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Abstract

The autoregressive process takes an important part in predicting problems leading to decision making. In practice, we use
the least squares method to estimate the parameter of the autoregressive process. In the case of the first order autoregress
process, we know that the least squares estimator converges in probability to the unknown paramétes Note, we show
that the least squares estimator converges almost completebnit so we construct the inequalities of type Bernstein—Frechet
for the coefficient of the first order autoregressive process. Using these inequalities a confidence interval is thenTibtained.
citethisarticle: A. Dahmani, M. Tari, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Inégalités de Bernstein—Fréchet pour le paramétre du processus autoregressif d’ordre 1. Les processus linéaires, en
général et les processus autoregressifs, en particulier jouent un réle important dans la prévision qui est fondamentale dans |
mesure ou elle a la base de I'action. En pratique on utilise la méthode des moindres carrées pour estimer les paramétres d’u
processus autoregressif en minimisant la somme des erreurs au carrées. Dans le cas d'un processus autoregressif d’ordre 1,
sait que I'estimateur des moindres carrées converge en probabilités vers le parametre en@smmicette Note, on montre
gue cet estimateur converge presque complétemeng\etnsous construisons des inégalités de type Bernstein—Fréchet pour le
coefficient du processus autoregressif d'ordre 1. Ces inégalités nous ont permis de construire un intervalle de confiance pour ¢
coefficient.Pour citer cet article: A. Dahmani, M. Tari, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

E-mail addressesa_dahmany@yahoo.fr (A. Dahmani), megtari@yahoo.fr (M. Tari).

1631-073X/$ — see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.12.016



310 A. Dahmani, M. Tari / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 309-314
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Dans ce travail, nous montrons que l'estimateur des moindres carrées converge complétement vers le pa
rametred du processus autoregressif d’'ordre 1 et nous lui construisons comme en [1] des inégalités de type
Bernstein—Fréchet. Ces inégalités nous permettront de construire un intervalle de confiance pour ce parametre.

Soit (2, F, P) un espace probabilisé. Considérons le processus autoregressif strictement stationnaire d’ordre 1
AR(1) défini parY; = &; + 0Y;_1 ou 6 est le paramétre autorégressif. La su#g,; est un bruit blanc fortement
Gaussien. En considérakit_1 comme une variable exogéne, la méthode des moindres carrés ordinaires donne
comme estimateur d&la suite définie par (2).

Nous savons qué, converge en probabilité vers aussi bien dans le cas stable que dans le cas explo-
sif. Par ailleurs, I'expressior/n (6, — ) a une distribution limite normale dans le cas stable et I'expression

J2i_1Yi—1(6, — 6) a une distribution normale dans le cas stable et dans le cas explosif. Nous énongons le
résultat suivant. Pour toutpositif, nous avons

P{V/n|6, — 0] > R} < 2e R/2 y 3n/241gmne, 1)

A partir duquel nous déduisons que la suifg),n définie en (2) converge presque complétement vers le
parameétréd du processus autoregressif d'ordre 1.

Remarque 1. Les inégalités (4) nous permettent de construire un intervalle de confiance pour le paramétre du
processus autoregressif d’ordre 1.

Ainsi, pour R assez grand, par exempke= ,/ne, nous avons linL, o, 2€"¢/2 4 371/2+1e=e — 0 cest
a dire, pour un seuil donng, il existe un entier naturet, pour lequel nous avons > n, = 2eme/2 4
3 /2tlegne Ly Par consequen®{|,, — 0| < e} > 1 — y ce qui veut dire que le paramétre du processus
autoregressif d'ordre 1 appartient a I'intervalle fermé de cefjtye; et de rayore avec une probabilité supérieure
ou égalea t y.

Remarque 2. Dans le cas stable, nous savons que l'estimatgesst asymptotiquement normal de moyefnet
de variancg1 — 62), on peut donc déduire la loi dgn (6, — 0).

