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Abstract

Under fairly general hypotheses, we investigate by elementary methods the structure-giethedic orbits of a familys,,
of transformations neafq, xg) whenh,,(xg) = xg and di,,(xg) has a simple eigenvalue which is a primitipeth root of
unity. To citethis article: M. Chaperon et al., C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé
Sur les bifurcations sous-harmoniques. Sous des hypothéeses trés générales, nous étudions par des méthodes élémentaires
la structure de I'ensemble des orbites de péripdd’'une famille 2, de transformations au voisinage ¢y, xg) lorsque
huo(x0) = xp et que dy,, (xp) aune valeur propre simple racine primitivégéme de I'unitéPour citer cet article: M. Chaperon
etal., C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée
Hypotheses et préliminaires

On se donne deux variétés banachiqliesV et une famille localeC*, k > 2, d’applications de/ dans lui-
méme dépendant du paraméire U, c'est-a-dire une applicatioh: (U x V, (ug, x0)) — V de classeC*. Si
k = 0o ouw (C® signifie «analytique réel»), on pose- 1:= k. On notek(u, x) := (u, h,(x)) le déploiement
associé & . Etant donné un entigr > 2, on fait les hypothéses suivantes :
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H1 Onabh,,(xo) = xo; autrement dit(uo, xo) €st un point fixe dé.On POS€E :=Ty,V etLg:=dyhy,: E— E.

H2 Si p =2, Lo admetp = —1 pour valeur propre simple : le sous-espace propre associé est uneldreite
—1 n'est pas dans le spectre Spgcde 'endomorphismé.g de E/D induit par Lo. On suppose en outre
1¢ Sped.o.

H2' Pourp > 3, le complexifié dd.o admet une racine primitive-ieme p de I'unité pour valeur propre simple.
Par conséquent, gt C E désigne le 2-plarlg-invariant engendré par les parties réelles et imaginaires des
vecteurs propres correspondants, le spectre Spea complexifié de I endomorphismiy de E/ P induit
par Lo ne contient njo, ni 5. On suppose en outre q@ped.( ne contient aucune racing-iéme de I'unité.

On a donc ¥ SpecLg, d'ou, par le théoréme des fonctions implicites, la

Proposition 0.1. Au voisinage déuo, xo), les points fixes d& forment le grapher = ¢(1) d’une applicationy
de classeC*.

Voici une autre conséquence du théoréme des fonctions implicites :

Proposition 0.2. Pour p = 2 (resp. > 2), il existe un unique germe: (U, ug) — R (resp.C) d’application
continue tel quex(«) soit valeur propre dal, A, et quex(ug) = p; de plusx est de classe€*—1

Nous pouvons énoncer notre derniére hypothése :
H3 La différentielle g, : 7,,,U — R (resp.C) est surjective.

Notre résultat porte sur lgmints périodiques de périogedesh,, c’est-a-dire sur les € V tels quer) (x) = x;
il est commode d’exprimer cela en disant quex) est un point périodique de périogede /..

Théoréme. Sous ces hypothéses, les points périodiques de pépiatkeh forment, au voisinage dero, xo), la
réunion de deux sous-variétés modeléesisur

(i) la sous-variétéc* des points fixes de, autrement dit le graph&/; de g ;

(if) une sous-variét®, de classeC™, ou

k—1 sip=2,
min{[(k —2)/2], p—3} pourp >3, doum=p —3Sik=000Uw.

L'intersectionW,N W, estla sous-variét€*—1 formée desu, ¢(u)) aveca (1) = p. Pour p = 2 (resp.p > 2),
elle est de codimensidn(resp.2) aussi bien dan®, que dand¥y, de sorte que l'ouver®, \ W, de W, forme des
points«vraiment périodiques de périodep de h rencontre tout voisinage de:o, xo) ; en outre, la sous-variété
W,\ Wy estCkL,

L'espace tangent(,, o) (W1 N W),) est bien sG{(6u, d,,¢(8u)): d,0(8u) = 0}. Pourm > 0,

