—_ COMPTES RENDUS

Available online at www.sciencedirect.com
)

SGIENcE(CbDIRECT“
T e

— " MATHEMAT
ELSEVIE C.R. Acad. Sci. Paris, Ser. | 340 (2005) 75-80 MATHEMATIQUE

http://france.elsevier.com/direct/ CRASS1/

Mathematical Problems in Mechanics
Incompressible nonlinearlglastic thin membranes

Karim Trabelsi

Laboratoire Jacques-Louis Lions, université Pierrdvirie Curie, boite courrier 187, 75252 Paris cedex 05, France
Received 11 October 2004; accepted 1 November 2004
Available online 19 December 2004
Presented by Philippe G. Ciarlet

Abstract

Nonlinearly elastic thin membrane models are derived for hyperelastic incompressible materials«esingergence ar-
guments. We obtain an integral representation of the limit two-dimensional energy owing to a result of singular functionals
relaxation due to Ben Belgacem [ESAIM Control Optim. Calc. Var. 5 (2000) 71-85 (electrofidjite this article: K. Tra-
bels, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

M embranes minces non linéairement élastiques incompressibles. Des modéles de membranes minces non linéairement
élastiques sont obtenus pour des matériaux hyperélastiques incompressibles via des argumeatsvdegence. Nous ob-
tenons une représentation intégrale de I'’énergie bidimensionnelle limite grace a un résultat de relaxation de fonctionnelles
singulieres d a Ben Belgacem [ESAIM Control Optim. Calc. Var. 5 (2000) 71-85 (électroniBo)Liter cet article: K. Tra-

belsi, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

On considére un corps élastique mince de la foftie= w x ]—¢, ¢[ dont la surface moyenne est un ouvert
borné deR? & frontiére lipschitzienne et, son épaisseur, est le petit paramétre. On suppose que le corps est
constitué d’'un matériau hyperélastique incompressiuint la densité d’énergie est donnée par (1). Dans cette
configuration la plaque subit une déformatiph: 2¢ — RR3 qui devrait étre une solution du problérag¢) ou
Je(¢%) = I, (¢%) — L. (%), I, etl, étant définies dans (2). Par ailleurs, on suppose que la foritiohéit a des
hypothéses de croissance et de coercivité donnégglpaPar conséquence, I'espace des déformations admissibles
est donné par (3) ou la contrainte 8at® = 1 exprime I'incompressibilité du matériau. On remarque qu’aucune
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hypothése de convexité n’est faite $uirde sorte que la classe des énergies est assez grande pour inclure le matériau
de Saint Venant—Kirchhoff, ainsi que les matériaux de type Ogden ; voir par exemple Ciarlet [6].

Le but de cette Note est d’étudier le comportement des suites minimisantes pour la suite d'@dgrgies
sur les espaceé/?).-o. Pour ce faire, il est utile de se ramener a un domaine fixe. A cet effet, on opére
le changement d’échelle, défini par (. f)(x1, x2, x3) = f(x1, x2, ex3) et on notel (e)(¥) = e 1I¢ (. ¥),

) (Y) = e e (o) et J(e) = I(e) — £(e). De méme, on défini2 = 21, . =1t . r=rt,v=u'et
x=(xg,&) €ewx [—1,1]. De la sorte, 'espace des déformations admissibles est donné par (4). Enfin, on suppose
queb(s) = b etg(e) = eg pour simplifier. Mise & I'échelle ainsi, une suite minimisaqiigs)).~o C V(¢) de J ()

vérifie (5) ouh est une fonction positive telle quge) — 0 lorsques — 0. Le comportement asymptotique d’'une

telle suite est décrit par I&-limite de la suite de fonctionnellgs/ (¢)).~0 par rapport a la topologie faible de
wir(£2: R3); voir De Giorgi [8] et Dal Maso [7]. Cependarour éviter de travailler avec la topologie faible

de W7 (£2; R3) qui n'est pas métrisable sur les ensembles non-bornés, il est classique d’'étendre les énergies
L?(£2; R% comme dans (6).