1. Introduction

The study of the autoregressive models constitutes one of the fundamental problems posed by the analysis o
the time series in econometrics and statistics [2,4,7,8]. In a general way, the analysis of the autoregressive model
makes it possible to establish controls to facilitate development of the forecasts and to lead to the reduction of
the undesirable fluctuations. The estimation of the unknown parameters in an autoregressive model is generally
done by solving a nonlinear system of Eq. [5]. This method is often heavy and not very precise. We prefer more
general methods of a criteria minimization such as the method of least squares or that by sweeping in the space c
the parameters. Dufour in 1990 built a confidence interval for processél) AR solving two polynomials of the
second degree [3].

Bondarev has obtained in [1] exponential inequalities which have been used to construct a confidence interval
for the unknown paramet@p in the equation

dx
g~ (Ex®)+E0,  x(@=50=0

whereé’ is a Gaussian noise with zero mean and known correlation function.
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In practice, we use the least squares method to estimate the parameter of the autoregressive process. In the ce
of the first order autoregressive process we know that the least squares estimator converges in probability to the
unknown parametef.

In this Note, we show that this estimator converges almost complet@hatal so we construct, as in [1], the
inequalities of type Bernstein—Frechet for the parameter of first order autoregressive process. Theses inequalitie
will allow us to construct a confidence interval for this parameter.

2. Modd and estimator

Let (2, F, P) be the probability space and let us consider the strictly stationary autoregressive process of first
order AR1) defined byY; = &; + 0Y;_1 whered is the autoregressive parameter. The sequénieis a Gaussian
strong noise. Considering_1 as an output variable, the ordinary least squares method gives an estiméator of
which is the sequence defined by
DY (!

Yhe1 Y

We know thatd, converges in probability t6 even in the stable case i < 1 and in the explosive case
(18] = 1). On the other hand, the expressigh(6,, — 6) has a normal limit distribution in the stable case and the

expressior\/Z?=1 Yiz_]_(@n — 6) has a normal distribution in the stable case and in the explosive case.

O )

3. Theorems

We know that if we denotp as a density of = (Y1, Yo, ..., Y,) andpg as adensity of = (§1,&2,...,&,). The
mapY — & = T(Y) is linear and is described by a lower triangular matrix with unit diagonal element, hence of unit
determinant, given that is a bijective application changing the vecgoon the vectoly. Thenp(y) = pe (T (y)).

Using the changing variables theorem, [6], we obtain

n—1 2n—1
0
p(y) = eXp<9 > Vkvka1— > > y;f) : 3)
k=1

k=1

Theorem 3.1. For anyes < % log 3 positive, we have
P{J/nl6, — 0] > R} <2e R/% 4 3-(=5)/4gne (4)

Proof. Firstly, we notice that:
n
1 Y-
6, — 60— 2171 kzlfk.
2i=1Y1
It follows that,
1 SH_LY
k=1 k—lfk
P{J/nl6, — 0] > R} = P{ = s R}.
1y~ Y2
n 2ak=1"1k—-1
As & is symmetrically distributed then, for anypositive, we have

n 2 n 2\ 1
Z z 2 1 z 2
P{J/nl|6, — 60| > R} < 2P TzkE:lYk—lék ~ o k§=1 Yi > ;(RZ - E) k§=1: Yk—l}'
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By virtue of the probability properties, we have for anpositive

2 n

n 2 n
b4 z 2 z 1 2
P{J/n|0, — 0] > R} < ZP{—ﬁ 1?—1 Yi_1& — > k§_1 Yi > (Rz — E)s} +2P!;k§_l Y.< g}. (5)

Let us now bound the first probability of the right-hand side of the latter inequality.
According to the Chernoff inequality, we obtain the following result:

p an:Y g—iiyz ><R —i>e
ﬁ ] k—1Sk 2 L k—1 Z 2
<exp( <Rz Zz>e>E|:exp< ¢ Zn:Yk 18k & Xn:YZ ):| (6)
S - -5 - —15k — 5~ k-1
2 ﬁk:l 2n k=1

whereE design the mathematical expectation.

