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Abstract

We study properties of a Green function with singularities determined by a closed complex subspaceA of a complex
manifold X. It is defined as the largest negative plurisubharmonic functionu satisfying locallyu � log|ψ | + O(1), where
ψ = (ψ1, . . . ,ψm) with ψ1, . . . ,ψm local generators for the ideal sheafIA of A. To cite this article: A. Rashkovskii, R. Sig-
urdsson, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Fonctions de Green avec singularités analytiques.Nous étudions des propriétés d’une fonction de Green avec des sin
rités determinées par un sous-espace fermé complexeA d’une variété complexe lisseX. Elle est définie comme la plus gran
fonction plurisouharmoniqueu négative vérifiantu � log|ψ | + O(1), oùψ = (ψ1, . . . ,ψm) avecψ1, . . . ,ψm générateurs lo
caux du faisceau d’idéauxIA deA. Pour citer cet article : A. Rashkovskii, R. Sigurdsson, C. R. Acad. Sci. Paris, Ser. I 340
(2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Pluricomplex Green functions are, generally speaking, the largest negative plurisubharmonic functio
prescribed singularities; they can be thought of as ‘pluripotentials’ of the singularities. The most-well know
pluricomplex Green functionGΩ,a of a bounded pseudoconvex domainΩ ⊂ C

n with logarithmic pole ata ∈ Ω ;
it can be defined as the upper envelope of the class of negative plurisubharmonic functionsu in Ω with the Lelong
numberνu(a) � 1 or, equivalently, such thatu(z) � log|z − a| + O(1) neara. ThenGΩ,a(z) = log|z − a| + O(1)

neara and(ddcGΩ,a)
n = δa ; hered = ∂ + ∂̄ , dc = (∂ − ∂̄)/2π i.

Different kinds of singularities determine different types of Green functions (e.g., Green functions with s
weighted logarithmic poles [7] or with nonlogarithmic multicircled singularities [8]) which, due to the non-l
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character of pluripotential theory, cannot be reproduced from one another. The case ofanalytic singularities is
certainly of major importance because of, for example, applications to estimates of holomorphic functio
zeros of given multiplicities in a prescribed set.

Given a complex manifoldX, let PSH(X) denote the class of all plurisubharmonic functions onX and PSH−(X)

its subclass of all non-positive functions. For a closed complex subspaceA of X, let IA = (IA,x)x∈X be the
associated coherent sheaf of ideals in the sheafOX of germs of holomorphic functions onX, and let|A| be the
variety inX locally defined as the common set of zeros of holomorphic functions with germs inIA. For every point
x ∈ X, we denote bỹνA(x) the Lelong numberνlog|ψ |(x) of log|ψ | atx, whereψ = (ψ1, . . . ,ψm) andψ1, . . . ,ψm

are generators ofIA,x .
A Green functionG̃A = G̃ν̃A

of a complex subspaceA of X was defined in [5] as the upper envelope of
classF̃A = {u ∈ PSH−(X): νu � ν̃A}. It was proved in [4–6] that̃GA ∈ F̃A and,

G̃A(x) = inf

{
G̃f ∗ν̃A

(0) =
∑
w∈D

ν̃A

(
f (w)

)
log|w|; f ∈O(�D,X), f (0) = x

}
, (1)

whereO(�D,X) is the family of all closed analytic discs inX, i.e., maps from the unit discD ⊂ C to X that
can be extended to holomorphic maps in some neighbourhood of the closed disc. IfX is a relatively compac
domain in a Stein manifoldY andA is the intersection withX of a complex subspaceB of Y , thenνGA

= ν̃A, the
function G̃A is locally bounded and maximal onX \ |A|, andG̃A(x) → 0 asx → p at eachp ∈ ∂X \ |B| with
strong plurisubharmonic barrier. Finally, ifA is an effective divisor generated on an open setU by a holomorphic
functionf , thenG̃A � log|f | + O(1) locally onU and thusddcG̃A � [A].

The statements concerning effective divisors generally have no higher codimensional analogues (an
ψ(z) = (z2

1, z2)). To overcome this, we introduce here a new Green function.