Le résultat principal annoncé dans cette Note est lvakivn d’un modele non linéaire membranaire de corps
minces incompressibles plidentification de lar-limite de la suite de fonctionnellegd (¢))¢~0. Introduisons
d’abord I'espaceM (w) = {¢ € WP (£2; R3): ¢ =0etg, (xy,§) = (xu,0)} des déformations membranaires.
Alors on établit le Théoréme 3.1. On remarque que I'énergie lichi® ne dépend plus de la troisieme variable
De plus, la densité d’énergl@RWp ne dépend que de la premiere forme fondamentale de la déformation. En ce
sens, cette énergie décrit un corps élastique membrabhaidémonstration de ce théoréme repose sur un résultat de
Fonseca [9]. La motivation principale a été I'articlg fi& Ben Belgacem concernant la relaxation de fonctionnelles
singulieres dont I'enveloppe rang-1-convexe est partout finie, ce qui est le ca¥poRappelons aussi que Ben
Belgacem a aussi mené une analyse asymptotique selmfalda nbtre dans [3] pour umatériau compressible
dont I'énergie vérifigV (F) — oo si detF — 0 ; voir aussi [4]. La démonstration se fait par double inégalité ; c’est
la démarche classique voir Le Dret et Raoult [11] et Acerbi et al. [1]. La borne inférieure est une conséquence aisée
des propriétés des enveloppes rang-1-convexe et quasiconvexe. L'obtention de la borne supérieure est la difficult
principale. On commence par obtenir une borne supérigalable pour des immersions, ensuite on passe par
les applications affines par morceauxatdlement injectives en affinant aagfue fois un peu plus la majoration
avant d’aboutir a I'inégalite voulue. On fait aussi appel a un résultat de Kohn et Strang [10] et au théoreme de
recouvrement de Vitali.

Notons que I'énergie limite est séquentielletnsemicontinue inférieurement faible daws-? (w; R3) par le
théoréme de relaxation dans [5] et aussi conifd@nite de fonctionnelles coercives. Une question naturelle s'im-
pose : I'énergie bidimensionnel{®R W) ne conviendrait-elle pas comme approximation ? N'éviterait-elle pas la
relaxation ? La réponse est nddW n’est pas finie et [5] n'est donc pas applicable. De plus, rien ne garantit que
la fonctionnelle ainsi définie soit séquentiatient semicontinue inférieure faible daws-? (w; R3). Enfin, nous
insistons sur le fait qu'il est inutile d'imposer une condition de convexitéByuisqu’elle n'est pas en général
héritée paWy ; voir par exemple Trabelsi [13].

Dans la Proposition 3.2, on montre que les propriétés essentielles requiség poamtme l'indifférence ma-
térielle et l'isotropie sont transmises@RWy. On remarque que comme dans le cas d’'une énergie finie (Le Dret
et Raoult [11]) ou singuliére (Ben Belgacem [3,4]), la meam® incompressible ne résiste pas a la compression
d'aprés le(iii) de la Proposition 3.2 ; voir aussi Trabelsi [12]

Les démonstrations complétes des résultats annoncés ainsi que d’autres remarques sont données dans T
belsi [14].

1. Introduction

Let (e;)i=1,2,3 be an orthonormal basis @3, Partial differentiation of a function or a vector field with
respect to the vectas; is denotedy; and its gradient (matrix) is denotéth/. In its reference configuration, the
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body occupies the domai2® = w x ]—e, €[, where the interior of its mid-surfaeceis an open bounded subset of
the plane spanned ¢ ande; with Lipschitz-continuous boundary, aads the small parameter. The boundary of
£2¢ is partitioned a9 2° = '’y U Ur®, wherel'f = wx {*e}andl"® = dw x [—¢, €]. The body is submitted to
dead body forces® e L9(£2¢; R3) and to dead surface tractiop$ € LY(I'}; RR3), Wherep + 5 =1 for instance,
while the body is clamped oti® =V x [—¢, €] whereV is a neighbourhood afw. The body is assumed to be
made of an incompressible hyperelastic material whose stored energy function is giverFfer&f<3 by

W(F) if detF =1,
+o00 otherwise

W(F) = { 1)

where W is the finite elastic stored energy function. Such a material, when subjected to the loads and boundary
conditions described aboyandergoes a deformatiapf : 2¢ — R2 which should be a stationary point of the
energy (in particular a minimum) defined b¥ (¢°) = I¢(¢*) — £°(¢®), where the functional® measures the
internal energy and the linear forffi is the work of the external forces. In other words, we have

