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Abstract

Let A ⊆ B be an extension of commutative rings with identity,X an analytic indeterminate overB, andR := A + XB[[X]],
the subring of the formal power series ringB[[X]], consisting of the series with constant terms inA. In this Note we study when
the ringR is Noetherian. We prove thatR is Noetherian if and only ifA is Noetherian andB is a finitely generatedA-module.
To cite this article: S. Hizem, A. Benhissi, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Quand A+XB[[X]] est-il noethérien ? SoientA ⊆ B une extension d’anneaux commutatifs unitaires,X une indeterminée
surB, etR := A+XB[[X]], le sous-anneau de l’anneau des séries formellesB[[X]], formé par les séries dont le terme const
est dansA. Nous donnons une condition nécessaire et suffisante pour que l’anneauR soit noethérien. Nous démontrons queR

est noethérien si et seulement siA est noethérien etB est unA module de type fini.Pour citer cet article : S. Hizem, A. Benhissi,
C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Let A ⊆ B be an extension of commutative rings with identity,X an analytic indeterminate overB, andR :=
A + XB[[X]], the subring of the formal power series ringB[[X]], consisting of the series with constant ter
in A. This construction has been studied by many authors and has proven to be useful in constructing in
examples and counterexamples. See for instance [1–3].

Lemma 1. R with theXB[[X]]-adictopology is the completion ofA + XB[X] with theXB[X]-adictopology.

Proof. SinceI = XB[[X]] is an ideal ofR and
⋂

n∈N
In = (0), R is a Hausdorff space with theI -adic topology.

SinceXB[[X]] ∩ (A+XB[X]) = XB[X], theXB[[X]]-adic topology onR induces theXB[X]-adic topology on
A + XB[X].
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Let f = ∑+∞
i=0 aiX

i ∈ R and for any integerk � 0, gk = ∑k
i=0 aiX

i ∈ A + XB[X]. Then f − gk =
∑+∞

i=k+1 aiX
i ∈ Xk+1B[[X]], sof = limk→+∞ gk. Conversely, let(gk)k be a Cauchy sequence ofA + XB[X] for

theXB[X]-adic topology andg = g0+(g1−g0)+(g2−g1)+· · · ∈ A+XB[[X]]. Since for anyl ∈ N, there exists
k0 ∈ N such that for anyk � k0, gk+1 − gk ∈ (XB[[X]])l, theng − gk ∈ (XB[[X]])l andg = limk→+∞ gk. �
Lemma 2. An ideal ofR containingXB[[X]] is of typeI + XB[[X]] for some idealI of A.

Proof. Let J an ideal ofR containingXB[[X]] andI = {f (0), f ∈ J }. ThenI is an ideal ofA andJ ⊆ I +
XB[[X]]. Conversely, leta ∈ I. Then there existsf = ∑+∞

i=0 aiX
i ∈ J such thata = a0 = f − ∑+∞

i=1 aiX
i ∈ J,

since
∑+∞

i=1 aiX
i ∈ XB[[X]] ⊆ J. SoI ⊆ J and thenI + XB[[X]] ⊆ J. �

Lemma 3. Assume thatB is a finitely generatedA-module andp a finitely generated ideal ofA. Then the idea
P = p + XB[[X]] of A + XB[[X]] is finitely generated.

Proof. Let b1, . . . , bs generators of theA-moduleB anda1, . . . , an in A such thatp = a1A + · · · + anA. Then
B[[X]] = b1A[[X]] + · · · + bsA[[X]], andp + XB[[X]] = a1A + · · · + anA + b1XA[[X]] + · · · + bsXA[[X]].
SinceA[[X]] ⊆ R we havep + XB[[X]] = (a1, . . . , an, b1X, . . . , bsX)R. �
Theorem 4. Let A ⊆ B be commutative rings with identity, then the ringR = A + XB[[X]] is Noetherian if and
only if A is Noetherian andB is a finitely generatedA-module.

Proof. If R is Noetherian, then so is the ringR/XB[[X]] � A. On the other hand, the idealXB[[X]] of R is
finitely generated. Letf1, . . . , fn in B[[X]] such thatXB[[X]] = Xf1R +· · ·+XfnR, thenB[[X]] = f1R +· · ·+
fnR andB = f1(0)A + · · · + fn(0)A. SoB is a finitely generatedA-module. Conversely, letA be a Noetherian
ring andB a finitely generatedA-module. IfR is not Noetherian, then (by Zorn’s lemma) there exists an idealP of
R, maximal among the ideals ofR which are not finitely generated. In fact, letΣ be the set of all ideals which ar
not finitely generated inR. OrderΣ by inclusion;Σ is not empty, sinceR is not Noetherian. Let(aα) be a chain
of ideals inΣ . Let a = ⋃

