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Abstract
We compute the fundamental group of an algebraic Mokcite thisarticle: O. Neto, P.C. Silva, C. R. Acad. Sci. Paris, Ser. |

340 (2005).
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Résumé
Le groupe fondamental d’un entrelacs algébriqueOn calcule le groupe fondamental d’'un entrelacs algébrigow. citer

cet article: O. Neto, P.C. Silva, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Soit Y un germe d’une courbe plane en un pairgt Y;, 1< d < r, ses composantes irréductibles. On choisit
un systeme local de coordonnéesy) dans un polydisque ouvekt centré erv tel que le cone tangent désoit
transversal §x = 0}. Soity =), a4 x° le développement de Puiseux Hg, ole € Q, ¢ > 0, etay . € C. On
va associer & un arbreZy dont I'ensemble des sommets est nbté On utilise la terminologie généalogique.
Etant donnés X d, e < r ete un nombre rationnel non négatif, on identifi& ¢) avec(e, ) siaq., = a.., pour
veQet0< v e Ondit que (une classéd, ) est unsommet de Zy avec un exposant ¢ si e =0 ou Sie est
un exposant caractéristique de Puiseuxgeu s'il existee # d tel queay s = a. s POUrd < € etag s # dee. ON
appellep = (d, 0) laracinede Ey. On dit quew = (d, §) est urfilsdev = (d, &) (w > v) Si§ > ¢ avecs minimal.

On dit que(d, ¢) est unetige si as = 0. On associe a chaque sommet (d, ) € Vy, non terminal, la branche
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Y,={y=)>,_saavx"} 00w = (d, ) est un fils quelconque de Siv est terminal on lui associe la branche
Y, =Y,. Etant donné 6< n « 1 soitK, =Y, N ({x: |x| = n} x C) le nceud de,,.

Lemme 0.1.0n peut trouver n > O et des voisinages fermés N, de K,, v € Vy, telsque N,, C int(N, \ K,) s
v<weN,NNy=0svLwetw<Lv.

On dit que le systéme de voisinag@é,) vérifiant les conditions ci-dessus est systéme torique pour Y. On
appelleméridien standard et paralléle standard de N, une paire de courbes, et 8, suradN, telles quew,, B,
soient homéomorphies &, a, ~ 0, B, ~ K, dansHi(Ny), £(cy, Ky) = 1 etl(B,, K,) = 0. Ici £(-, -) désigne
le nombre d’entrelacements dans une sphehermologie de dimension trois convenable.vStst non terminal
on dénote pavs, ..., vp, les fils dev qui ne sont pas degges, convenablement ordonnés. Ils existent des entiers
positifs ., etv,, premiers entre eux, tels qug, ~ uyoy + vy By dansHy(N, \ K,). Les valeurs de:, et dev,
correspondent, respectivement, a la multiplicitéigrsection et «l'indice de ramification» dg et Y,,. Soient
ry, sy des nombres entiers tels guge, = s, vy + 1.

Théoréeme 0.2. Pour chaque germe de courbe plane Y, le groupe fondamental local de Y est presenté par les
genérateurs oy, By, v € Vy, et lesrelations By = 1, [ay, Bv] = 1 pour tous v, (1)—(3)et (4).

Exemple 1.Soientp = p/q > 3/2 un nombre rationnel tel que pggd g) =1 etr,s € Z: rp =sq + 1. Soienty
une courbe plane ét1, Y101, Yo1 S€S composantes irréductibles données, respectivement, par les développements
de Puisewy = x%/2 4+ x7/4, y = x3/2 4 x52 et y = x». On représente les sommetsdg qui correspondent & des
tiges par des cercles blancs et les restant par des cercles noirs.
Avec les notations évidentes oreg =0, g = €1 = 3/2, e11 = e10= 7/4, €100 =5/2, co1 = p, (Ug, Vg) =
3,2), (1o, vo) = (p,q), (n1,v1) = (13,2) et (u1.0,v1.0) = (8,1). Par le Théoreme 0.2 le groupe fondamental
local deY est presenteé par,, 8, v € {¢,1,0,11, 10,01, 101}, vérifiant les relationgy = 1, [ary, Bu] = 1 pour
tousv, et les relations associées a chague sommet non terminal de Byliedessous :

¢ gy Bi=0af pr=a3 B, agag By = ao Po 1

0: of By =all fou. (aored B = (@] Y. 0 g
1 ap®pf=afBru=aigpl, w10 pr=adBio, ¢
10: o8 p10=aly; P01 1010 fro= oy P1o. o o1

1. Introduction and definitions

In this Note we generalize the results of Zariski, Kashiwara and Lé [8,3,4] on the computation of the local
fundamental group of a plane curve. Ausina’s algorithm [1] works in a more general framework but in order to
generalize the results of [7] (see also [6]) we need a closed form presentation of the local fundamental group. Our
computation of the fundamental group relies on a treéairto Eggers’s tree and on a decomposition that is related
with the minimal Waldhausen decomposition of the 3-sphere adapted to the link of the curve (see [9]).

