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Abstract

We prove an existence result of weak solutions for an interaction problem between an elastic structure and a compres
in three space dimensions. Solutions are defined as long as there is no collision and as long as conditions of non-interpenetrat
and of preservation of orientation are satisfied by the displacement field of the structure.To cite this article: M. Boulakia, C. R.
Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Existence d’une solution faible pour un problème d’interaction fluide visqueux compressible-solide élastique.Nous
présentons ici un résultat d’existence de solutions faibles pour un problème d’interaction entre une structure élasti
fluide compressible en dimension trois. Les solutions sont définies tant qu’il n’y pas de chocs et tant que le déplacement d
structure vérifie des conditions de non-interpénétration et de préservation de l’orientation.Pour citer cet article : M. Boulakia,
C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On considère une structure élastique immergée dans un fluide visqueux barotropique compressible en d
trois. L’ensemble évolue dans une cavité fixe bornéeΩ .

L’évolution de la vitesse fluide est donnée par les équations de Navier–Stokes compressibles et on pren
loi d’état la loi barotropique avec une constante adiabatiqueγ > 3

2. Sur la partie solide, on choisit de garder le po
de vue eulérien qui intervient naturellement sur la partie fluide. Le flot solide est donc une inconnue du p
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1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.11.003
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exprimée en fonction de la vitesse eulérienne solide. La loi de comportement du solide est la loi non lin
Saint Venant–Kirchhoff. Dans l’équation de la quantité demouvement du solide, on ajoute un terme régularis
qui permet de contrôler le flot en norme suffisamment forte. Ce problème est complété par des cond
couplage et de bord. Enfin, la densité globale satisfait l’équation de continuité.

Dans ce travail, on montre un résultat d’existence de solution faible tant qu’il n’y pas de chocs et ta
le déplacement de la structure vérifie des conditions de non-interpénétration et de préservation de l’orientati
On fait référence à [1] pour des explications complémentaires. Notre résultat est montré en reprenant la méth
introduite par [5]. Cet article traite du cas d’un fluide compressible seul. La méthode repose sur deux régularisa
successives : on considère une loi barotropique avec une constante adiabatique plus élevée (voir (15)) et
un terme visqueux dans l’équation de continuité sur la partie fluide de façon à remplacer cette équation par un
équation parabolique de type chaleur (voir (12)). La première étape consiste donc à montrer que ce p
régularisé admet une solution. A ce niveau, on retrouve lesdifficultés habituelles des problèmes fluide-structure
les domaines solide et fluide sont inconnus. Pour surmonter cela, on utilise un argument de point fixe sur
problème linéarisé en dimension finie. Le choix d’adopter un point de vue eulérien aussi bien sur la parti
que sur la partie fluide simplifie tout de même l’écriture du problème.

Pour les passages à la limite successifs, par rapport à l’article [5], des difficultés supplémentaires app
dues au fait que l’interface est mobile. En particulier, pour obtenir des estimations supplémentaires sur la
on utilise la méthode développée dans [8].

1. Introduction and equations of motion

We study the three dimensional motion of an elastic structure immersed in a viscous compressible flu
fluid and the structure are contained in a fixed bounded setΩ . We denote byΩS(t) the domain occupied by th
structure andΩF(t) = Ω \ ΩS(t) the domain occupied by the fluid at timet . In the fluid, the Eulerian velocityuF

and the density�F satisfy the Navier–Stokes equations:

∂t (�F uF ) + div(�F uF ⊗ uF ) + ∇p − divT = 0 in ΩF (t) (1)

where the stress tensorT is defined by:T = µF∇uF + (λF + µF )divuF Id.
The viscosity coefficientsλF andµF are such that:µF > 0, λF + 2µF > 0 andp denotes the pressure. Th

relation between the pressure and the density is given by the constitutive law,p = a�
γ

F , wherea is a strictly positive
constant andγ > 3

2 is the adiabatic constant. On the structure, we choose to keep this Eulerian notation. LeuS be
the Eulerian velocity of the structure,�S the structure density andXS the displacement field. For ally in ΩS(0), for
all t in [0, T ], XS(t,0, y) is the position at timet of the particle located iny at initial time. The relation betwee
uS andXS is: for all y ∈ ΩS(0),{

∂tXS(t,0, y) = uS

(
t,XS(t,0, y)