2. Definition and main properties of the Green function

Throughout the Note,A is a closed complex subspace of a complex manifoldX of dimensionn.
The Green function GA with singularities along A is the upper envelope of the classFA of all functionsu ∈

PSH−(X) such thatu � log|ψ | + C locally for any choice of local generatorsψ1, . . . ,ψm for IA, with a constant
C depending onu and the generators.

Evidently,GA � G̃A for anyA, and it follows from [5], Proposition 3.2, thatGA = G̃A whenA is a divisor.
The definition of the Green function gives immediately the following variant of the Schwarz lemma.

Proposition 2.1.Let A′ be the restriction of A to a submanifold X′ of X. Then any f ∈ IA has the bound,∣∣f (x)
∣∣ � eGA′ (x) sup

X′
|f |, ∀x ∈ X′.

We pass to the properties of the Green function.

2.1. Upper bounds

The first main property is given by:

Theorem 2.2.GA ∈FA.

One way to prove it is by reducing to the divisor case. IfΦ :Y → X is a holomorphic map between compl
manifoldsX andY , then the pullbackΦ∗A of A is a complex subspace ofY with the ideal sheafIΦ∗A, locally
generated at a pointy0 by Φ∗ψ1, . . . ,Φ

∗ψm, if ψ1, . . . ,ψm are local generators forIA at Φ(y0). It is evident that
Φ∗u ∈ FΦ∗A for all u ∈ FA, soΦ∗GA � GΦ∗A. Moreover, the Green function is in fact invariant with respec
finite branched coverings:
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Proposition 2.3.Let X and Y be complex manifolds of the same dimension, A be a closed complex subspace of X,
and Φ :Y → X be a proper surjective holomorphic map. Then Φ∗GA = GΦ∗A.

By a variant of the Hironaka desingularization theorem (see, e.g., [1], Th. 1.10 and 13.4), there exists
surjective holomorphic mapΦ from a complex manifold̂X to X, which is an isomorphism outsideΦ−1(|A|) and
such thatÂ = Φ∗A is a normal-crossing divisor. ThenΦ∗GA = G

Â
= G̃

Â
∈ F̃

Â
= F

Â
. SinceΦ is an isomorphism

outsideΦ−1(|A|), this impliesGA ∈FA.
A more elementary way (using neither the desingularization nor referring to the divisor case) is as foll

our definition of the classFA, the constantC in the local estimatesu � log|ψ | + C is allowed to depend on th
function u. The crucial point is that they are indeedlocally uniform. This is quite easy to prove in the case
complete intersection. The general situation can be reduced to this case by means of the following result
of independent interest; its proof uses a method from [9].

Lemma 2.4.The variety |A| can be decomposed into a disjoint union of local analytic varieties (not necessarily
closed) J k , 1 � k � n, such that codimJ k � k and each a ∈ J k has a neighbourhood U in X and k holomorphic
functions ξ1, . . . , ξk ∈ IA,U such that log|ξ | = log|ψ | + O(1) on U for any generators ψ of A on U (in other
words, the local ideal IA,a has analytic spread at most k).

2.2. Analytic discs

A fundamental property of the Green function is that it can be obtained as the lower envelope for the dis
tionalf �→ Gf ∗A(0). If f : D → X is an analytic disc,f (0) = x, then:GA(x) � Gf ∗A(0) = ∑

a∈D
ν̃f ∗A(a) log|a|.

Let Φ : X̂ → X be the desingularization map as above withÂ = Φ∗A an effective divisor. By using the disc fo
mula (1) and the fact thatG

Â
= G̃

Â
, we get:

Theorem 2.5.GA(x) = inf{Gf ∗A(0); f ∈ O(�D,X), x = f (0)}, ∀x ∈ X.

2.3. Product property

Let X1 andX2 be complex manifolds,A1 andA2 be closed complex subspaces ofX1 andX2 respectively,
X = X1 × X2, andA = A1 × A2. Thenx = (x1, x2) �→ max{u1(x1), u2(x2)} ∈ FA for all u1 ∈ FA1 andu2 ∈ FA2,
so we obviously haveGA(x) � max{GA1(x1),GA2(x2)}.

