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Abstract

We construct cup products of two different kinds for Hopf-cyclic cohomology. When the Hopf algebra reduces to the
ground field our first cup product reduces to Connes’ cup product in ordinary cyclic cohomology. The second cup product
generalizes Connes—Moscovici's characteristic map for actions of Hopf algebras on aliebitesthisarticle: M. Khalkhali,

B. Rangipour, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Cup-produits dans la cohomologie Hopf-cycligue Nous construisons deux types de cup-produits pour la cohomologie
Hopf-cyclique. Lorsque l'algebre de Hopf se réduit au corps de base, notre premier cup-produit se réduit au cup-produit
de Connes en cohomologie cyclique ordinaire. Le deuxieme cup-produit généralise I'application caractéristique de Connes-
Moscovici pour I'action des algebres de Hopf sur les algétas: citer cet article: M. Khalkhali, B. Rangipour, C. R. Acad.

Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soient H une algébre de HopfA une H-module algébrep une H-comodule algébre af une H-module
cogebre. Soi/ un module anti-Yetter—Drinfeld stable (SAYD). On dénote les cohomologies Hopf-cycliques de
B, et C avec coefficients dan® parHC', (A, M), HCH (B, M), etHCY, (C, M) respectivement. Notre premier
cup-produitest une transformation natureHbCﬁ, (A, M) @ HC?H (B, M) - HCP14(A xy B), avaleurs dans la
cohomologie cyclique ordinaire dalgébre produit tensoriel tordWd x gz B. Pour notrecup-produit de deuxiéme
type on suppose que la cogélfeopéresur I'algébreA. On construit alors une transformation naturelle pour tous
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les nombres naturels, g > 0 HC?I(C, M) ® HC}ZI(A, M) — HCPT4(A). Notre méthode, dans les deux cas, est
une généralisation de la technique de Connes dans f2toaostruit des cocycles cycliques de Hopf comme des
caractéres des cycles tordu#, M) et on identifie les cycles qui représentent un cocycle cyclique trivial.
Soient(£2, d) une H-module algeébre DG a gauche (€%, d) une H-comodule algébre DG & gauche. On définit
une algebre D@2 x gy I comme suit. Comme espace vectoriel, ¢’est un produit tensoriel geadgpé”. La mul-
tiplication et la différentiation sont données pan ® y1)(wz ® y2) 1= (—1)9e9w2dedr) ;D () © 10y
et dw ® y) i=do ® y + ()% » ® dy. Soit M un module SAYD gauche-gauche ¢t I" — M,
f/:M ® 2 — k, des(M, H)-traces fermées et graduées de dimensijpret ¢ sur I' et £2, respectivement.
On définit une transformation linéaire

/Z.QXIHF—>/€, /(w@)’):/(/y)@w.

Lemme 0.1.]” est une trace fermée graduée de degré g sur 2 xy I". Si [ (resp.f/) définit un cycle nul
sur B (resp.A), alors [ définit un cycle nul su x B.

Soientg € ZPH(B, M), ¢ € Z?I(A,M) des cocycles cycliques representés pasur (2B, d), et f’ sur

(2A, d), respectivement. On consitk la suite d'application® (A x g B) SN 2(A) xy 2(B) — k. La pre-
miére application est induite par I'inclusion naturelle« y B — 2(A) x g £2(B). On définit le cup-produip #
comme étant le cocycle cyclique representé par la trace fermée grﬂélbnféEn utilisant le Lemme 0.1, on obtient
le théoréme suivant :

Théoreme 0.2.AvecA, B, H, et M comme ci-dessus, on a le pairing naturel ﬁlCA M) @ HC?H (B, M) —
HCP%9(A xy B).

Exemple 1.Soit G un groupe discret agissant sur I'algebrgpar des automorphismes unitaires et prenons

H = kG. Dans [11], la cohomologie Hopf-cyclique deest calculée a partir de la cohomologie de groupe avec des
coefficients triviaux :HquG kG, k) = @i}O H97%(G). Les groupefHC,fG(A, k) sont la cohomologie du sous-
scomplexe de cochaines cycliques invariantesAsuip(gao, gax, ..., gap) = ¢(ao, a1, ..., ap), pour toutg € G

eta; € A. Par conséquent on obtient le pairing suivant, introduit pour la premiére foid.p@onnes dans [3] :
HC!- (A, k) ® H1(G) - HCPT4(A x G).