α aα. Thena is an ideal ofR anda is not finitely generated. Hence by Zorn’s lemm
Σ has a maximal elementP. By Lemmas 2 and 3, XB[[X]] � P. SinceB is a finitely generatedA-module, then
we can chooseb1, . . . , bs ∈ B such thatB = b1A + · · · + bsA, so XB[[X]] = b1XA[[X]] + · · · + bsXA[[X]].
SinceXB[[X]] � P, then there existsi0, 1� i0 � s, such thatbi0X /∈ P. We can suppose thatb1X /∈ P. Hence
P ⊂ P + Xb1R. Therefore,P + b1XR is finitely generated. So, there existsJ = 〈f1, . . . , fn〉 ⊆ P a finitely
generated ideal ofR such thatP + b1XR = J + b1XR. We claim thatP = J + P ∩ b1XR. Indeed,J ⊆ P and
P ∩b1XR ⊆ P, soJ +P ∩b1XR ⊆ P. Conversely, letf ∈ P, thenf ∈ J +b1XR, so there existsg ∈ J, andh ∈ R

such thatf = g+b1Xh, sob1Xh = f −g ∈ P andb1Xh ∈ P ∩b1XR. Moreover,P = J +(P : b1XR)b1XR with
P : b1XR = {f ∈ R;f b1XR ⊆ P }. Indeed,(P : b1XR)b1XR ⊆ P, soJ + (P : b1XR)b1XR ⊆ P. Conversely,
it suffices to prove thatP ∩ b1XR ⊆ (P : b1XR)b1XR. Let f ∈ P ∩ b1XR, then there existsg ∈ R such that
f = b1Xg, so b1X ∈ b1XR and g ∈ (P : b1XR), which implies thatf ∈ (P : b1XR)b1XR. Moreover,P ⊆
P : b1XR. If P ⊂ P : b1XR then, by maximality ofP, P : b1XR is finitely generated and soP = J + (P :
b1XR)b1XR is also finitely generated which is impossible. So we have the equalityP = P : b1XR which implies
P = J + b1XP. We deduce then thatP = J. In fact, forg ∈ P, we construct by induction onk ∈ N∗, a sequence
(gk)k∈N∗ of elements ofJ such that for anyk ∈ N∗, gk = ∑n

i=1 sk,ifi with for any 1� i � n, sk,i ∈ (b1X)k−1R

and g − g1 − · · · − gk ∈ (b1X)kP. For k = 1, we haveg ∈ P = J + b1XP, so there existsg1 ∈ J such that
g − g1 ∈ (b1X)P. Let s1,i ∈ R for 1 � i � n, be such thatg1 = ∑n

i=1 s1,ifi . Assume by induction onk, that
g1, . . . , gk are constructed. Sinceg −g1 −· · ·−gk ∈ (b1X)kP = (b1X)k[J +b1XP ], then there existsg′ ∈ J such
thatg − g1 − · · · − gk − (b1X)kg′ ∈ (b1X)k+1P. Let si ∈ R, for 1 � i � n be such thatg′ = ∑n

i=1 sifi and take
gk+1 = (b1X)kg′ = ∑n

i=1 Xkbk
1sifi andsk+1,i = bk

1X
ksi ∈ (b1X)kR. Theng−g1 −· · ·−gk −gk+1 ∈ (b1X)k+1P.
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Since
∑k+1

j=1 sj,i − ∑k
j=1 sj,i = sk+1,i ∈ (b1X)kR ⊆ (XB[[X]))k, then, for any 1� i � n, the sequence

(
∑k

j=1 sj,i )k is a Cauchy one for theXB[[X]]-adic topology. Let, by Lemma 1, for 1 � i � n, si =
limk

∑k
j=1 sj,i ∈ R andg′ = ∑n

i=1 sifi . Theng = g′. Indeed, form ∈ N andk � m, g − g′ = (g − ∑k
j=1 gj ) +

(
∑k

j=1 gj − g′), with g − ∑k
j=1 gj ∈ (b1X)kP ⊆ (XB[[X]])k ⊆ (XB[[X]])m and

∑k
j=1 gj − g′ = ∑k

j=1 gj −
∑n

i=1 sifi = ∑n
i=1 fi(

∑k
j=1 sj,i − si) ∈ (XB[[X]])m for any k � k0, for some integerk0 � m. So g − g′ ∈

(XB[[X]))m, for any m ∈ N, which implies thatg − g′ ∈ ⋂
m∈N

(XB[[X]))m = (0), so g = g′ ∈ J. And thus
P = J, which is impossible. �
Example 1. Let K ⊆ L be an extension of fields, thenK + XL[[X]] is Noetherian if and only if[L : K] is finite.
For exampleR + XC[[X]] is Noetherian butQ + XR[[X]] is not.

Remark 1. Let A ⊂ B be an extension of integral domains, then the domainR = A + XB[[X]] is never principal
(in fact it can never be an UFD). To see this, observe that the elementX is irreducible but not prime. In fact, le
f = ∑+∞

i=0 aiX
i andg = ∑+∞

i=0 biX
i ∈ R such thatfg = X. Thena0b0 = 0, for examplea0 = 0 anda0b1+a1b0 =

1, thereforea1b0 = 1, which implies thatg is a unit inR. On the other hand, the idealX · (A + XB[[X]]) =
AX + X2B[[X]] is not prime, because ifb ∈ B\A, thenX · (A + XB[[X]]) contains(bX)2 but notbX.
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