Throughout this Note we sitl use Deligne’s convention on the composition of paths, i.exgiywe move along
B in the first place. LeZ be a rooted tree with rogt. We say that a vertex is achild of a vertexv (w > v) if w
is connected te@ by an edge and the path that connect® ¢ containsv. We will use freely the usual genealogical
terminology. We define an order in the 3&0f vertices ofZ settingo(¢) = 0 ando(w) = o(v) + 1 if w > v. We
choose at most a child of each verteand call it ashaft of v. We call the numbeb, of children ofv that are not
shafts, thedifurcationindex at v.

Consider a gerny at some poinb of a plane curve with irreducible componeiits 1< d < r. We choose a
system of local coordinatés, y) on an open polydis& centered ab such that the tangent cone¥is transversal
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to {x =0}. Lety =), aq.x° be a Puiseux expansion &f,, wheree € Q, ¢ > 0, anday . € C. We can assume
thatay s = a. s forall § < e if ngs ay sx® and ZKSae,gx‘S parametrize the same curve. Let us associafé to
a treeZy with set of verticey. If 1 <d, e <r ande is a honnegative rational number, we identify; ¢) and
(e,e)if agy=ae, forveQ,0< v <e. We say that (a classy, ¢) is avertex of Zy with exponent ¢ if ¢ =0 or
¢ is a characteristic Puiseux exponentgfor there ise # d such thatyy s = a, s if § < ¢ anday ¢ # a. .. We call
(d, 0) theroot of Zy. We say that a vertew = (d, §) is adescendent of a vertexv = (d, ) (w > v) if ¢ < 5. We
say that a vertexd, ¢) is ashaft if a; . = 0. By constructiorb, > 1 for all v nonterminal.

For eachv = (d, ¢) € Vy let Y, be the irreducible branch given by the Puiseux expangiend, (x), where
Dy(x) =3, _saa,vx", if vis nonterminal with a childv = (d, §) and®, =3~ aq,vx" otherwise.

For R > 0 let X, be the boundary of the polydid¢x, y) € C2% |x| <7, |y] < R}. Given 0< 5 <« 1 let
K, =K, , =Y, N X, be the knot of the branch,. SetN, =N, , -, = {(x, y): [x| =n, |y — @, (x)| < ¢y}, Where
0 < ¢, <« 1. The following lemma can be easily checked.

Lemma 1.1.There are n > 0 and closed neighborhoods N, of K,, v € Vy, such that K, is a deformation retract
of Ny, Ny Cint(N, \ Ky) ifvcwand NyN Ny, =0 ifvKwandw K v.

We fix a family (V,),, wherev runs over the set of vertices @fy, in the conditions of the previous lemma and
call it atoric systemfor Y. We setL,, = {5} x CandN, , =N, N L,.

Let us associate to each vertexa pointz, € 9N, , and define paths connecting these points. Fix sggne
9Ny ,. Let v be a nonterminal vertex aEy to which it was associated, € dN, ,. Let D, be the connected
component ofv, , that containg,. Let ¢, be the center oD, . Givenz € Dy, z # ¢y, letr(z) be the radius of the
disc D, passing through. Givenz, 7’ € D, z # z/, we say that <, 7’ if z belongs to the line segmeft,, z'] or
r(z') is placed to the right of (z), when we move along the boundaryf in the anticlockwise direction starting
from z,. We order the connected componentsg|of,,. , M) N D, accordingly to the ordeof the corresponding
centers. For eactv > v denote byD,, the first connect component &f, N N,,. If w is [not] a shaft let,, be the
point of 3 D,, whose distance te, [dD,] is minimum. Lett, , be the path that starts a, moves alond D,
in the anticlockwise dection until it reaches(z,,) and then moves inwards alotigjs radius until it reaches,
or a point of the boundary of some other disc. In this later case we move along this boundary in the clockwise
direction until we reach again(z,,). In general, ifv < w we takevs, ..., v, Sttv=v1 <--- <v, =w and we
Setty,» = Ty,,u,_1 " Tug,wy- 1he unionB of all the paths,, , is simply connected and is called thase set.