)
,

XS(0,0, y) = y.
(2)

We consider the following equation of linear momentum:

∂t (�SuS) + div(�SuS ⊗ uS) + θA3uS − divσS = 0 in ΩS(t). (3)

The termθA3uS is a regularizing term which is necessary for our study.A3 is a differential operator independe
of time such that:∫

Ω (t)

(
A3u(y), v(y)

)
dy = (u, v)H3(ΩS(t)), ∀u,v ∈D

(
ΩS(t)

)3
S



M. Boulakia / C. R. Acad. Sci. Paris, Ser. I 340 (2005) 113–118 115

t
la–

t

he

d by

n-
andθ is a fixed strictly positive real number. Thanks to this regularization, we control the norm of the displacemen
field XS in H 1(0, T ;W1,∞(ΩS(0))). The Cauchy stress tensorσS is expressed with respect to the second Pio
Kirchhoff tensor ˆ̂σ :

σS(t, x) = det∇XS(0, t, x)∇XS(0, t, x)−1 ˆ̂σS

(
t,XS(0, t, x)

)∇XS(0, t, x)−t , ∀x ∈ ΩS(t)

and the constitutive law is the Saint Venant–Kirchhoff lawˆ̂σS[XS] = 2µSE(XS) + λS tr(E(XS)) Id where the
Lamé constants of the elastic mediaλS andµS satisfy:µS > 0, λS + 2µS > 0 andE(XS) is the Green–Sain
Venant tensor defined byE(XS) = 1

2( t∇XS∇XS − Id).
This system is completed by boundary conditions. As thefluid is viscous, the velocity is continuous at t

interface:{
uF = 0 on∂Ω,

uF = uS on∂ΩS(t).
(4)

The second equation is a coupling equation between the fluid and the structure. The coupling is also expresse
the continuity of the stress on the interface:∀t ∈ [0, T ], ∀v ∈ C(∂ΩS(t)),∫

∂ΩS(t)

(T − p Id)nx · v =
∫

∂ΩS(t)

σSnx · v − θ〈uS, v〉3,∂ΩS(t) (5)

where the operator〈·, ·〉3,∂ΩS(t) represents the contributing terms on the boundary of the operatorA3: ∀u,v ∈
D(ΩS(t)),

∫
ΩS(t)

A3uv = (u, v)H3(ΩS(t)) + 〈u,v〉3,∂ΩS(t). We denote byu the global Eulerian velocity and by�
the global density defined onΩ . The evolution of� is given by the continuity equation:

∂t� + div(�u) = 0 in Ω. (6)

Next, we define the concept ofrenormalized solutionsintroduced in [3] (see also [7]) with slightly modified co
ditions on the admissible functionsb:

Definition 1.1.The continuity Eq. (6) is satisfied in the sense ofrenormalized solutionsif, for any b ∈ C1(R) such
thatb′(z) = 0 for z large enough, we have:

∂tb(�) + div
(
b(�)u

) + (
b′(�)� − b(�)

)
divu = 0 inD′((0, T ) × Ω

)
. (7)

Our system is completed by initial conditions:

u(t = 0) = u0 in Ω, �(t = 0) = �0 =
{

�0
S in ΩS(0),

�0
F in ΩF (0).

2. Variational formulation

Let V be the test function space:

V = {
v ∈ C∞(

(0, T ) × Ω
)3 | v(T ) = 0, v(t, ·) ∈ H 1

0 (Ω)3, ∀t ∈ [0, T ]}. (8)

Definition 2.1.We will say that(XS,�,u) is a weak solution of the problem (1)–(6) if:

(i) XS ∈ H 1(0, T ;H 3(ΩS(0)))3, � ∈ L∞(0, T ,Lγ (Ω)), � � 0, u ∈ L2(0, T ,H 1
0 (Ω))3,

(ii) Eq. (2) is satisfied almost everywhere on(0, T ) × ΩS(0),
(iii) the continuity equation (6) is satisfied in the sense of renormalized solutions,
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(iv) the following weak formulation holds: for allv ∈ V ,

T∫
0

∫
Ω

�u · ∂tv dx dt +
T∫

0

∫
Ω

�(u ⊗ u) : ∇v dx dtno −
T∫

0

∫
ΩS(t)