Tuox) W1 NW,) @ ({0} x D) sip=2,

Twoao Wp = { Twoxo) (W1 N W,) & ({0} x P)  sinon

Remarque. Apparait donc efiug, xo) une famille a diniU) paramétres d'orbites de périogelLe casp = 2 était
srement bien connu, au moins en dimension finie. Il n’en va pas vraiment de méme o @&anéme si les
langues d’Arnol’dsont les projections daris de nos variété#, dans le cas particulier des familles génériques a
2 parameétres. Dans la définition gepour p > 2, nous ne savons pas[¢t — 2)/2] est optimal maigp — 3 I'est,
comme le montre I'exemple suivant : polir= V = C, la famille polynomialér, (z) := (p + u)z — z~1 satisfait

a nos hypotheses aveg = xo =0, ¢(u) =0 eta(u) = p + u ; la sous-variétd¥, est donnée par =z~ 1z (en
effet ce sont des points périodiques et ils forment une sur_fdcé distincte du graphe de) ; elle n'est donc pas
CP~?, et cet exemple est typique de ce qui arrive en général.
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1. Hypothesesand preliminaries

Consider two Banach manifolds, V and a localC* family, k > 2, of mappings o¥ into itself with parameter
uel,ie. aCk maph: (U x V, (ug, x0)) = V. If k = 0o or w (C® means ‘real analytic’), we sét— 1:=k. Let
h(u, x) := (u, h,(x)) (unfolding associated th). Given an integep > 2, assume the following:

H1 We haveh,,(xo) = xo; in other words(uog, xo) is a fixed point ofi. LetE := T,V andLg:=dy,h,,: E — E.

H2 If p =2, Lo admitsp = —1 as a simple eigenvalue: the associated eigenspace is A liaed—1 does not
lie in the spectrum Spdi of the endomorphisnio of E/D induced byLg. Assume, moreovek,¢ Sped.o.

H2" For p > 3, the complexifiedLo,c of Lo admits a primitivep-th root p of unity as a simple eigenvalue.
Therefore, ifP C E denotes the.g-invariant 2-plane generated by the real and imaginary parts of the corre-
sponding eigenvectors, the spectrum Sheof the complexified of the endomorphisiy of E/P induced
by Lo contains neithep, nor 5. Assume that, moreovéped. does not contain any-th root of unity.

In particular, we have & SpecLo, hence, by the implicit function theorem,
Proposition 1.1. Near (uq, xo), the fixed points aof form the graph of &% mapg.
Here is another consequence of the implicit function theorem, proven in the sequel:

Proposition 1.2. For p = 2 (resp.> 2), there exists a unique continuous gexm(U, ug) — R (resp.C) such that
a(u) is an eigenvalue a4, and thato(ug) = p; moreovery is ck-1,

We can now state our last hypothesis:
H3 The differential ¢ o : 7,,U — R (resp.C) is onto.

Thep-pqriodic pointsof &, are those: € V such that:/ (x) = x. This amounts to saying that, x) is a p-periodic
point of . Here comes our main result:

Theorem. Under the above hypotheses, theeriodic points ofi form, near(uo, xo), the union of two submani-
folds modelled o/: ~

(i) the C* submanifold of fixed points @f i.e. the graphwy of ¢;

(ify a C™ submanifoldW,, where

B k—1 if p=2,
min{[(k —2)/2], p — 3} for p >3, hencen=p —3if k=00 0rw.

The intersectiolW,NW, is theC*—1 submanifold consisting of those, ¢(1)) with () = p. For p = 2 (resp.
p > 2), it has codimension (resp.2) both inW,, and in Wy, so that the open subs#éi, \ W, of W, containing
the ‘truly p-periodic’ points ofh intersects every neighbourhood @f, xo); moreover, the submanifol@, \ Wy
is C¥~1 even forp > 2.

The tangent spacg,, ., (W1 N W),) of course ig{(8u, d, ¢ (8u)): d,o(du) = 0}. Form >0,

T(uo,xo)(Wl N Wp) S? ({0} x D) if pP= 2,

Tuox) Wp = .
T, x) (W1 NWp) @ ({0} x P) otherwise

Remark. For p > 2 andU = R2, when the familyi, is generic, théArnol'd tonguesare the projections it/ of
our W,’s. In the definition ofm, we do not know whethefitk — 2)/2] is optimal butp — 3 is, as shown by the
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following example: forU = V = C, the polynomial familyt, (z) := (p + u)z — zP~* satisfies our hypotheses with
uo=x0=0, ¢(u) =0 anda(u) = p + u; the submanifold¥, is given byu = z?~1/z (indeed, those are periodic
points and they form &7—3 surface distinct from the graph @¥; it is not C?~2, and this example is typical.