We callstandard meridian andstandard parallel of N, a pair of positively oriented simple closed curegsand
By defined oven N, with base point,, such that,, 8, are homeomorphic t61, o, ~ 0, By ~ Ky in H1(Ny),

L(ay, Ky) =1 andé(B,, K,) = 0. Herel(-, -) denotes the linking number in the oriented homology 3-sphgre

It is well known that the standard meridian and the standard parallel are unique up to isotopy. In the sequel we still
denote by, 8, the standard meridian and the standard parallélgf, with ‘base point'B. If v is honterminal,

let vy, ..., vp, be the children ob that are not shafts s.D,, <, --- <, Dy, . There are positive integers,, v,

with gcd(iey, vy) = 1 S.t. Ky, ~ oy + vy By in H1(Ny \ K,) for all i. Notice thatu, andv, equal, respectively,

the intersection multiplicity and the ‘ramification index’ & andY,, (cf. [4]). Let r,, s, be integers such that

Fyfby = Syvy + 1.

Theorem 1.2.For each germ of plane curve Y, thelocal fundamental group of Y, 71(X \ Y, B) is presented by the
generatorsa,, By, v vertex of Zy, therelations 84 = 1, [y, Bu] =1 for all v and

a M By, =B, if w > v and w is not a shaft, 1)
ol By =alv By, ifw>vandw isashaft, )
(0tyy -+~ oty 03" BI0) = (af? B)™, v nonterminal without shaft, 3)

Oty -+ oy, 03 By =S Bl v nonterminal with shaft vo. (4)



144 O. Neto, P.C. Slva/ C. R. Acad. ci. Paris, Ser. | 340 (2005) 141-146

2. Proof of Theorem 1.2

In order to prove Theorem 1.2 consider a toric systemfptnN,),, v € Vy. The groupr1(X \ Y, B) is the
quotient ofr1(Ng \ U,, int Ny, B) by the normal subgroup generatedgyy wherew runs over the set of terminal
vertices ofZy. A convenient decomposition @, \ |,, int N, and an induction argument using van Kampen’s
theorem, reduces the computationmafi Ny \ J,, intN,,, B) to the computation ofry (N, \ Uysy iNtNy, zy),
wherev runs over the set of nonterminal vertices Bf. More precisely, ifv is a nonterminal vertex oEy
with [ children that are not shafts;, ..., v;, and a child that is a shatfi, it is enough to show that( N, \
Ul_oint Ny, z,) is presented by, , By, ay;, By, i =0,..., 1, St

(a) [ay, Bu]l = [avm ,Bvo] == [av/’ ,BU/] =1
(b) oy, - avlaﬁﬁg = otb v (@ beZstapu, =bv +1),
(©) av' By = iy Bug = UUMU,Bvl =y By

The case where does not have child that is a shaft, reduces to the previous one by adding the rela-
tion oy, = 1 and by eliminating the generatgt,, from the defining relations. Actually, we haue,, =
(ay” :u)a(avl COy b,Ba) v andﬂvo (ay” 111)U)_h(av1 : "Olu,afﬂff)””-

Let Y” be the curve with irreducible components given by the Puiseux expapsion . o+ a; .x°. Here
ad =ay . if (d,¢) is avertex ofZy andad = 0 otherwise. We can repladeby Y’.

Letv = (d, ¢) be a nonterminal vertex cﬂy with [ nonshaft childrenny, ..., v; and a child that is a shaff.
Setn = v, and setp = o(v). We can rewrite the Puiseux expansion of the brahpas

p p
y = Zbl.xml/nl-‘r"'-i-mi/(nl'””i) — Z by xMi/(ny-ni) (5)
i=1 i=1
wherem;,n;,i =1,..., p, are nonnegative integers such that=0if 5, =0,n; = 1 if m; =0 and gcdm;, n;) =
1if m; # 0. Since we are interested in studying the topologywef Ufzointh[ we can assume that # 0 for
i=1...,p.Setly=miandl;=m;+njn;_1£; 1 for j=2,..., p+1.By|[2], Proposition 1A.1 (see also [4])
Vu = Ro@u)+1 anduy, = £ouy+1 foru < v andu =v.
Foreachj =0,...,/, ¥,; admits a Puiseux expansion of the form

y= Xp:bixﬁli/(nlmni) + ij’ﬁp-%—l/(”l'””pnp-%—l)’
i=1
with co = 0. SetD? ={z € C: |z]| < 1} and St = 0D Setg, (1) = guo(1) = Y1, bi t™"+17"r andg, (1) =
@u(t"PH1) + ¢t j =1, ..., 1. Setij =n¥ @17 > 0. Consider O< ¢ « ¢ < 1. We have parametrizations
of Ny, andN,;, j =0,...,1, defined by, (z, 2) = (n1"17"7, @y, (7jt) + £2), Yoo (1, 2) = (N 1"F7"P, oy (111) + ¢z)
andyn, (1,2) = (nt""r+1, g, (7Y/"+11) 4+ ¢ 2), for j =1,..., 1, respectively. Here e S* andz € D?.