I¢(p )—/W(Wp ydx and £f(¢° )—/bs o°dx + / g - ¢fdry. 2
2 reure

We make the following hypotheses on the functitin

(i) (regularity) W : R3*3 — R is continuous, B
(ii) (growth) There exisC > 0 andp > 1 such that¥ (F) < C(1+|F|?), for all F € R®<3, (H)
(iii) (coercivity) There existr > 0, 8 € R andp > 1 such thatV (F) > «|F|? + B, for all F € R3%3,

Consequently, the manifold of admissible deformations is
Ve =y e WhP (25 R3): detVy® =1ae. ands®, =id}, A3)

where the constraint d&ty* = 1 expresses the incompressibility of the material. Note that we make no convexity
assumption on the functioi’ so the class of functionals considered is large enough to include non-convex as well
as polyconvex stored energy functions; see Ciarlet [6]. Now, the purpose of this Note is to examine the behaviour
of the minimizing sequences of energigs).-.o over the set$)?).~¢.

2. Asymptotic analysis

In order to carry out an asymptotic analysis we first make a scaling that sets the problem onto a fixed domain. To
this end, we define the operater by (ngf)(x x2, &) = f(x1, x2, &) for every functionf and we sef (¢) (V) =
—118(71810) L(e)(W) = e e () and J (e) = I (e) — £(e). We also define2 = 2%, Iy =1t , r=rt, U=
Ul andx = (xp, &) € w x [—1, 1]. Accordingly, we define the set

V(e) = {¥(e) e WHP(2; R3): detVy (e) = e a.e. andy (e)), =id}. (4)

Lastly, we assume thdt(s) = b and g(e) = eg for simplicity. Scaled in this fashion, a minimizing sequence
(¥ (€))e=0 C V(¢) of J(s) verifies

J(e)(W(e)) < inf J(e)(@) + h(e) Ve>0, (5)
peid+Wy” (2:R?)
wheren is positive function such that(e) — 0 whens — 0. Now, the characterization of the asymptotic behaviour
of such a sequence is described by ihdimit of the sequence of functionald (¢)).-0 with respect to the weak
topology of W17 (£2; R3); see De Giorgi [8] and Dal Maso [7]. However, to avoid the use of the weak topology of
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wLr(£2; R3) which is not metrizable on unbounded sets, a classical trick is to extend the enerfyigs2oR3)
by setting

_JJ@E(v©) if we) eVie),
Je©)= {—I—oo if ¥ € LP(2; R3) andy ¢ V(e). (6)

3. Main result

The main result of this Note is the derivation of a nonlinear membrane body model made of incompressible
material through the identification of thE-limit of the sequence of functionalg/ (¢)).~¢. Let us first intro-
duce the set of admissible membrane deformatidién) = {¢ € WLP(w; R3): oy (xp) = @xp, 0}~ {p €
wir(Q:R3): ¢, =0andg|, (xu,§) = (xu, 0)}. As expected, admissible membrane deformations are no longer
dependent on the third variable. We now state our main result.

Theorem 3.1. The functionalsJ/(¢) are I'-convergent towards/(0) with respect to the weak topology of
WP (£2; R3) where the functional (0) is defined by

2/ QRWo(Ve)dxy —€(0) if p € M(w),

J(0)(p) = (7)

+00 otherwise

and
1

Wo(F) = inﬂ{,jW((Flz)) and 6(0)(<p)=/{/b(XH,%‘)dSJrg(XH,—1)+g(xH,1) g dxy. (8)
o -1

We sketch the proof of the above theorem in the next section. Before that, we state some basic properties tha
the two-dimensional enerd9gR Wy inherits from the three-dimensional enengy

Proposition 3.2.

(i) If the functionW satisfies the principle of material frame-indifference, then the func&W is frame-
indifferent, i.e.,

QRWo(F) = QRWo(RF) VR e SOQR), F e R¥*2, 9)
(ii) If the functionW is isotropic, then the functio®R Wy is isotropic, i.e.,
QRWo(F) = QRWo(FR) VR € SO?2), F € R®*2, (10)

(iii) If the functionW is frame-indifferent and isotropic, then there exists a symmetric funtzbttdixﬁr — R such
that

QRWo(F) = ¢(s1(F), s2(F)) (11)

wheres1(F) ands2(F) are the singular values of matrik € R3*2, If in addition W is positive and verifies
W (id) = 0, theng (x, y) = Ofor all (x, y) € [0, 1]2.
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4. Sketch of the proof