2. Proof of thetheorem

Taking charts, we may assume that= E, thatU = T,,U and that(ug, vg) = (0, 0). Proposition 1.1 then
follows from the implicit function theorem, applied to the equatian(x) — x = 0. The change of variables
(u,x) — (u,x — @(u)) enables us to replace the initial family lfy, x) — h, (@) + x) — ¢(u) or, in other
words, to assume that= 0, i.e.h, (0) = 0 for everyu.

Proof of Proposition 1.2. If p =2, choose any nonzeny € D, any closed complementary subspageof
D in E, and identify E to R x H by the isomorphisni{x, w) — xVvg + w. Then, Ly takes the form( _01 Zg)

wheredo: H — H is a realisation ofLg. Proposition 1.2 follows from the implicit function theorem, applied
to the polynomial equatio' (L, A, w) := L(1,w) — A(1,w) =0 at (Lo, —1, 0); indeed, the partialsr, sw) —
(bodW — 84, (do + 1d g )éw) of F with respect taqi, w) at (Lo, —1, 0) is an automorphism because sdist |dg.
Denoting the implicit function by (L), w(L)), we geta (1) = A(dy) k) and the associated eigenvecion) :=
(1, W(dy @) hu)), which is ac*~1 function ofu too.

For p > 2, we can submiLg ¢ to the same treatment and get batland aC*~! mapv: (U, ug) — Ec such
that eachv(u) is a nonzero eigenvector o1, ,)c = Dh,(0)c associated to the eigenvalué:). O

Proof of the theorem if p = 2. The mapR x H > (x,w) — xv(u) + W € E is, for u close to 0= ug,
an isomorphism depending*—1 on « and conjugatingDh,(0) to an endomorphism oR x H of the form

(a(:) ZEZ;) Now, since we haver(0) = —1 ¢ Spedd(0), we can killb(u) by the change of variablex, w) —

(x — b(u)(d ) — a(u) ldg)~Iw, w). Composing those two changes of variables, we g&t2 family of isomor-

phismsQ(u) :R x H — E such thatQ (u) "> Dh, (0) 0 (u) = (*1” d(ou)).

Let f,(x,w) = f(u,x,w) € Randg,(x, w) = g(u, x, w) € H denote the components Q(u)*hﬁ(x, w) =
Q(u) oh? o Q(u)~1(x, w). We should solve the*~1 systemf (u, x, w) = x andg (u, x, w) = w. AS 3,,g0(0, 0) =
d(0)? does not have 1 in its spectrum, the second equation defifi€slamplicit functionw = W (i, x) = W, (x),
which satisfiesW, (0) = 0 sinceg, (0, 0) = 0, and(W,)’(0) = 0 becausé, g, (0, 0) = 0. Substituting in the first
equation, we should solve

fulx, Wu(x)) =x, 1)
whose solutionr = 0 gives the fixed points. After factoring them out, (1) becomes
F(u,x)=1, 2)

whereF (u, x) = fol Df, (tx, W, (tx))(1, (W) (tx)) dt is C*¥~1. Indeed,Df, (x, w) and Dg, (x, w) areC*~1 func-
tions of (u, x, w), being the components @ (u)~ o Dh2(Q(u)(x, w)) o Q(u), and it follows that(W,)’(x) =
(Idg — 0w g (x, W, (X)) "0, g, (x, W, (x)) is aC*—1 function of (u, x).