Let ’”3@%; — €2, be the ramification defined by(¥, ) = (¥"""», § + ¢,(%)). Let Z be the curve de-
fined by [T;_o(3"7+ — ¢;&7r+1) = 0. We have the trivial knot& = Ko = {7 = 0} N ¥; and torus knots
of typeN(ﬁfipHN, npi1), Kj = (3"l — c; X"t =0} N X, { =1...,1. The cgrresponding EubuIa}r neighbor-
hoodsN andnN;, j=0,...,1, parametrized respectively, Byr, z) = (7t,$ 2), Yo(t,2) = (1t,$2), ¥(t,2) =
(it ¢ n’"v+1/"v+1t”’v+1 +2), j =1, define a toric system fof, wherer € S andz € D?.

Sincey, =r o ¥ and Yy, =ro0 ij, r:N S N defines an homeomorphism that mem,s onto N; for all ;.
Thereforer, :r1 (N \ Ul _oiNtN},2) = m1(Ny \ Ul _ointNy;.z), wherez AN s.t.r(3) = z,. Leta, B be,

respectively, the standard meridian and the standard paraNeIloéta Iz Bi ; be, respectively, the standard meridian
and the standard parallel of;, j=0,...,1
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Lemma 2.1.We have r, (@) = ay, r+(B) = au”"" """ By, r(Bo) = vt """ Bugy 14(@)) =y, j =0, ..., 1 and
re (’gj) — a£§p+1—mp+1)np+1ﬂvj for j > 1.

Proof. Clearlyr.(a) = o, andr.(&;) = ay; forall j. By definition,fj ~ M py10 +np+1,3 in H1(1\7 \ I?), j=1.
There ares, t € Z s.t. r*(Ej) ~ M py1rs (@) + np+1r*(/§) =M py100y +npp1(say +1By), j = 1. Sincer*(l?j) =
Ky, ~Lpi1ay +npi1fy, We gett =1 andl, 1 =npias +mpy1. SiNCeLp 11 =mpi1+ Lpnpnpi1 andii, 1 =
Mpi1+ npyafiy, s =npl, — ii,. The relationr,(fo) = afgnp_:""ﬂvo is proved in the same way. Now |6
be the loop ofoN;, j =1,...,/, obtained by moving the knaX'; directly away fromK. We can parametrize
& by ¥ (t, c;imrei/mraapiiort) wheret € S Sinceyr,, =r o ¥, the loopoy, = r.(5) is parametrized by
Yo, (1, cjipH/peippit)  Sinceg,, = @y (1"7+1) + ¢;t"r+1, oy, is the loop obtained by moving the kndt,;
directly away fromk,. By the proof of Propdtion 1A.1 of [2],5; ~&; """ ; anda,; ~ anilas By, Thus

J
2 Lp+1—mpr1)npi1 .
r*(ﬂj)=avjl+ " ]+ﬂv_/1]>1- O

By the previous lemma in order to prove Theorem 1.2 it is enough to showrtliat, \ Ufzointhi, Zy) IS
generated by, 8,c;, 8;, j =0, ..., [, verifying relations (a), (b) and (c), when= ¢.

Let Y be the curve with irreducible componeriig, 0 < d </, whereY,; admits the Puiseux expansign=
bax™/™, 0< d <1, with bg = 0. Sete(t) = exp(27+/—1¢). We can assume thal = e((d — 1)/(nl)) for d =
1,....I.LetN =Ny, andNgy=N, , :,d=0,....1, beatoric system for.

