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Abstract

Let A C B be an extension of commutative rings with identiXyan analytic indeterminate ové®, andR := A + X B[[X]],
the subring of the formal power series riBf[ X ]], consisting of the series with constant termgiirin this Note we study when
the ring R is Noetherian. We prove thad is Noetherian if and only ifA is Noetherian and is a finitely generated-module.
To citethisarticle: S. Hizem, A. Benhissi, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Quand A + X B[[X]] est-il noethérien ? SoientA C B une extension d’'anneaux commutatifs unitaidésine indeterminée
surB, etR := A+ X B[[X]], le sous-anneau de I'anneau des séries formsllgx]], formé par les séries dont le terme constant
est dansA. Nous donnons une coitidn nécessaire et suffisante pour que I'ann®a&pit noethérien. Nous démontrons gRie
est noethérien si et seulementisést noethérien &t est unA module de type finiPour citer cet article: S. Hizem, A. Benhissi,
C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Let A C B be an extension of commutative rings with identXyan analytic indeterminate ové, andR :=
A + X B[[X]], the subring of the formal power series riBj[ X]], consisting of the series with constant terms
in A. This construction has been studied by many authors and has proven to be useful in constructing interesting
examples and counterexamples. See for instance [1-3].

Lemma 1. R with the X B[[ X]]-adictopology is the completion of + X B[ X] with the X B[ X ]-adictopology.

Proof. Sincel = XB[[X]]is an ideal ofR and(),.x I" = (0), R is a Hausdorff space with thieadic topology.
SinceXB[[X]1N (A + XB[X]) = XB[X], the X B[[ X]]-adic topology orR induces theX B[ X]-adic topology on
A+ XB[X].
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Let f = Y "Sa;X' € R and for any integek > 0, g« = >\_qa; X' € A + XB[X]. Then f — gx =
S i1aiXt € XMHIBI[X]], SO f = limi— 400 gk- Conversely, letgy) be a Cauchy sequence 4+ X B[X] for
the X B[ X]-adic topology an@ = go+ (g1 —go) + (g2—g1) +--- € A+ X B[[X]]. Since for any € N, there exists
ko € N such that for ang > ko, gi+1 — gk € (XB[[X]1]), theng — gx € (XB[[X]])! andg = lim;_ 400 gx. O

Lemma 2. An ideal of R containingX B[[X]] is of typel 4+ X B[[X]] for some ideall of A.

Proof. Let J an ideal ofR containingX B[[X]] andI = { f(0), feJh Then! is an ideal ofA andJ cl+
XB[[X]]. Conversely, letz € I. Then there existy = Y "5 a; X' € J suchthat =ag= f — > a; X € J,
sinceZlf;"f a; X' € XB[[X]] € J.Sol C J andthen/ + XB[[X]]CJ. O

Lemma 3. Assume thaB is a finitely generatedi-module andp a finitely generated ideal of. Then the ideal
P = p+ XB[[X]] of A + XB[[X]] is finitely generated.

Proof. Let b1, ..., by generators of thel-moduleB andaz, ..., a, in A such thatp =a1A + --- + a,A. Then
BI[X]] = b1A[[X]] + - + bsA[X]], and p + X B[[X]] = a1A + - -+ + an A + b1 X A[[X]] + - - - + by X A[[X]].
SinceA[[X]] € R we havep + XB[[X]] = (a1, ...,an,b1X,...,bsX)r. O

Theorem 4. Let A C B be commutative rings with identity, then the riRg= A + X B[[X]] is Noetherian if and
only if A is Noetherian and is a finitely generatedi-module.

