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Abstract

Let B, , be theR?-valued processB,,, B;) with independent Bessel componeists and B, with indicesp andq strictly
positive. In this paper we compute explicitly the law of the hitting time and place of a circle, centered at the origiB yxhen
starts from the center and deduce a Reuter-type independence result. We use mainly analytical tools from POR dteory.
thisarticle: A. Ziadi, A. Bencherif-Madani, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

La mesure harmonique et un résultat du type Reuter pour un processus a composantes besséliennes. Soit B 4 le
processus B, By) dansR?2 ayant deux composantes de Bessel indépendajest B, d'indices, respectivemenp et g
strictement positifs. Dans cet article, nousuvons explicitement la loi du temps et platesortie d’un cercle, centré a I'origine,
quandB), ; démarre du centre et on déduit un théoreme d’indépendance apparenté a celui de Reuter. On utilise principalemen
des outils analytiques de la théorie des EP®ur citer cet article: A. Ziadi, A. Bencherif-Madani, C. R. Acad. Sci. Paris,
Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée
Un processus de BessBl, de dimension réellgp (dans ce papiep > 0) est un processus de Markov réel
non-négatif fort et continu de génératediy donné par

1 d? 1p—-1d
Ap() = E@(') + ETE(')
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agissant, a l'intérieur de son espace d’états, sur les fonctions deux fois continlment différentiables. Rappelons qu
si p < 0l'origine est une barriére de sortie mais n’est pas une barriére d’entrée. Quapd<® I'origine devient
une barriere réguliére (il est nécessaire de spécifier ici la condition au thddinxl"lg—f (x) =0, f appartenant
au domaine ded,) et quandp > 2 celle-ci devient une barriére inaccessilfPar contre dans tous les cas, le point
a l'infini reste inaccessible.

Soit I' I'arc de cercle unité complexeQ6 < 7 et soitB, , le processus platB,, B;) dans lequeB,, et B,
sont deux Bessel indépendaniset g strictement positifs, partant deavec|z| < 1. Nous trouvons explicitement
la mesure harmonique enet nous montrons que lorsque= 0 le processus, , exhibe un comportement de
sortie del” qui rappelle un vieux théoréme de Harry Reuter. Nous utilisons un théoréme de représentation de
Feynman—Kac; et étant donné la compacité de nos varidé@emes, nous réduisons les fonctions continues a un
systeme de polyndmes orthogonaux coraldas (polynémes de Jacobi). Il stifilors d'utiliser la technique bien
connue de la séparation des variables.

1. Introduction

A Bessel proces8,, with real dimensiorp, herep > 0, is a linear continuous strong Markov process defined
on some probability spaae2, F, P) (when not stated otherwigg, starts from zero), whose boundary behaviour
depends om. For the convenience of the reader, we remind that wher0 the origin is an exit boundary but not
an entrance one, whenp < 2 it becomes a regular boundary and whep 2 it is inaccessible; whereas in all
cases the point at infinity remains inaccessilsee [1,14]. Locally, it has the generatby given by

1 d? 1p-1d
Ap() = > de(') R )

acting on twice continuously differentiable functions. That is, the process is kept alive by means of the main part of
the well knownBessel differential equatidmefore any killing takes place, whence the ndBessel proces®Vhen
pisin (0, 2), we need in addition the following boundary condition for functighim the domairD,, of A,

d

lim x71 f(x)zo
dx

x—>0+

which makes zero a reflecting barrier.
Inspired by Kent [5] or Hendricks [4], we miglsk about the hittig properties of the proces, , = (B,, By)

in which B, and B, are independent Bessel processes with positive dimengianslg respectively. In this Note,
we run B, , from a pointz within a circle C of radius one centered at the origin and find the joint law of the
couple(z?, B, 4(7%)), wheret? stands for the hitting time af starting fromz. It is remarkable that a well known
theorem of Reuter concerning independence properties of Brownian motion with drift exiting from inside a ball in
R%, d > 1 (unpublished manuscript derived by a direct analytical computation — see [7], p. 84, and [5]) is valid
here. Note that the first Reuter-typelependence phenomenon appears in [9] for a linear Brownian motion with
constant drift. This result was extendedR6é by Kent [5] and improved in [13], see also [12]. In fact, there is
also an older Markov chains context, see for exampk]{8yhere the first paper deals with a Markov chain with
continuous time in which independence properties of exit time and space from a stable state are considered and th
second one studies exit properties of a possibly asymmetric Bernoulli random walk on the integers, which is more
in line with our situation here.

2. Preliminaries

We need first to discuss the semi-group theory for the praBggsand in particular its boundary behaviour. If
we denote byP” (x1, y1) and P/ (x2, y2) the transition densities a#, and B, respectively, we can immediately
manufacture a new transition densRy((x1, x2), (y1, y2)) = P/ (x1, y1) P (x2, y2). It is straightforward, thanks to
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standard procedures, to see that thasisition density gives a strongly dimuous contraction semi-group which
corresponds t@®,, , and to find a core for the generatdy, , of B, , with domainD,, ,. Indeed, it suffices to put

A _1A+p—1d+q—1d
Pa— 5 x1 dxp x2 dxo )’
whereA is the standard Laplacian. We have

Lemma 2.1. Let f(x1, x2) be a twice continuously differentiable function &% with compact support and even
both inx1 andxy, i.e. for all x1 andxz, we havef (x1, x2) = f(—x1, x2) and f(x1, x2) = f(x1, —x2).
Then the restriction of to R2, still noted f, liesinD, , and A, , f = A, 4 f.