The proof of Theorem 3.1 is carried out by establigha “double inequality”; this is the classical procedure
followed by Le Dret and Raoult [11] and Acerbi et al. [1]. Indeed, the lower bound of ttienit is a straight-
forward consequence of the properties of the quasiemoand rank-one-convex envelopes. The obtention of the
upper bound is a more arduous task. In effect, we start by showing that i1 (@; R3) is an immersion such that
¥, =id andé e C(@; R®) is a function such that|, = e3 and dety, | ,|0) = 1, then the following inequality
holds

FOw) <2 / W0, 1¥,18)) dxsr — £O) ). (12)

The above objective is achieved by constructing a sequence of deformatidi(s)irthat converges tay in
wLlr(2;R3). Then by an approximation lemma due to Ben Belgm [3], which roughly states that locally in-
jective piecewise affine functions can be approximated by a sequence of immersions whose singular values remai
larger than a strictly positive real thereby enabling tise of Lebesgue’s dominated convergence theorem, we
refine the upper bound and prove that

JO) W) < 2/ Wo(Vy) dxy — £0) (), (13)

for all locally injective functiony € Aff (w; R®) such thaty|, = id, where Affiw; R3) is the class of piece-
wise affine functions defined om and intoR2. To prove inequalities (12) and (13), it is convenient to ex-
press functiond in the local coordinate system defined Hye tangent plane at each point of the body:
0=py,+vy,+1 W, Ay, since deVy’'Vy > 0 . Next, we move on to the relaxation of the last bound.
The first step is to show, by induction, that for all locally injective functior Aff (w; R3) such thaty, =id, we
have

JO) W) < 2/ RcWo(Vy) dxy —£(0)(¥), k€N, 14)

where (R, Wo)ren is the Kohn and Strang [10] sequence that convergéditg. Inequality (14) is obtained by
using a result due to Fonseca [9] which states that i R? is open and bounded, the functiop Wy defined by

1.
ZpWo(F) = D] mf{/ Wo(F + Vo): ¢ € Aff (w; R3)}, F e R®%2, (15)
D

is rank-one-convex on its effective domain, i.e., the subs@&33f where it is finite; see also Ben Belgacem [5].
Another core ingredient is Vitali's covering theorem. The next move is to take the limit-aso. After showing

that immersions can be approximated by locally injective piecewise affine functions, we thus infer that for all
immersionsy € C1(@; R3) such thaty|, = id, we have

JO) () < 2/ RWo(Vy) dxy — £(0)(¥). (16)

w

Lastly we invoke the density of immersions Wil? (w; R3) (cf. Ben Belgacem [3]) to derive the above bound for
deformations inW 17 (w; R3). After proving that functiorR Wy is everywhere finite, we use Acerbi and Fusco [2]
to get the announced result.
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5. Commentaries

The asymptotic analysis carried out here essentiallgg®n Ben Belgacem’s result [5]. One of the limitations
of this result is that it requires that the rank-one-convesedope of the functional be everywhere finite, which does
not seem to be an impediment for most cases of stored energy functions arising in elasticity, in partidugar for
However, his result does not apply to the functi@rsinceRW can be infinite as there are no rank-one-connected
matrices with determinant equal to 1. Consequently, the stored energy fu@itir)o is not a valid candidate
for a membrane model. Besides, it is of no use to impose any convexity conditidhgince it is not, in general,
inherited byWp; for instance see Trabelsi [13].

We also remark that the limit functional(0) admits minimizers inM (). This claim is vindicated either by
the functional being d -limit of coercive functionals (cf. [7]) or by th&/ 17 (w; R3) weak lower semicontinuity
of the limit functional and its coercity and growth conditions according to [5].

To conclude, we mention that Ben Belgacem [3,4] has lsirdlar asymptotic analysis for compressible ma-
terials such thaW (F) — oo if det F — 0. These results are comparable to ours. Note that as in the finite energy
case (Le Dret and Raoult [11]) or the singular case (Berg&=m [3,4]), the incompressible membrane does not
resist to compression in view of (iii) iRroposition 3.2; see also Trabelsi [12].

For detailed proofs of the results stated in thig&and further remarks we refer to Trabelsi [14].
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