We have a parametrization a¥ \ intNg given by X(z,s,0) = (nent), (¢(1 — s) + ¢s)el + mt —
1/(2nl))), t,s,0 €[0,1]. SetT =Ty, ,.; = X ([0, 11> x {j/(nl): j =0, ...,nl—1}). We callT aturbinewith shaft
of type (m, n, [). The turbineT is a retract by deformation a¥ \ Uéz:o intNy. Taker,s e Zs.t.re{0,...,n—1}
andm =sn +r. For j € Z sety;(t) = X(0,0,¢j/(nl)), y;(t) = X(0,1,¢j/(nl)) and§;(t) = X(0,¢, j/(nl)),
t € [0, 1]. Take (the homotopy classes of) the loops with base poiatX (0, 0, 0), a = y,y, ag = 851 a1 60 and
aj =y 38 717 T8,y for j=1,....nl. Let B [Bo] be the loop parametrized by (z,0,0) [X(z,1,0)],
t € [0,1]. Clearly o, p are the standard generatorsa¥, «g, fo are the standard generatorsa¥o, ando;,
Jj=1,...,1 are the standard meridians @V ;. Then! ‘blades’ of turbineT retract by deformation into the tra-
jectories ofw; (1) = X(¢t/n,1/2, j/(nl) +t(s +r/n)),t €[0,1], j=0,...,nl - 1. SetSj(t) =X(0,t/2, j/(nl)),
t €[0,1], andg; = Vj_—11+r1 8].‘_11+r, wj-18;-1yj-1, forall j.

Setdy=ar1az ---ag if0 Sdénl—landse@dzaamja’ ifd=1tnl+ jwithO<j<nl—1.

Lemma 2.2.The group 71(Tm n.1, z) iS presented by the generators o, ag, . . ., a1, B, Bo and the relations

(&) [a, Bl =0, Pol =1,
(b1) a=ap- o,
(c1) o’ B =061 ,05B00a, d € Z.

Proof. Let T’ be the union off" \ 3 Ng with the trajectory otxg. Let T” be the union of \ N with the trajectory
ofa.Lete:T'NT" — T',y:T'NT" — T” be the inclusion maps. Remark tttretracts by deformation into

the union ofd N with the trajectories of;, 1 < d < nl, T” retracts by deformation into the union ®¥y with the
trajectories ofxy, 1< d <nl, T' N T" retracts by deformation into the connected graph that is the union of the
trajectories ofx;'s and theg;'s, 1 < d < nl. Hence the fundamental group Bf N T” is the free group generated

by a0, aq. &4, 1< d < nl,

(T =, B, a0, ..., o o, B1=1, a =g+ aty),
m1(T") = (o, B. @0, - . .. ctni, Bo: [0, fol =1, @ =0+ - - atuy),
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Oba =o' B,  Ynka=0,7, 1edfoba-1. d=1.....(n—r), (6)

puba =B YEa =071 et Boba1, d=(m—ni+1,....nl ©)
By van Kampen'’s theorern1 (T, 1.1, z) iS generated by, ao, . . ., oy, B, Bo With relations (a), (b1),

o’ B =0 aobo =" =0, 05B0Bu—ry-1. (8)

o B =05y BoOn—ry =+ =0, 0§ T o1 9)

Sincea 10, a0 =6, (8) and (9) are equivalenttoc O
Ford=1,...,1setoq =E&s+m—1)ri - - - Ea+r1&a. By the proof of Proposition 1A.1 of [2] the standard parallel of

ON;,Bj,j=1...,1,is homotopictaxj_"maj. Hence it is enough to prove the following lemma.

Lemma 2.3.71(Tn.n.1, 2) iSQenerated by o, B, ao, fo, @a, 04, d =1, ..., 1, verifying the relations

(@) [a, Bl =lao, Pol =lag,041=1,d=1,...,1,
(b2) a1y = (@5 B8) (@? )L, witha, b € Z such that am = bn + 1,
(€2) ou=oay By =a"p",d=1,...,1.

Proof. Sinced; =a1---«a;, j=0,...,nl, m1(Tmu i, 2) is generated bw, B, ag, Po, 01, . . ., On—1 With relations
(a1) and (). Iteratings times the relation (9 one getsy; = (asﬂo)_t9j+tr[(asﬂ)t. Sincem =sn +r, 0; =
(apBo) g Oja" (@’ B)" = (0581,36')_19j (a™pB™), for j € Z. Taking into account the definition of tleg’s and rela-
tions (6), (7), we have that; = o™ 8", d =1, ..., nl, commutes withy;, j =1, ..., nl. Sincear = (b —as)n+1
ando; 411 p-asym = o’ 0 116"7%, 0; = (afBE)T20;11(a” BY) andOy = (e BE) 0, (™ B")* = ;. Hence
71 (Tu.n1, z) 1S generated by, 8, «o, o, 01, . . ., 6; and verifies relations (3, (bz) and ().

Conversely, let us recover relationg (tand (q). Set6; = a1---ag, 0< d <1 and setfyyy = (ozgﬂg)’ X
04@b B, 1 € Z. By (2) and (@) Oy = (@§B8)"6a(a’ )" = clag baa o, = ag 6o and Oy =
(@5 B8 0a(@b B ™ = 0L By (¢’ B L0 " = B’ B)~L. Moreover, we can replace thg's by
thea;’s. O
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