On dit qu’une cogeébre€ agit surA s'il existe une applicatiol ® A — A telle quec(ab) = ¢D(a)c@ (b),
c(1) =€(c)1, et(hc)(a) = h(c(a)), pourtoutc e C a,b € A, h € H. Il est clair que les deux premiéeres conditions
sont équivalentes au fait que I'application d’évaluatom — Homg (C, A), e(a)(c) = c(a), est une application
d’algébre. Donc on obtient une applicatigit HC" (Homg (C, A)) — HC"(A). Combinant avec la Proposition 3.2
nous obtenons le cup-produit de deuxieme type :

Théoréme 0.3 Supposons qué€ agit sur A. Nous obtenons alors le pairing naturel
#=e¢" o UIHCY (C, M) ® HC, (A, M) — HCPT1(A).

Les casp = 0 oug = 0 ont déja été considérés dans [9]. Il y a été montré que cette application(peuf,
g =0, andM = %k;) coincide avec I'application caractéristique de Connes—Moscovici [4]. D'autre part, pour
C = H etM =%k, ce pairing est construit dans [7] en utilisame autre méthode. Pour donner un autre exemple,
posonst =m ®y co® c1 € Z5(C, M) etp € Z3,(A, M). Alors x #¢ agit surA®3 comme suit :

x#(ap® a1 ® az) = p(m @ i (ag) ® ¢ (ar)c1(az)) — ¢ (m & colao)es (a1) @ ¢ (a2)).
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1. Preliminaries

We denote the comultiplication, coinand antipode of a Hopf algebra by, ¢, and S respectively. The
letter H will always denote a Hopf algebra over a ground figéldf characteristic zero. We use the Sweedler
notation, with summation sign suppredséo denote the comultiplication bxt(h) = hP ® 1@ and its higher
iterations. IfM is a left H-comodule we writep(m) = m~Y @ m@, where summation is understood, to denote
its coactionp: M — H ® M. Similarly if M is a right H-comodule, we writeo (m) = m@ @ m to denote its
coactionp. A left—left stable anti-Yetter—Drinfeld (SAYD) modiden left H-module and leftH -comoduleM such
thatp(hm) = R Pm DS 1(h®) @ hDm© andmVm© = m for all h € H andm € M. These modules were
introduced in [8,9] as the most general coefficientsteyns that one can introduce into Hopf cyclic-cohomology.
One-dimensional SAYD modules correspond to Connes—Moscovici’'s modular pair in invalditionon H [4—6]
and will be denoted by = “ks.

An algebraA is called a leftH-module algebraf it is a left H-module and its multiplication and unit maps are
morphisms ofH-modules. An algebr® is called a leftH-comodule algebrgif B is a left H-comodule and its
multiplication and unit maps arH -comodule maps. A lefHH-module coalgebrés a coalgebra which is a left
H-module such that its comultiplication and counit mapsHrénear.

We call the above three types of symmetr@snmetries of type A, B, and @spectively. For each type there is
an associated Hopf-cyclic cohomology theory with coefficients in an SA&¥hoduleM [8,9]. We denote these
theories byHC, (A, M), HC™H (B, M), andHC%, (C, M) respectively. Connes—Moscovici’s theory for Hopf al-
gebras [4,5] correspond to the case= H with multiplication action, and/ = “k;s. The dual theory of [11] for
Hopf algebras correspond ®= H with comultiplication coaction andf = ° ks. The H-equivariant cyclic coho-
mology of [1] correspond t6iCY, (A, M) with M = H and conjugation action, and the twisted cyclic cohomology
with respect to an automorphism correspondHto}, (A, M) with H = k[x,x~ 1] and M = 1%,. HC?,(A, %ks) is
the space of-invarianto -traces oA in the sense of [5,6].

2. Covariant differential calculi

By a differential graded (DG) leftf -module algebra we mean a graded IEfimodule algebra2 = @i}O Q!

endowed with a graded derivatiahof degree 1 such that?* = 0 andd is H-linear. LetA be a leftH-module
algebra. Its universal differential calculus [@P A, d) is a DG H-module algebra with théf -action

h-(agday---day) :=h™(ag)dh® (a1) - - - dh "V (ay,).

By a DG H-module coalgebra we mean a gradéemodule coalgebr&® = @@0 ©®; endowed with a graded

coderivationd of degree-1 such thati? = 0 andd is H-colinear. LeiC be a leftH -module coalgebra. Its universal
differential calculug$2¢C, d), defined in [10], is a left DG -module coalgebra under th¢-action

h-(co®c1---®cn) =hP(co) ®hP(c) ® --- @ K"V (c,).

