimality system, the fi
the second derivative of the cost functional with respect to the control are characterized. The results en
further analysis of the proposed techniques including boundary control, three-dimensional problems and
where the fluid interacts with its environment.
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