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Abstract

We extend the phenomenon discovered by Piatetski-Shapiro (1954) tolq spaces. To be precise, for anyq > 2 we construct a
compactK on the circle, which supports a distributionS with Fourier transform̂S ∈ lq , but does not support such a measu
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Résumé

Phénomène de Piatetski-Shapiro et le problème d’unicité. Nous étendons aux espaceslq le phénomène découvert p
Piatetski-Shapiro en 1954 : pour toutq > 2 nous construisons un compactK sur le cercle, qui porte une distribution dont
transformée de Fourier appartient àlq , mais qui ne porte pas de mesure ayant cette propriété.Pour citer cet article : N. Lev,
A. Olevskii, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

L’origine de ce travail se trouve dans les théorèmes de Cantor sur l’unicité du développement trigonomé
dans la découverte par Menchoff d’une série trigonométrique non nulle qui converge vers zéro hors d’un e
ferméF de mesure de Lebesgue nulle.

La série produite par Menchoff était une série de Fourier–Stieltjes. En 1954, Piatetski-Shapiro a mis en é
un ferméF de multiplicité, c’est-à-dire ayant la propriété de Menchoff, mais tel que n’existe aucune sé
Fourier–Stieltjes non nulle qui converge vers zéro hors deF . Si l’on considère F comme une partie du cercle
« phénomène de Piatetski-Shapiro » revient à dire queF peut porter une distribution dont la transformée de Fou
appartient àc0 mais aucune mesure ayant cette propriété.
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Cette Note montre que ce phénomène a lieu en remplaçantc0 par lq avecq > 2 donné. La construction deF
s’inspire d’une construction de Kaufman et Körner qui permet de retrouver le phénomène pourc0. Elle exige une
série d’étapes qui sont détaillées sous la forme de lemmes. Le Lemme 2.5 établit la non-existence d’une m
les Lemmes 3.1 et 3.2 l’existence d’une distribution ayant la propriété voulue.

1. Introduction

Piatetski-Shapiro in [8] constructed a compactK on the circle groupT = R/2πZ, which supports a (non-zero
Schwartz distributionS with Fourier coefficientŝS(n) tending to zero(|n| → ∞), but does not support such
measure. This result answered a problem in uniqueness theory of trigonometric expansions, and it was th
of further development by Körner [5,6], Kaufman [3] and other researchers (see [1,2,4] for more details).

It is known from potential theory that no such a phenomenon can exist in certain weightedl2 spaces. Namely
if a compactK supports a distributionS such that

∑
n�=0 |Ŝ(n)|2|n|α−1 < ∞ (for some 0� α < 1) then it also

supports a positive measure satisfying this property (see [2, Chapter III]).
We are interested in the following question: what can be said aboutlq spaces? Clearly only the caseq > 2 is

non-trivial. We prove the following:

Theorem 1.1. For anyq > 2 there is a compactK on the circle, which supports a(non-zero) distributionS with
Ŝ ∈ lq , but does not support such a measure.

Our approach is inspired by Kahane’s presentation of the Piatetski–Körner–Kaufman’s results, see [2, p
216]. The main ingredients of our construction are Riesz products and probabilistic exponential estimates

2. Lemmas

Belowq > 2 is a fixed number,p = q/(q − 1). We denote byAq the Banach space of Schwartz distributionS
on T, satisfying the condition

‖S‖Aq := ‖Ŝ‖lq < ∞,

and byM(K) the space of finite (complex) Borel measures supported byK , with the usual norm.
We start with the classical exponential estimate:

Lemma 2.1 (S.N. Bernstein). Let g1, . . . , gN be independent random variables on a probability space(Ω,P ).
Denote

Y =
N∑

j=1

gj , d = sup
1�j�N

‖gj‖∞.

Then, for anyα > 0,

P
{|Y − EY | > α

}
< 2 exp

(
− α2

8Nd2

)
. (1)

The constant1 can be improved (see for example [7, Chapter III]), but this is not important for us.
8
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Lemma 2.2 (Kahane, see [2, p. 214]). Givenδ > 0, one can find a measureρ with finite support belonging to th
segment(1

3, 1
2), such that∫

dρ = 1 and

∣∣∣∣∫ sk dρ(s)

∣∣∣∣ < δ for k = 1,2, . . . .

