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Abstract

We extend the phenomenon discovered by Piatetski-Shapiro (19B4¥paces. To be precise, for apy- 2 we construct a
compactk on the circle, which supports a distributiSrwith Fourier transforn® e 19, but does not support such a measure.
To citethisarticle: N. Lev, A. Olevskii, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Phénomeéne de Piatetski-Shapiro et le probléme d’unicité. Nous étendons aux espadésle phénomene découvert par
Piatetski-Shapiro en 1954 : pour tapt- 2 nous construisons un compdctsur le cercle, qui porte une distribution dont la
transformée de Fourier appartient?a mais qui ne porte pas de mesure ayant cette propRété. citer cet article: N. Ley,

A. Olevskii, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

L'origine de ce travail se trouve dans les théorémes de Cantor sur l'unicité du développement trigonométrique et
dans la découverte par Menchoff d’une série trigonométrique non nulle qui converge vers zéro hors d'un ensemble
fermé F de mesure de Lebesgue nulle.

La série produite par Menchoff était une série de Fourier—Stieltjes. En 1954, Piatetski-Shapiro a mis en évidence
un fermé F de multiplicité, c’est-a-dire ayant la propriété de Menchoff, mais tel que n’existe aucune série de
Fourier—Stieltjes non nulle qui converge vers zéro horg'd8&i I'on considere F comme une partie du cercle, le
«phénomeéne de Piatetski-Shapiro » revient a direfqjpeut porter une distribution dont la transformée de Fourier
appartient &g mais aucune mesure ayant cette propriété.
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Cette Note montre que ce phénomene a lieu en remplagguar /¢ avecq > 2 donné. La construction d&
s'inspire d'une construction de Kaufman et Kérner qui permet de retrouver le phénomeng.[dolle exige une
série d'étapes qui sont détaillées sous la forme de lemmes. Le Lemme 2.5 établit la non-existence d’une mesure, e
les Lemmes 3.1 et 3.2 I'existence d’une distribution ayant la propriété voulue.

1. Introduction

Piatetski-Shapiro in [8] constructed a comp&cbn the circle grouf = R/2xZ, which supports a (non-zero)
Schwartz distributionS with Fourier coeﬁicient§(n) tending to zera(|n| — o0), but does not support such a
measure. This result answered a problem in uniqueness theory of trigonometric expansions, and it was the subjeci
of further development by Kdrner [5,6], Kaufman [3] and other researchers (see [1,2,4] for more details).

It is known from potential theory that no such a phenomenon can exist in certain weldseaces. Namely,
if a compactk supports a distributios such thaty", _, IS(n)|2n|* < 0o (for some O< « < 1) then it also
supports a positive measure satisfying this property (see [2, Chapter III]).

We are interested in the following question: what can be said abapgaces? Clearly only the cage- 2 is
non-trivial. We prove the following:

Theorem 1.1. For anyg > 2 there is a compack on the circle, which supports @on-zerg distribution S with
S €14, but does not support such a measure.

Our approach is inspired by Kahane’s presentation of the Piatetski-Kérner—Kaufman'’s results, see [2, pp. 213-
216]. The main ingredients of our construction are Riesz products and probabilistic exponential estimates.
2. Lemmas

Belowg > 2 is a fixed numberp = g /(g — 1). We denote by, the Banach space of Schwartz distributidhs
onT, satisfying the condition

1S4, == lISllze < o0,

and byM (K) the space of finite (complex) Borel measures supporteli owith the usual norm.
We start with the classical exponential estimate:

Lemma 2.1 (S.N. Bernstein)Let g1, ..., gn be independent random variables on a probability spé@e P).
Denote

N
Y=Y g, d= sup [gjl.
1 1SN
J
Then, for anyx > 0,

0[2
P{|Y—EY|>a}<Zexp(—W>. (1)

The constan% can be improved (see for example [7, Chapter III]), but this is not important for us.
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Lemma 2.2 (Kahane, see [2, p. 214]Bivens > 0, one can find a measugewith finite support belonging to the
segment3, 3), such that

/dp =1 and /‘sk do(s)

Lemma 2.3. Let g be a2 -periodic function,
2
/g(t)dt=0, -1<g®) <L, 2)
0
which is constant on each interveﬁj@, %), 1<k <v. Thenthe systeﬁg(vft)}?’:l is stochastically inde-
pendent on the circl&, with respect to the probability measukedefined as
N

dP(t) = [ [(1+rje/n)

j=1

<8 fork=12,....

dt
=, —1l<rj<l
21

This can be checked directly.

Lemma2.4. Letu € A, be a measure supported by a comp&ctThen the measurg| belongs to the closure of
A, N M(K) inthe M(K) norm.

Proof. There exists a Borel functiop: T — C with |¢| = 1, such that ft| = ¢du. Givene > 0, let be a
trigonometric polynomial such that|{z € T: |¢ () — ¥ (¢)| > €} < € and|y¥| < 2. Then the measurgid= v du
belongs toA, N M (K) and

it = il = [ 16 = w16l <36+ el O

Lemma 2.5. Suppose a compadf on the circle satisfies the following conditidior any positive integer there
is a real trigonometric polynomial

“ = 1
x(t)zzx(n)é"f, X1, <1, H)gx(r)glOOonK.

[n|Zv

Thenk does not support a non-zero measpre A, .

