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Abstract

We exhibit upper bounds for the probability distribution of the generalized condition number of singular complex matrices.
To this end, we develop a new technique to study volumes of tubes about projective varieties in the complex projective space.
As a main outcome, we show an upper bound estimate for the volume of the intersection of a tube with an equi-dimensional
projective algebraic varietylo citethisarticle: C. Beltran, L.M. Pardo, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Bornes supérieures pour la fonction de distribution du conditionnement des matrices singuliéres. Nous exhibons des
bornes de la fonction de distribution du conditionnement des matrices singuliéres. Pour ce but nous developpons une technique
nouvelle pour analyser les volumes des tubes (par rapport a la distance de Fubini—Study) autour des sous-variétés algebrique
d’'un espace projectif complex. Plus spécifiguement, nous demontrons des bornes supérieueres de volumes des intersectior
des tubes extrinseques (autour des sous-variétés algébriques avec une autre variété algebriquéalonciéer).cet ar-
ticle: C. Beltran, L.M. Pardo, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Version francaise abr égée

Le but de cette Note est celui d’exhiber des estimations fines de la fonction de distribution du conditionnement
singulier dans la variété projective complexe des matrices de rang borné. Autrement dif, lsoitarété projective
algebrique complexe de tous les matrices camées et complexes de rang au plusSoitk}, (A) := || Al r AT,
le conditionnement d’'un matrica € X", ou AT est la pseudo—inverse de Moore—Penrose. Rappelonsjgue
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mesure la perte de precission des algorithmes numériques pour le calcul du nogaiNdas montrons, par
exemple, I'énoncé suivant :

Théoréme 0.1. Avec les notations précédentes, on a
vol[A € "L i t(A) > 671

vol[ Xn-1]
ol vol[-] est la mesure de Haussdor ff associée a la dimension de la variété 1.

< 181’12056,

Notons que la fraction a d&agche de la formule précédente est la probabilité du fait g’'une matrice complexe de
rang au plus: — 1 aie un conditionnement plus grand gue-.

Cet énoncé est la consequence des résultats plus généraux sur les volumes des tubes (par rapport & la distan
de Fubini—Study) autour des sous-variétés algébriques d'un espace projectif complex (voir Théoréme 2.1). Plus
concretement, ce théoréme est la consequence immédiate de I'énoncé suivant :

Théoréme 0.2. Soient V, V' C P, (C) deux variétés projectives complexes a dimensions respectives m > m’ > 1.
Soit 0 < ¢ < 1 un nombre réel positif. Alors, ona:

V' AV en 2(n—m’) o 2(m—m")
vmlVe O V] < zdegv’)( /) [en m/ s} ,
vl V1] n—m m—m

ou v, est la mesure 2m-dimensionelle naturellement associée ala variété V, et deg V') est le degré de la variété
V'’ dansle sensde [10].

Ces deux énoncés ont quelques variations quand on les applique a des differents sous-ensembles de I'espac
de matrices. La technique de base est une combinaison de la Géometrie Intégrale et la Théorie de I'Intersections
Géometrique.

1. Introduction

Condition numbers in Linear Algebra were introduced by Turing in [18]. They were studied by von Neumann
and collaborators in [19]. Variations of these condition numbers may be found in the literature of Numerical Linear
Algebra (cf. [2,7,11,17,21] etc.).

A relevant breakthrough was the study of the probability distribution of these condition numbers. The works by
Smale (cf. [15]) and mainly the works by Edelman (cf. [4,5]) showed the exact values of the probability distribution
of the condition number of dense complex matrices.

From a computational point of view, these statements can be translated in the following terrsbeet
numerical analysis procedure whose space of input data is the space of arbitrary square complexmiattiges
Then, Edelman’s statements mean tietprobability that a randomly chosen dense matrix in M,,(C) is a well-
conditioned input for P is high (cf. also [1]).

Sometimes, however, we deal with procedufes/hose input space is a proper subéet M, (C). Addition-
ally, such procedures with particular data lead to particular condition numapedapted both for the procedufe
and the input spac@. Edelman’s and Smale’s results do not apply to these new conditions.

In this Note we introduce a new technique to study the probability distribution of condition nurgh&amely,
we introduce a technique to exhibit upper bound estimates of the quantity

VOI[{A €C: k¢ > e~ 1}]
: @
vol[C]
wheree > 0 is a positive real number, and ¥dlis some suitable measure on the spaoéacceptable inputs d9.
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2. Thecondition number for singular matrices

As an example of how our technique applies,det= £"~1 C M,,(C) be the class of all singular complex
matrices. From [12] and [16], a condition number for singular matrice<C is introduced. This condition number
measures the precision required to perform kernel computations. For every singularAnati%—* of corank 1,
the condition numberf)‘l(A) € R is defined by the following identity

KL A) = 1Al FIIAT 2,

where| - || 7 is the Frobenius norm of a matrix, AT is the Moore—Penrose pseudo-inversetaind||AT|, is the
norm of AT as a linear operator.