Proof. Itis clear that the lemma holds for elementary products

fx1, x2) = fi(x1) fa(x2),

where f1 is in D, and f> in D,. In order to capture general functiorfgxy, x») satisfying our hypothesis, we
use a standard uniform convergence result using the Stone-Weierstrass theorem, see for example [10], p. 40

to find an array of even twice continuously differentiable functions with compact suppi(g(tsl) and fzjn (x2),
j=1...,n, st fux1,x2) = Z? flfn(xl)fzfn (x2) converges, together with its derivatives up to the order two,

uniformly to f(x1, x2) and its derivatives respectively. It is easy to see that the funcyfgﬂ'yg(al) and fZJn (x2),
restricted toR, lie respectively irD, andD,; from where it follows thatf, restricted toR? lies inD,, , and that
Ap.q fn = Ap 4 fn. Reachingf is now obvious. O

2.1. A Feynman—Kac formula

The following Lemma is well known

Lemma 2.2. Let i(z) be a function defined on the ait given byz = x2 + x3 = 1 and f(x1, x2) be a twice
continuously differentiable function iR? and even both iy andx; (its restriction toRfL is still noted f). If for
A >0, andallz in (0, 00)?

Apqaf —Af =0, (1)
then

f(2) = E*[h(B}.q(1)) exp—Ait]
solves the boundary value problefiiz) = 1(z) on I" corresponding to the elliptic operatot,, , — A1.

3. Thejoint law of (%, By, 4(t%))

Setz=pé&?, p <1,v=(p—2)/2andu = (q —2)/2. Let us recall that the system of complete and orthonormal
Jacobi polynomials are defined on the intef@all] by the Rodrigues formula

(=1)" 1 d

n2n (L—x)"A+x)* dx”
wheren is an integer and andu are> —1. They satisfy the differential equation
df
dx?
see [6], p. 209.

P (x) = [(1 =)@+ 0",

(1—x?) +[(u—v)—(M+V+2)x]z—§+n(u+v+n+1)f=0,
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Our main result is the following:

Theorem 3.1. The function

—(4u+) Lo+ptont1) (P 2)) PV (cos D)

f@=p f
I(v+u+2n+1) (\/Z)

where/(.(x) stands for the modified Bessel function of the first kind, solveglixq.

Proof. It suffices to use polar coordinates and separation of variables. Eq. (1) becomes

df p+g-1df 1[d?f
@2 ﬁﬁﬁ
Let us putc, = 2n(p + g — 2) + 4n?, then we have
d’f  p+q-1df 1{d2f

w2 A 2|
for all n. Consider first the angular equation
d?g

w2t [(1- p)tand + (g — 1) cote]g—g + ng=0.
It has the particular solution
g(0) = PV (cos D).
Indeed, we shall look for a functiarn(-) s.t.
g(0) = (sing)~1=V/2(cosp) ~(P=D/2(29)

solves (2). Lettingr = 20 Eq. (2) becomes

+[(1— p)tand + (¢ — 1) cotd

+[(1— p)tand + (g — 1) cotd ]

df B

] oo

df 1
@'*‘s‘nf}—(?s‘n-f-Z)»)f:O,

do? 16 " cofa/2 16
A solution of this equation is given by, see [6], p. 214,

o\ @2, N\ (D)2
u(a) = <sin§> (cos§> P!V (cosa),

which gives the required expression fp).
To finish off, the equation
d’h dh
pP==+p(p+q—1— +[-2p" — ] =0,
dp dp
has, see [11], p. 83, the solution

h(p)=p~ "V I o (0V/20). O

Corollary 3.2. Whenz = 0,  and B), ,(7) are independent.

du [1— 4((p —2)/2)? 1 1—4((qg —2)/2)? (
C +({n
Sirf a/2

2
+ LH) :|u(oz) =0,

Proof. Let us first derive the joint law of* and B, (t%) for z = p € |z| < 1. By Lemma 2.2, we have

— 1) Lotutontn (pV20)

E*[P/"Y(2B3(1) — 1) exp—it] =p

T pt2nr1) (V2H)

P/ (cosd).

(2)
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Since the intervdl0, 1] is compact, this formula does determine uniquely the law of the caupleB,, , (7)),
whence the harmonic measurezat
Forz =0, we can write for allx andv > 0
E°[ PV (2B5(r) — 1)] = bo.n.

whered; ; is the Kronecker symbol. Hence, by well knovatts concerning orthogolits of the Jacobi polynomi-
als we have

1 1
/ PV (2xf — D H(dx1) = / PV (24 — D2V T2 (1 — x D) x 2] dry,
0 0
where

- Frv+u+2)
20D (v + D (e + 1)

and this clearly determines the Iaij,(rO), denotedH,?(dxl). In the same way we find

FTv+u+2) 2u+1
HO d — 2(v+u+3)/2 1— 2\V 2l dxo.
g(dr2) T+ DMt T2 2 e
Now let us designate byp the Laplace transform af®. We clearly have
(}\'/2)1)+M+l

0= )
P+ p+ D lpus1(v/20)
so that we easily deduce from this

/e—“P,{*”(zBﬁ(r) — 1) P(dw) =/e‘“P(dw)/P,ﬁ"”(ZBlz,(r) — 1) P(dw).
2 2 2

Since we can do the same lef(dxz) and sincel” is compact, the Corollary 3.2 is provedo
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