σS : ∇v − θ

T∫
0

(
u(t), v(t)

)
H3(ΩS(t))

dt

−
T∫

0

∫
ΩF (t)

T : ∇v dx dtno + a

T∫
0

∫
ΩF (t)

�
γ

F divv dx dt = −
∫
Ω

�0u0 · v(0, ·)dy. (9)

3. Main result

Theorem 3.1.Letu0 ∈ H 1
0 (Ω)3, ρ0

S ∈ L∞(Ω) and�0
F ∈ Lγ (ΩF (0)) satisfying:

0< �
S

� �0
S(x) � �̄S, ∀x ∈ ΩS(0) and �0

F (x) � 0, ∀x ∈ ΩF(0). (10)

We define: d(t) = d(∂ΩS(t), ∂Ω) andγ (t) = infy∈ΩS(0) |det∇XS(t,0, y)| and we suppose thatd(0) > 0. Then,
there exists at least one weak solution of the problem(1)–(6)defined on(0, T ) where:

T = sup
{
t > 0 | d(t) > 0, γ (t) > 0 andXS(t,0, ·) one-to-one

}
(T is bounded away from0 by an explicit constant depending on the data andθ ).

Moreover, denotingE0 the initial energy, this solution satisfies the energy estimate:

1

2

∫
Ω

�(t)
∣∣u(t)

∣∣2 dx + a

γ − 1

∫
ΩF (t)

�
γ

F (t) + µF

t∫
0

∫
ΩF (s)

∣∣∇uF

∣∣2no + (λF + µF )

t∫
0

∫
ΩF (s)

∣∣divuF

∣∣2

+ θ

t∫
0

‖uS‖2
H3(ΩS(s))

no + µS

∫
ΩS(0)

∣∣E(
XS(t,0, y)

)∣∣2 dy + λS

2

∫
ΩS(0)

∣∣trE(
XS(t,0, y)

)∣∣2 dy � E0. (11)

To demonstrate this theorem, we follow the method introduced in [5] which proves the global existence o
solutions to the compressible Navier–Stokes equations. We give here a sketch of the proof. For a comple
we refer to [1]. The method presented in [5] has already been adapted in the case of a rigid structure imm
a compressible fluid in [4]. For other studies dealing with interaction between a compressible fluid and a s
we refer also to [6] for an elastic structure and [2] for a rigid structure.

4. A regularized problem

We first solve a regularized problem. On the fluid domain, we add an artificial viscosity term in the con
equation:{

∂t�F + div(�F u) = ε
�F in ΩF(t),

∇�F · n = 0 on∂ΩF (t)
(12)

whereε > 0 is small. On the structure domain, we keep the initial equation:

∂t�S + div(�Su) = 0 in ΩS(t). (13)
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We require some regularity on the initial conditions in order to obtain regularity results on the problem (12):
consider initial data�0

F ∈ H 2(ΩF (0)) and�0
S ∈ L∞(ΩS(0)) such that 0< � � �0(x) � �, ∀x ∈ Ω . Moreover, we

consider the following system for modeling the fluid motion:

∂t (�F uF ) + div(�F uF ⊗ uF ) + ε∇uF∇�F + ∇p − divT = 0 in ΩF (t) (14)

where the pressurep is now defined by:

p = a�
γ
F + δ�

β
F (15)

whereδ > 0 is small andβ > 0 is sufficiently large. The first step consists in proving the existence of a
solution to the variational formulation associated to (2), (3), (12), (13) and (14) completed by the relatio
and (5).

As is often the case in fluid–structure interaction problems, we are not able to solve this problem directly
a linearization procedure. We first solve a linearized finite dimensional problem and then, thanks to a fixe
argument, we obtain an approximate solution in finite dimension(XN

S ,�N,uN) which satisfies an energy estima
We do not detail here the construction of the linearized problem. To pass to the limit whenN goes to infinity,
we need compactness results. First of all, thanks to the regularization term for the structure velocity, w
thatXN → X in C(0, T ;C1(ΩS(0))). Using an adaptation of Aubin’s lemma for moving domains, we show
(�N ) strongly converges inLβ((0, T ) × Ω). As (

√
�NuN) is bounded inL∞(0, T ;L2(Ω)) and(�N) is bounded

in L∞(0, T ;Lγ (Ω)), (�NuN) is bounded inL∞(0, T ;L2γ /(γ+1)(Ω)) and converges to�u. This allows us to pas
to the limit in the continuity equation. We also show, thanks to a regularity result on the parabolic equatio
the limit � satisfies the continuity equation almost everywhere. From the variational problem satisfied byuN , we
strengthen the convergence in time of(�NuN):

�NuN → �u in C
(
0, T ;L2γ /(γ+1)

w (Ω)
)
.