Using the properties of the conditionals expectatigpsi does not depend on the variables Yo, .. ., ¥;), we
have

B n 2 n
Z Z Z Z
L k=1 k=1

indeed,

E_exp<z ’ZIY £ ZZXn:YZ )_
= k—1Sk — 7 k—1

L ﬁk:l 2n k=1 n

n—1 2 n—1 2
Z Z 2 Z Z 2
=F =N YVi1E—=—) Y E =Y, 1&, — —Y% -
[exp(\m ];1 k—18k > 1;1 kl)] [exp<ﬁ 1€ o Vn 1>|7: 1]
whereF, is theo-algebra generated kg, &, ..., &, and, since

< Z2 2
E exp ﬁyn—lén - ZYY,]_)

the assertion results fromrecurrence.
By virtue of the relations (6) and (7) and taking= R, it follows

pl iY 3 Zzin (R ZZ) <exp< R® ) (8)
K18k — 5= 1> (Rz— S )ep < ——¢).
Nt 2n =" ' 2 2

We will bound now, the second probability of the right-hand side of the expression (5). According to the Cher-
noff inequality, it follows for anyu positive

1)‘1 2 u n 2
P{— Y < <ex Eexpl —— Yo ..
2500 ce] <omunpon( -4 300t

k=1

.7:”_1] =1

In accordance with the properties of the absolute continuity of the measure generéteéby. ., &, in compari-
son with the measure generatediy Y», ..., ¥,, we have

E exp(—% > Yk2_1> = E|:p(<§1, ) exp(—% kaz):|
k=1

k=1
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Substituting the expression (3) in the last relation, we write
u n
E exp(—; ) Ykz_l) [exp(—— Z&) exp(e > ki1 o (92 ) Zskﬂ (9)
k=1
For a suitably chosen such as
n—1 n—1
E EXP</\9 > &1 - <92 ) Z€k> =1 (10)

This choice is always possible, for example, taking)? = 1(6% + m)yoreven, =1 + .- Letp=1+ ¢ and
q =1+ —25. Applying the Holder inequality to the right-hand S|de of (9), we have

n u/(u+m92)
u 2 24
E —— Y, E ——1 6 .
Foru = n, we obtain

k=1
y - n—1 1/(1+6%)
Eexp(—;ZYkz_l> < Eexp(__(92+ 1)Z§k):| .

k=1 k=1
Taking into account the Lyapunov inequality and the stationary of the pragegge have the inequality

B n—1 1/2
E exp(—— > v 1) E exp(— > s,f):| .
k=1

k=1

The following result also holds, sinég andéi2 are independently and identically distributed random variables.

-1 -1 1 +oo
n n n l ) , ) "
Eexp| -y &2, ) =[] Eexn—s2p =] ——= / o322 _ gD/
k=1 k=1 k=1 VT
we have then
l n
p { =¥ v < 8} <3 D4 expne). (11)
n k=1

Considering the relations (8) and (11) together and taking in to account the expression (5) we obtain themesult.

Corallary 3.2. The sequencé),),n defined in(2) converges almost completely to the parameétef the first
order autoregressive process.

Proof. The convergence almost complete follows from the inequalities (4).
Indeed, applying the Cauchy rule on the positive real term sequenosbere the general term is defined by

u, =2e 22° 4 3-(1=9/4g |t follows that} >, P{\/nl6, — 0] > R} < +oc. which yields the result. O

Remark 1. The inequalities (4) give us the possibility to construct a confidence interval for the parameter of the
first order autoregressive process.

For large R, such asR = &./n, it follows liM,_ 4o 26725 + 3-=5/4gte — 0 which means, for a given
level y, we can found a natural integey such thatyn > n,, we have 2e%¢° + 3-("=5/4¢" < 5, Consequently,
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P{|0,, — 0] <&} > 1—y, which means that the parameter of the first order autoregressive process belongs to the
inclusive interval of centré,,, and radiug with a probability greater or equal to-1y .

Remark 2. In the stable case, it is well known that the estimatpis asymptotically normal with meaf and
variance(1 — #?), this statement allows us to deduce the law/6i(6, — 0).
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