Choose a decompositiol = R x Ug, u = (i, v), such thatd,«(0) = 0, henced, «(0) # 0 by H3. As
(W,)'(0) = 0, we haveF (u,0) = 9, f,(0,0) = a(u)? (hence the part abou’; N W> in the theorem) and
3, F(0,0) = —29,a(0) # 0. Therefore, (2) defines @1 implicit function 1 = M (v, x) and W5 is the graph
(n,w) =M@, x), WM(v,x),v,x)). Let us prove that this function is tangent to 0 at 0, hence the part about
T(uo.x0) W2 in the theorem: a® W (0) = 0, we should show thadM (0) =0, i.e.d(, ) F(0) =0, i.e.d,F(0) =0,
i.e. 292 £(0) = 0. Now, asD?h3(0) = D?ho(0) o (Dho(0) x Dho(0)) + Dho(0) 0 D?ho(0), denoting byfi (u, x, w)

the first component of (u)*h, (x, w), we do gew? f(0) = 82 f1(0) — 82 f1(0)=0. O
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Proof of thetheorem for p > 2. We start again by a diagonalization result:

Lemma 2.1. There exist a Banach spad# and aC*~* family of isomorphismg () :C x H — E such that the
derivative ofQ(u)*h, = Q) Lo h, o Q(u) at0Ois (* dg)), d(u) € L(H).

Proof. With the notation of the proof of Proposition 1.2, I8t be any closed complementary subspace of the
2-planeP generated byiv(0) and3Jv(0). Foru close to 0= ug, the mappingC x H > (x + iy, W) > xRv(u) —
yJv(u) +w € E is an isomorphism dependingf —* onu and conjugating#,,(0) to an endomorphism & x H

of the form (“{" s%) Now, we can killb(x) by the variable change, w) — (z + c(u)W, W), c(u) € L(H, C),
providedo (u)c(u) — c(u) od(u) = b(u); as the hypothesis Spé) ¥ p implies that the spectrum Sp&@:) of the
complex endomorphisi (u) : c = ¢ o d(u) of L(H, C) does not contaiw () for smallu, this equation has the
unique solutiorr (1) = (a(u) Idyx,c) —'d(u))~Yb(u), aC*—1 function ofu. Composing our two variable changes,

we do get &~ family of isomorphisma(u) : C x H — E such thaiQ(u) %o Dk, (0)o Q(u) = (*3” d(ou) ). O

Denoting by f;(u,z, w) € C and g;(u, z, w) € H the components 00 (u)*h}(z, w), we have to solve the
system of clas€*~ f,(u, z, w) = z andg, (4, z, w) = w. As 3,,g,(0, 0, 0) = d(0)” does not have 1 in its spec-
trum, the second equation define€’a ! implicit function w = W (u, z) = W,,(z) satisfyingW, (0) = 0 and (since
d; fp(u,0) =0) DW,(0) =0. Thus, we should solve

fp(u, 2, Wu(2)) =z, (3)

whose spurious solution= 0 again gives the fixed points, but this time if we divide the left-hand sideveg get
a function which may even be discontinuous. However, we can prove

Lemma 2.2. Fix a decompositiorV = R? x Up, u = (1, v), such thatd,«(0) = 0 and therefored, « (0) is an
isomorphism. Then, we have the following

(i) The solutions of3) near (0, 0) form the union ofz = 0} and the graphw = M (v, z) of a continuous function,
C*Yin {z #0).

(if) Therefore, neaKuo, xo) = (0, 0), the manifoldW), is the set of thoséu, Q(u)(z, w)) such that(u, w) =
(M(v,z), W(v,z), whereW (v, z) := W(M (v, z), v, z) is continuousC*~1 in {z # 0.

(i) All the statements of the theorem are true, except perhaps smoothness.

Proof. In polar coordinates = r €, we havef, (u, r €%, W, (r %)) =r & F(u, r,6), where
1
F(u,r,0)=e'? / deowy [ (u, tr €9, W, (2 €%)) (€, DW, (tr €9) €7) ot
0

satisfies F(u, 0,0) = e*‘98zfp(u,0, 0)d? = a(u)? since DW,(0) = 0. After factoring out the fixed points
re&? =0, Eq. (3) to be solved becomes

F(u,r,0)=1. 4)
Now, we have thad, F (0, 0, 6) = 9,,«”(0), which is an isomorphism. Moreovere can make the crucial remark
that F is C¥~1. Indeed,

(@) 3¢z £ (u, 2, w) And B u) g (u, z, w) are the components @ (u) 1 o DA} (Q(u)(z, w)) o Q(u), therefore
a(z,w)fj anda(z’w)gj areck_l;
(b) and so i, W : (u,2) > (Idy —dwgp(u, 2. Wy (2)) "t 0 0.8, (u, 2, Wi (2)).
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It follows that the solutions of (4) nedtu, r) = (0, 0)} are given by aC*~1 implicit function . = M(v r,0).
As F(u,0,0) = a(u)? is independent of, so isM (v, 0,6), hence ()—(ii) withM (v, r &%) = M(@,r,0).