As γ > 3
2, the embeddingL2γ /(γ+1)(Ω) ⊂ H−1(Ω) is compact. Therefore, we conclude that�NuN ⊗ uN weakly

converges to�u ⊗ u in D′((0, T ) × Ω). All these results allow us to pass to the limit inN in the variational
formulation and we obtain, in this way, a finite energy solution of our regularized problem.

5. Passing to the limit in the viscosity term

We want now to pass to the limit inε. Similarly as above, we have the strong convergence of the sequence(Xε)

in C(0, T ;C1(ΩS(0))). As (�ε) weakly converges inL∞(0, T ;Lγ (Ω)), thanks to the continuity equation, we c
strengthen this convergence:(�ε) converges inC(0, T ;L

γ
w(Ω)) to �. Making use of the compactness ofLγ (Ω) in

H−1(Ω), we deduce that(�ε) strongly converges inC(0, T ;H−1(Ω)). As (uε) is bounded inL2(0, T ;H 1
0 (Ω)),

we conclude that the sequence(�εuε) converges weakly inL∞(0, T ;L2γ /(γ+1)(Ω)) to �u. Then, we identify the
limit of �εuε ⊗ uε similarly as in the previous section.

To pass to the limit in the variational formulation, it remains to identify the term of pressure. To do this, w
complementary estimates on the fluid density: we show that the sequence(�F,ε) is bounded inLβ+1((0, T ) × Ω).
At this point, some difficulties to obtain estimates upto boundary come out from the fact that we deal with a mo
interface. Estimates on the density areobtained following the method of [8]. At this step, we need regularity res
on the Stokes problem defined on the open setΩF,ε(t).

Next, we introduce the effective viscous fluxa�
γ

F,ε + δ�
β
F,ε − (λF + 2µF )divuε and we show that: for an

ϕ ∈D(0, T0;D(ΩF (t))),

lim
ε→0

T0∫ ∫
ϕ2(a�

γ

F,ε + δ�
β

F,ε − (λF + 2µF )divuε

)
�F,ε =

T0∫ ∫
ϕ2(p − (λF + 2µF )divu

)
�F
0 Ω 0 Ω
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wherep is the limit of (a�
γ
F,ε + δ�

β
F,ε). Here, again, we follow the proof of [5]. Thanks to a regularization pro

dure [3], we show that in fact� is a renormalized solution of the continuity equation. Takingb = z logz in (7) and
in the renormalized equation satisfied by�ε , we prove that:

lim
ε→0

T0∫
0

∫
ΩF,ε (t)

divue�ε �
T0∫

0

∫
ΩF (t)

divu�.

These two results, added to a monotony argument, allow us to conclude thatp = a�
γ
F + δ�

β
F .

6. Passing to the limit in the artificial pressure term

It remains to pass to the limit inδ. At this stage, we can relax the regularity of the initial data prescribed fo
fluid density. We can follow the arguments developed previously. To identify the pressure, thanks to the
introduced in [8], we show that(�δ) stays bounded inLγ+α((0, T0) × Ω) with α > 0. The end of the proof is ver
close to the demonstration given in [5]. To pursue, we introduce cut-off operatorsTk . DenotingTk(�) the limit
of the sequence(Tk(�δ)), we prove limsupδ→0 ‖Tk(�δ) − Tk(�)‖Lγ+1((0,T0)×Ω) stay bounded and consequently
L2((0, T0)×Ω). This allows us to prove that� is a renormalized solution of the continuity equation and to iden
the pressure.

To conclude, we prove that we can extend our solution beyondT0. Thanks to the energy estimate satisfied
our solution, we iterate the same proof with the new configuration referencesΩS(T0) andΩF (T0) and we show
that our solution is defined on a time interval of fixed length independent ofT0. This allows to conclude the proo
of the theorem.
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