The following is called theproduct property for Green functions; its proof is based on Theorem 2.5 and
modification of the corresponding proofs from [5] and [3].

Theorem 2.6.Let A1 and A2 be closed complex subspaces of complex manifolds X1 and X2, respectively, and let
A be the product of A1 and A2 in X = X1 × X2. Then GA = max{GA1,GA2}.
2.4. Maximality

One of the main properties of the ‘standard’ pluricomplex Green functionGΩ,a is that it satisfies the ho
mogeneous Monge–Ampère equation(ddcGΩ,a)

n = 0, outside its polea; this means thatGΩ,a is a maximal
plurisubharmonic function onΩ \ {a}. We recall that a functionu ∈ PSH(Ω) is calledmaximal in Ω if for any
v ∈ PSH(Ω) the relation{v > u} � Ω implies v � u in Ω . A function u ∈ PSH(Ω) is calledlocally maximal if
each point ofΩ has a neighbourhood whereu is maximal; we do not know if every locally maximal function
maximal (however, this is true for the locally bounded functions).

Lemma 2.4 and the maximality of log|ξ | for a mapξ with less thann components imply:

Theorem 2.7.The function GA is maximal on X\|A| and locally maximal outside a discrete subset of |A| (actually,
outside the set Jn from Lemma 2.4). If A has m < n global generators on X, then GA is maximal on the whole X.
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2.5. Spaces with bounded global generators

If A has bounded global generatorsψ1, . . . ,ψm on X (for example, ifX is a relatively compact domain in
Stein manifoldY andA is the intersection withX of a complex subspaceB of Y ), then the function log|ψ | −
supX log|ψ | ∈ FA. This implies:

Theorem 2.8.If A has bounded global generators ψ1, . . . ,ψm in X, then: (1) GA = log|ψ | + O(1) locally in X;
(2) if X has a strong plurisubharmonic barrier at p ∈ ∂X \ |A|, then GA(x) → 0 as x → p.

If ψi generateIA,a and codima|A| = p, then by the King-Demailly formula ([2], Theorem 6.20),(ddc log|ψ |)p
= Z

p
A +R on a neighbourhoodU of a, whereZp

A = ∑
i mi,p[Ap

i ], Ap
i arep-codimensional components of|A|∩U ,

mi,p ∈ Z
+ is the generic multiplicity ofψ alongA

p
i , andR is a positive closed current such thatχ|A|R = 0 and

codimEc(R) > p for everyc > 0. Hereχ|A| is the characteristic function of the set|A|, Ec(R) = {x: ν(R,x) � c}
andν(R,x) is the Lelong number of the currentR atx.

In view of Siu’s structural formula for closed positive currents and Demailly’s Comparison theorem for L
numbers ([2], Theorem 5.9), we have:

Theorem 2.9.Let A have bounded global generators in X. If codim|A| = p on an open set U , then (ddcGA)p =
Z

p
A + Q on U , where Q is a positive closed current such that χ|A|Q = 0 and codimEc(Q) > p for every c > 0; if

the analytic spread of IA,U equals p, then Q has zero Lelong numbers.

2.6. Reduced spaces

Let A be a reduced complex subspace ofX, so it can be identified with the analytic variety|A|. In this case,
the Green function can be described without referring to the generators. In addition, its maximality proper
global character (compare with Theorem 2.7).

Theorem 2.10.If A is a reduced complex subspace of X with bounded global generators, then: (1) GA(x) =
G̃A(x) = sup{u(x): u ∈ PSH−(X), νu(a) � 1 ∀a ∈ RegA}, ∀x ∈ X; (2) GA is a maximal plurisubharmonic
function on X \ A0, where A0 is the collection of 0-dimensional components of A.

The first statement can be proved by using either the desingularization procedure as above or Lemma
the second follows from Siu’s theorem on analyticity of the upper-level sets for Lelong numbers.
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