As "1 is a complex homogeneous hypersurfaceut, (C) (i.e. a cone of complex codimension 1), it is
endowed with a natural volume! induced by the @2 — 1)-dimensional Hausdorff measure of its intersection
with the unit disk. We state the following result:

Theorem 2.1. With the same notations and assumptions as above, the following inequality holds:

vol[A € =L i A) > 7Y

< 187298,
vol[ Xn—1]

Other proper subclasses 8, (C) can also be discussed with our method. These statements are (almost) im-
mediate consequences of a wider class of results we state below.

3. On thevolume of tubes

First of all, most condition numbers are by nature projective functions. For instance, the condition rgmber
of Numerical Linear Algebrax(p(A) = |A|lF|A™1]l2, YA € M, (C)) is naturally defined as a function on the
complex projective spadg(M,, (C)) defined by the complex vector spat¢é, (C). Namely, we may seep as a
function

KD :]P’(M,,((C)) —> R4 Uoo.

Secondly, statements like the Schmidt—Mirsky—Eckart—Young Theorem (cf. [3,14,13]) imply that Smale’s and
Edelman’s estimates are, in fact, estimates of the volume of a tube about a concrete projective algebraic variety in
P(M,, (C)). In fact, the following two equalities hold:

kp(A) =

VAeP(M,(©),  «p A= VA eP(z" 1),

dp(A, Zn=1)’ dp(A, £"=2)’
wheredp stands for the projective distance (namély(x, y) = sindg (x, y) wheredy, is the Fubini—-Study distance

in P(M,,(C))), and £"~2 stands for the set of all the matrices of rank equal to or smalleritha®. We prove a

general upper bound for the volume of a tube about any (possibly singular) complex projective algebraic variety
(see Theorem 3.1 below).

Estimates on volumes of tubes is a classic topic that began with Weyl's Tube Formula for tubes in the affine
space (cf. [20]). Formulae for the volumes of some tubes about analytic submanifolds of complex projective spaces
are due to Gray (cf. [8,9] and references therein). However, Gray’s results do not apply to our case. First of all,
Gray's statements are only valid for smooth submanifolds and not for singular varieties (as, for instantye,
Secondly, Gray’'s Theorems are only valid for tubes of small enough radius (depending on intrinsic features of the
manifold under consideration).

These two drawbacks pushed us to look for a general statement that may be resumed as follows.
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Let dv, be the volume form associated to the complex Riemannian structitg©j. Let V C P, (C) be any
subset of the complex projective space and let0 be a positive real number. We defihe tube of radius ¢ about
V inP,(C) as the subset, C IP,(C) given by the following identity.

Ve :i={x € P,(O): dp(x, V) <e}.

Theorem 3.1. Let V C P, (C) be a (possibly singular) equi-dimensional complex algebraic variety of (complex)
codimension r in P, (C). Let 0 < ¢ < 1 be a positive real number. Then, the following inequality holds

vn[Vel ene \”
T s < 2 - I
0P (O)] degv)( : )

where deq V) isthe degree of V (in the sense of [10]).

This theorem can be applied to Edelman’s conditions to conclude the following estimate:

Vol[{A € M, (C): kp(A) > e71}] 5.2
VoI M, (O)] <2¢n%,

wherexp(A) := ||Al|r||A~1|2, andvol is the standard Gaussian measur€Hi. The constants on the right-hand
side of the inequality in Theorem 3.1 are essentially optimal.

The reader will observe that our bound is less sharp than those of Edelman or Smale, although it is a particular
instance of a more general statement.

4. Extrinsic tubes

Observe that neither Smale’s, Edelman’s results nor Theorem 3.1 above apply to exhibit upper bounds of the
probability distribution described in Eq. (1) above. In particular, it does not apply to prove Theorem 2.1. In order to
prove this kind of statementaie need an upper bound for the volume of the intersection of an extrinsic tube with
a proper subvariety. This is our main outcome here and can be resumed in the following statement.

Theorem 4.1. Let V, V' C P, (C) be two projective equi-dimensional algebraic varieties of respective dimensions
m>m'>1 Let 0 <e <1 be a positive real number. With the same notations as in Theorem 3.1 above, the
following inequality holds:

Vm[Vg/ NnV]

en 2(n—m') n—m 2(m—m’)
<2degV’) e & ,
vl V] n—m' m—m'

where v,, isthe 2m-dimensional natural measurein the algebraic variety V, and deq V') isthe degree of V' inthe
sense of [10].

Hence, Theorem 2.1 follows from Theorem 4.1, as the degree and codimensigi ®fare known (cf. for
example [6]):
4

codim("2) = 4, deg( 2" ?) < ’;—2
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