Proof. If R is Noetherian, then so is the ring/ X B[[X]] >~ A. On the other hand, the ide&lB[[X]] of R is
finitely generated. Lef, ..., f, in B[[X]] suchthatX B[[X]]= XfiR+---+ Xf, R, thenB[[X]] = fiR+---+
fmRandB = f1(0)A+---+ f,(0)A. So B is a finitely generated-module. Conversely, let be a Noetherian
ring andB a finitely generated-module. IfR is not Noetherian, then (by Zorn’s lemma) there exists an iéeafl
R, maximal among the ideals & which are not finitely generated. In fact, [Etbe the set of all ideals which are
not finitely generated irR. Order X' by inclusion; X is not empty, sinceR is not Noetherian. Leta,) be a chain
of ideals inX. Leta = |, as. Thena is an ideal ofR anda is not finitely generated. Hence by Zorn's lemma
X has a maximal elemert. By Lemmas 2 and 3X B[[X]] gz P. SinceB is afinitely generated -module, then
we can choosés, ..., b; € B such thatB = b1A + --- + byA, SO XB[[X]] = b1 XA[[X]] + --- + by X A[[X]].
SinceXB[[X]] € P, then there exist, 1< ip < s, such that;oX ¢ P. We can suppose thai X ¢ P. Hence
P C P+ Xb1R. Therefore,P + b1XR is finitely generated. So, there exists= (f1,..., fu) € P a finitely
generated ideal oR such thatP + b1 XR = J + b1 XR. We claim thatP = J + P N b1 X R. Indeed,J C P and
PNb1XR C P,soJ+PNb1XR C P.Conversely, leff € P, thenf € J+b1XR, sothere existg € J, andh € R
suchthatf = g+b1Xh, sob1Xh= f—g e Pandb1Xh € PNb1XR. Moreover,P = J + (P : b1 X R)b1 X R with
P:b1XR={f €R; fb1XR C P}. Indeed,(P : b1XR)b1XR C P, soJ + (P : b1XR)b1XR C P. Conversely,
it suffices to prove thaP N H1XR C (P : b1XR)b1XR. Let f € P N b1XR, then there existg € R such that
f =b1Xg, s0b1X € b1XR andg € (P : b1 X R), which implies thatf € (P : b1XR)b1 X R. Moreover, P C
P:b1XR. If P C P:b1XR then, by maximality ofP, P : b1XR is finitely generated and s8 = J + (P :
b1XR)b1X R is also finitely generated which is impossible. So we have the equalityP : b1 X R which implies
P =J + b1 XP. We deduce then that = J. In fact, forg € P, we construct by induction oh e N*, a sequence
(gk)ken+ Of elements of/ such that for ank € N*, g = > st ; f; with forany 1<i <n, s € (b1X)* 1R
andg — g1 —--- — gr € (b1X)*P. Fork =1, we haveg € P = J + b1 X P, so there existg1 € J such that
g —81€ (b1X)P. Letsy; € R for 1 <i <n, be such thagy =) /_;s1,fi. Assume by induction ot, that
g1, ..., gk are constructed. Singe— g1 — - - - — g € (b1X)¥P = (b1 X)¥[J + b1 X P], then there existg’ € J such
thatg — g1 — -+ — gk — (b1 X)*g’ € (b1 X)**1P. Lets; € R, for 1 <i < n be such thay’ = Y7, s; f; and take
gir1 = (b1X)*¢" =37y X*bls; f; andsi1i = i X s € (b1X)*R. Theng — g1 — - — gx — grv1 € (b1 X)FTLP.
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Since Z’ijsj,i — Z’J‘.zlsj,i = ste1i € (b1X)FR C (XB[[X]), then, for any 1< i < n, the sequence
(Z]j(-:lsj',[)k is a Cauchy one for theXB[[X]]-adic topology. Let, by Lemma,lfor 1 <i < n, s; =
limy ZI;-:lSj,i eRandg =37 ;sifi. Theng =¢’. Indeed, form e Nandk >m, g — g’ = (g — Zl;zlgj) +
(k18 — &), with g — Y% 5 € (b1X)* P € (XBIIXID* € (XBIXI)" and Y X_ ¢ —¢' =35 _ ¢/ -
Yoiasifi = Z?zlf,'(zlj‘-zlsjj — ;) € (XB[[X]])™ for any k > ko, for some integekg > m. Sog — g’ €
(XB[[X])™, for any m € N, which implies thatg — ¢’ € ),y (X BI[X]))"™ = (0), sog = g’ € J. And thus
P = J, which is impossible. O

meN

Example 1. Let K C L be an extension of fields, thefi + X L[[X]] is Noetherian if and only ifL : K] is finite.
For exampleR + XC[[X]] is Noetherian buf) + XR[[X]] is not.

Remark 1. Let A ¢ B be an extension of integral domains, then the donkaia A + X B[[X]] is never principal
(in fact it can never be an UFD). To see this, observe that the elekh@nirreducible but not prime. In fact, let
f=Y1"%aX andg =Y";"% b; X' € R suchthatfg = X. Thenaoho = 0, for exampleig = 0 andagh1 +a1bo =
1, thereforea1bg = 1, which implies thatg is a unit in R. On the other hand, the ide&l - (A + XB[[X]]) =
AX + X?B[[X]] is not prime, because #f € B\ A, thenX - (A + X B[[X]]) contains(bX)? but notb X.
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