Proof. Suppose that € A, N M(K). Givene > 0, by Lemma 2.4 one can find a measyire A, N M(K) such
that

[l1el = [‘HM(K) <é
Then

1
/Xdﬂ‘:‘/Xd[L’2]Xd|u|—10(b>ﬁ|lul|—10(b.
T K K

However, the left-hand side is equal to

. 1/q
<( Z|[L(n)|q> <e

[n|Zv

> X@i(=n)

for sufficiently largev. Henceu =0. O
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3. Riesz products and exponential estimates

3.1. GivenN, consider the polynomial

N
X(t) = N_l/pZCOSvjt 3)
im1

where the number = v(N) is to be chosen. Set
K=K(N)={teT: 5§ <X(t)<100}. @)

Define a Riesz product

N
As(t) =Ans(t) = l—[(l + 25N~ cosv/r)
j=1

where the parametere (%, %), andv > 3. Consider the circl& as a probability space with the measurg ¢) =

As (t)g—fr. The members of the polynomial are ‘almost independent’ with respect to this measure. More precisely,
givens > 0, approximate the function cosvith error < § (uniformly with respect te) by a functiong constant on
each segmentZ®&=D 2k, and satisfying (2). Now use Lemma 2.3 with= 2sN~/%, and apply the estimate
(1) for the variableg; (r) = N~YPg(vir) . This gives

1
P{|Y—EY|>a}<26x;{—§a2N2/p_l>. (5)

Clearly, if § = §(N) is sufficiently small, this estimate can be extended to the polynokiah the probability
spaceg(T, A;). An easy calculation shows(X) = s, SO we get

dr 1
)\s(f)z < ZeX[{—éazNZ/P—l>, ©
{t: X (t)—s|>a)

provided that the number=v(N) is fixed sufficiently large.
3.2.

Lemma 3.1. Denote
K'=K'(N)={teT: 4 <X(t) <90} (7)
Then, givers > 0, one has forN > N (§)

dr
f Af(r)g <3.
T\K’

Proof. We have

N N

a0 =[](1+2sN M4 cosv/r) < exp(ZsN‘l/q Zcosﬂt),
j=1 j=1

so using (3) we obtain an estimate

A5 (1) < exp(2sNZP7IX (1)). (8)



N. Lev, A. Olevskii / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 793—-798 797
Combining (6) and (8), it follows that for anye (3. 1),

22(1) dr o / As (1) dr max  As(t)
SV T U2 1 x()<1/90)
{t: X(1)<1/90} {r: X(1)<1/90}

1 12 1
2exp| —=(s— =) N¥P71) . exp[ 2sN%P1. =) < 2exp(—103NZP7Y),
< p( 8<s 90) A\~ g0) <28 )
and, for any integet > 90,
dr dr
22— < As () — - max At
/ s )Zn / s( )271 {1 k<X () <k+1) 5 ()
{t: k<X (t)<k+1} {t: k<X (t)<k+1}

1
<2 exp<—§(k —~ s)ZNZ/!’—1> -exp(2sN¥P7L(k + 1)) < 2exp(— NP1,
Hence, keeping in mind that (1) < N4 for everyr, we obtain

dt
2 ~372/p—1 1 2/p-1
/ A5 < 2exp(—103N%/P71) 4 2NV exp(—N?/P )Njgoo
T\K'

uniformly ins. 0O
3.3.

Lemma 3.2. For anye > 0, there exists a smooth functighand an integerV such that
(i) f is supported by(A(N)._ .
(i) f()=1+),.0f(n)€", where}", | f(n)|4 <&,

Proof. The Fourier coefficients of, which are non-zero can be written
(e ) = (N f =@, oy e (1,017,

Givens > 0, let p be the measure from Lemma 2.2,

/dp:l and ‘/skdp(s)

Define

A1) =/)»s(t)dp(S),

<5 (k=1,2,...).

then
=y (N—%Zlf.fI/serldp(s)) d e
Fe(—1,0,4N
It follows thati(0) = 1 and

N
Z]i(n)\q<8‘1 Z N—Zlf./|=54<1+%> < %54,

n#0 7e{-1,0,1}V
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Now use Lemma 3.1 and chooskesuch that

( / Azmz)”l s
St 2n lolla

T\K’

Leth = A - 1/, then this implies
1 = hlla, < Ix = hll 20y = Al 2er k) < f sl z2¢m &7 dll(s) < 8.

Clearly if § is chosen sufficiently small, making a normalizatipe: /4 (0) yields

$0)=1 and Z|§(n)|" <&,
n#0

To finish the proof of Lemma 3.2, we defirfeas the convolution of with a smooth non-negative function, with
integral equals to 1, and which is supported on a sufficiently small neighborhood of 0 to ensure thatsupp
K (N), which is possible according to (4) and (7)o

3.4. Forasequencg;} definef;, N; andK; = K(N;) according to Lemma 3.2. We choasgby induction
to satisfy the conditions

e1<22 and |fi-farfilla-gjpi <2772 (j=12..)

(here A is the Wiener algebra= A1). As in [2, p. 215], this implies that the produ]ft?":1 f; will converge in
the A, norm to a non-zero distributiofi. Denotek = ﬂ?‘;l K ;, then clearlysS is supported orK. On the other
hand, due to (3) and (4), Lemma 2.5 ensures Ehabes not support a non-zero measurd jn so Theorem 1.1 is
proved.

4. Remarks

The main property of our compaét could be reformulated in spirit of the original Piatetski-Shapiro result,
which has distinguished sets of uniqueness and strict uniqueness. Namely:

For anyg > 2 there is a compack such that

(i) There is a non-trivial trigonometric series with coefficientd4nconverging to zero everywhere outsikie

(i) No Fourier—Stieltjes series may satisfy this property.
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