To prove (iii), first notice that nowV; is defined byz = 0 and thatF(«, 0,0) = 1 writesa(u)? = 1, which
nearu = 0 is equivalent tax(u) = p sincew is continuous and (0) = p. This establishes the characterization of
W1 N W, in the theorem. Let us now prove thatV is differentiable, therDM (0, 0) = 0. Since DW (0, 0) =
this will imply that (after our coordinate change& o)W, = {(, w) = (0, 0)}, hence the formula foF(u,, xy) W
in the theorem. As M(O 0,6) = 8,M (0, 0) dv + 3, M (0, 0)€’ dr when the right-hand side is defined, we should
prove forp > 3 thatDM(O 0,6) =0 or, in other words,,¢) F (0, 0,0) = 0. Sinced, ¢ F(0,0,6) =0, this
means proving thad, F(0,0,0) = 0, i.e. €732 £,(0)(€?, €”) = 0. Now, differentiatingQ(0)*h{ twice yields
32f,(0)(Z,2) = g‘lp*fflazzfl(O)(pf Z,p’Z), whichis 0, a2 1(0)(Z, Z) =aZ? + bZZ +cZ?. O

This proves our theorem ifi = 0. Otherwise, to actually factor lyand get more smoothness, we cannot put
directly the left-hand side of (3) into normal form. Instead, we use

Lemma 2.3. If (u, z) is a solution of (3), then is a p-periodic point of®,, : z — f1(u, z, W, (2)).

Proof. If y = (z,w) is a p-periodic point of Q(u)*h,, SO is Q(u)*hf;(y) for all j > 1, henceg;(u,y) =
W (u, f;(u,y)) for all j € N. It follows at once by induction thad; (z) = f;(u, y) for all j € {0, ..., p}, which
implies thatd®y (z) = f,,(u, y) = z as required. O

Lemma 2.4. Assumingn > 0, let the decompositioy = R x Up, u = (u, v), be the same as in Lemm& Near
(0,0) € U x C, the set of thoséu, z) such thatz is a p-periodic point of®, form the union ofz = 0} and the
graph u = M1(v, z) of a C™ function. By Lemmag.2 and 2.3, we must havé/; = M, which shows thaw is
C™ and completes the proof of the theorem.

Proof. Note that, because of properties (a)—(b) in the proof of Lemma 2.2, dpth) and D&, (z) are k1
functions of(u, z). Therefore, Taylor's formula implies thelt, (z) = a(u)z+ T2+ - - - + Typy1+ T2 WhereT is a
homogeneous polynomial of degrge z, Z whose coefficients ar€*—/ functions ofu for j < m +1 andCk—"—2
functions ofu, z for j =m + 2. Since we have: < p — 3, we can make foj =2,...,m +1 aC*=J change of
coordinates of the form+— z +c¢; (u)zf so that in the end the coefficient f in T;is O for1<j <m+1, hence
®,(z) =z(a(u, z) + b(u, Z)Zm+2/z) with a, b of classC¥—"~2. Now, F1(u, z) := a(u z) + b(u, Z)Zm+2/Z isCcm
like z"*2/7 since we haven < k —m — 2. It follows thath{,(z) = zF;(u, z) with F; of classC™ and F;(u,0) =
a(u)’. Therefore, the equatioFi, = 1 defines aC™ implicit function .. = M>(v, z). As our changes of coordinates
areC™ and tangent to the identity, the graphM$ is the graph of @™ function M1 in the original coordinates. O

Remark. Here are three reasons why we do not use a center manifold:
— Wecannot as d,h,, may have other spectral values on the unit circle.
— Center manifolds o> or analytic maps are n@@ in general—see [1], where the same idea is used to show
that a manifold of periodic orbits i€°° or analytic.
—Lemma 2.3 is trivial, whereas the center manifold theorem is not.
This work owes much to the dissertation [2] and to discussions with Shirley Bromberg.
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