Lemma 2.3. Letg be a2π -periodic function,

2π∫
0

g(t)dt = 0, −1� g(t) � 1, (2)

which is constant on each interval(
2π(k−1)

ν
, 2πk

ν
), 1 � k � ν. Then the system{g(νj t)}Nj=1 is stochastically inde

pendent on the circleT, with respect to the probability measureP defined as

dP(t) =
N∏

j=1

(
1+ rj g(νj t)

) dt

2π
, −1< rj < 1.

This can be checked directly.

Lemma 2.4. Let µ ∈ Aq be a measure supported by a compactK . Then the measure|µ| belongs to the closure o
Aq ∩ M(K) in theM(K) norm.

Proof. There exists a Borel functionφ :T → C with |φ| = 1, such that d|µ| = φ dµ. Given ε > 0, let ψ be a
trigonometric polynomial such that|µ|{t ∈ T: |φ(t) − ψ(t)| > ε} < ε and|ψ | � 2. Then the measure dµ̃ = ψ dµ

belongs toAq ∩ M(K) and∥∥|µ| − µ̃
∥∥

M(K)
=

∫
|φ − ψ |d|µ| � 3ε + ε‖µ‖M(K). �

Lemma 2.5. Suppose a compactK on the circle satisfies the following condition: for any positive integerν there
is a real trigonometric polynomial

X(t) =
∑

|n|�ν

X̂(n)eint , ‖X̂‖p � 1,
1

100
� X(t) � 100onK.

ThenK does not support a non-zero measureµ ∈ Aq .

Proof. Suppose thatµ ∈ Aq ∩ M(K). Givenε > 0, by Lemma 2.4 one can find a measureµ̃ ∈ Aq ∩ M(K) such
that ∥∥|µ| − µ̃

∥∥
M(K)

< ε.

Then ∣∣∣∣ ∫
T

X dµ̃

∣∣∣∣ =
∣∣∣∣ ∫
K

X dµ̃

∣∣∣∣ �
∫
K

X d|µ| − 100ε � 1

100
‖µ‖ − 100ε.

However, the left-hand side is equal to∣∣∣∣∑ X̂(n) ˆ̃µ(−n)

∣∣∣∣ �
( ∑

|n|�ν

∣∣ ˆ̃µ(n)
∣∣q)1/q

< ε

for sufficiently largeν. Henceµ = 0. �
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3. Riesz products and exponential estimates

3.1. GivenN , consider the polynomial

X(t) = N−1/p
N∑

j=1

cosνj t (3)

where the numberν = ν(N) is to be chosen. Set

K = K(N) = {
t ∈ T: 1

100 � X(t) � 100
}
. (4)

Define a Riesz product

λs(t) = λN,s(t) =
N∏

j=1

(1+ 2sN−1/q cosνj t)

where the parameters ∈ (1
3, 1

2), andν � 3. Consider the circleT as a probability space with the measure dΛs(t) =
λs(t)

dt
2π

. The members of the polynomialX are ‘almost independent’ with respect to this measure. More prec
givenδ > 0, approximate the function cost with error< δ (uniformly with respect tot) by a functiong constant on
each segment(2π(k−1)

ν
, 2πk

ν
) and satisfying (2). Now use Lemma 2.3 withrj = 2sN−1/q , and apply the estimat

(1) for the variablesgj (t) = N−1/pg(νj t) . This gives

P
{|Y − EY | > α

}
< 2 exp

(
−1

8
α2N2/p−1

)
. (5)

Clearly, if δ = δ(N) is sufficiently small, this estimate can be extended to the polynomialX on the probability
space(T,Λs). An easy calculation showsE(X) = s, so we get∫

{t : |X(t)−s|>α}
λs(t)

dt

2π
< 2 exp

(
−1

8
α2N2/p−1

)
, (6)

provided that the numberν = ν(N) is fixed sufficiently large.

3.2.

Lemma 3.1. Denote

K ′ = K ′(N) = {
t ∈ T: 1

90 � X(t) � 90
}
. (7)

Then, givenδ > 0, one has forN � N(δ)∫
T\K ′

λ2
s (t)

dt

2π
< δ.

Proof. We have

λs(t) =
N∏

j=1

(
1+ 2sN−1/q cosνj t

)
� exp

(
2sN−1/q

N∑
j=1

cosνj t

)
,

so using (3) we obtain an estimate

λ (t) � exp
(
2sN2/p−1X(t)

)
. (8)
s
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Combining (6) and (8), it follows that for anys ∈ (1
3, 1

2

)
,∫

{t : X(t)<1/90}
λ2

s (t)
dt

2π
�

∫
{t : X(t)<1/90}

λs(t)
dt

2π
· max
{t : X(t)<1/90}

λs(t)

< 2 exp

(
−1

8

(
s − 1

90

)2

N2/p−1
)

· exp

(
2sN2/p−1 · 1

90

)
< 2 exp

(−10−3N2/p−1),
and, for any integerk � 90,∫

{t : k<X(t)�k+1}
λ2

s (t)
dt

2π
�

∫
{t : k<X(t)�k+1}

λs(t)
dt

2π
· max
{t : k<X(t)�k+1}

λs(t)

< 2 exp

(
−1

8
(k − s)2N2/p−1

)
· exp

(
2sN2/p−1(k + 1)

)
< 2 exp

(−N2/p−1).
Hence, keeping in mind thatX(t) � N1/q for everyt , we obtain∫

T\K ′
λ2

s (t)
dt

2π
< 2 exp

(−10−3N2/p−1) + 2N1/q exp
(−N2/p−1) −→

N→∞ 0

uniformly in s. �
3.3.

Lemma 3.2. For anyε > 0, there exists a smooth functionf and an integerN such that
(i) f is supported byK(N).
(ii) f (t) = 1+ ∑

n�=0 f̂ (n)eint , where
∑

n�=0 |f̂ (n)|q < εq .

Proof. The Fourier coefficients ofλs which are non-zero can be written

λ̂s

(∑
τj ν

j
)

= (
sN−1/q

)∑ |τj |
, τ̄ = (τ1, . . . , τN) ∈ {−1,0,1}N.

Givenδ > 0, letρ be the measure from Lemma 2.2,∫
dρ = 1 and

∣∣∣∣∫ sk dρ(s)

∣∣∣∣ < δ (k = 1,2, . . .).

Define

λ(t) =
∫

λs(t)dρ(s),

then

λ(t) =
∑

τ̄∈{−1,0,1}N

(
N

− 1
q

∑ |τj |
∫

s
∑ |τj | dρ(s)

)
ei(

∑
τj νj )t .

It follows that λ̂(0) = 1 and∑∣∣λ̂(n)
∣∣q < δq

∑
N−∑ |τj | = δq

(
1+ 2

N

)N

< e2δq .
n�=0 τ̄∈{−1,0,1}N
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Now use Lemma 3.1 and chooseN such that( ∫
T\K ′

λ2
s (t)

dt

2π

)1/2

<
δ

‖ρ‖M

.

Let h = λ · 1K ′ , then this implies

‖λ − h‖Aq � ‖λ − h‖L2(T) = ‖λ‖L2(T\K ′) �
∫

‖λs‖L2(T\K ′) d|ρ|(s) < δ.

Clearly if δ is chosen sufficiently small, making a normalizationg = h/ĥ(0) yields

ĝ(0) = 1 and
∑
n�=0

∣∣ĝ(n)
∣∣q < εq.

To finish the proof of Lemma 3.2, we definef as the convolution ofg with a smooth non-negative function, wi
integral equals to 1, and which is supported on a sufficiently small neighborhood of 0 to ensure that suf ⊂
K(N), which is possible according to (4) and (7).�

3.4. For a sequence{εj } definefj , Nj andKj = K(Nj ) according to Lemma 3.2. We chooseεj by induction
to satisfy the conditions

ε1 < 2−3 and ‖f1 · f2 · · ·fj‖A · εj+1 < 2−j−3 (j = 1,2, . . .)

(hereA is the Wiener algebra= A1). As in [2, p. 215], this implies that the product
∏∞

j=1 fj will converge in
theAq norm to a non-zero distributionS. DenoteK = ⋂∞

j=1 Kj , then clearlyS is supported onK . On the other
hand, due to (3) and (4), Lemma 2.5 ensures thatK does not support a non-zero measure inAq , so Theorem 1.1 is
proved.

4. Remarks

The main property of our compactK could be reformulated in spirit of the original Piatetski-Shapiro res
which has distinguished sets of uniqueness and strict uniqueness. Namely:

For anyq > 2 there is a compactK such that
(i) There is a non-trivial trigonometric series with coefficients inlq , converging to zero everywhere outsideK .
(ii) No Fourier–Stieltjes series may satisfy this property.
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