By a DG left H-comodule algebra we mean a DG algebfad) such thatl" is a graded leftH -comodule
algebra and the derivatiafh is an H-comodule map. IfB is a left H-comodule algebra, its universal calculus
(£2B,d) is a DG leftH-comodule algebra with the leff -coaction defined by

bodby---dby > (b5 P - b @b abY - ab©.

Definition 2.1. Let £2 be a DG left H-module algebra and be a left—left SAYD module. By a closed graded
(H, M)-trace of degree on 2 we mean a linear map: M ® £2" — k such that for all: € H, m € M, and
w, w1, w2 in 2 of appropriate degrees, we have:
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/h(l)m@)h(z)w:e(h)/m@w, /m@dw:O,
/ M ® wiwy = (—1)%eden degen) / m® & 51 m D) (wp)wr.

Lemma 2.1.Let A be a leftH-module algebra ang : A — 2° be anH -linear algebra homomorphism. Then the
cochaing: M @ A®+D s k.

go(m,ao,...,an>=fm®p(ao)dp<a1)---dp<an>,

is a cyclic cocycle inZ}, (A, M). The map/ — ¢ (for p =id) defines al-1 correspondence between closed
graded(H, M)-traces on2 A and Z%, (A, M).

Definition 2.2. Let I" be a DG leftH-comodule algebra an®f be a left-left SAYD module. By a closed graded
(H, M)-trace of degree on I" we mean a linear map : I'" — M such that/ is H-colinear, and for alkn,
¥, 1, y2 of appropriate degreem @ dy = 0, and

1 0
/J/l)/z:(—l)deg“)degm)fz( )°/V;5 .

Lemma 2.2.Let B be a leftH-comodule algebra ang: B — I'° an H-colinear algebra homomorphism. Then
the cochainp: B+ 5 p,

w(bo,...,bn>=/p<bo> do(by) - dp(bn),

is a cyclic cocycle inz" (B, M). The map/ — ¢ (for p = id) defines al-1 correspondence between closed
graded(H, M)-traces on2 A as in Definition3.3and 2z (B, M).

Definition 2.3. Let ® be a DG left H-module coalgebra andf be a left—left SAYD H-module. By an
n-dimensional closed graded, M)-cotrace on® we mean an element=) . m; ® 9, € M ®y O, such that
(1®y d)x =0, and

_ @) (2)
Zml(o) ® 9[(2) ® ml( 1)91'(1) — Z(_l)d9g9 )deg6 )mi ® 91_(1) ® 91'(2)-

L 1

Lemma 2.3.Let C be a leftH-module coalgebra and : ®g — C be anH-linear coalgebra map. Lep: M Qg
O, > M @y C®"+D be the natural co-extension pf Then [ x := p(x) is a cyclic cocycle iz, (C, M). The
mapx — [ x (for p = id) defines al-1 correspondence between closed grad&d M)-cotraces of degree on
Q¢CandZ},(C, M).

Extending the terminology of [2], we call the dat&, d, [, H, M, p) an $2-cycle over the algebrai and
the corresponding Hopf-cyclic cocycle itharacter Similarly for I"-cycles and®-cycles. They correspond to
symmetries of typed, B andC, respectively.

2.1. Vanishing?2, I' and®@-cycles

Let B be a left H-comodule algebra and € B be an invertibleH -coinvariant element in the sense that
p(u) =1® u. The inner automorphism Ad B — B, Ad, (b) = ubu~' is H-colinear and hence induces a map
Ad!:HC"H (B, M) — HC"H (B, M) for all n.

Proposition 2.4.We haveAd; =id.
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Proof. One checks that the homotopy operatatefined by

n
Kf(bo,... bu—1) = ) (=1 fbou™" . ubju™ w, b, . ba1)
i=0
is H-colinear and is a contracting homotopy forjAd id on the Hopf—-Hochschild complex. The result now follows
by applying Connes’ long exact sequencel

The algebra ofr x n matrices overB, M, (B), is a left H-comodule algebra in a natural way and the map
i:B — M,(B), b b® e11, is H-colinear and hence induces a mapHC?* (M, (B), M) — HCP" (B, M).
We define a map Tr¢? (B, M) — CP-" (M, (B), M)

(Tre)(bo®mo, ..., bp @mp) =tr(mo---mp)e(bo, ..., bp).

The relationi* o Tr = id is easily verified. Although we won't need it for the construction of cup products in this
paper, we pause to mention that we have now all the tools to prove a Morita invariance theorem for Hopf-cyclic
cohomology theory of any type. For example we have:

Proposition 2.5(Morita invariance)Let B be a unital leftd -comodule algebra angf be anSAYD module. Then
i* induces an isomorphism on Hopf-Hochschild and Hopf-cyclic cohomolaByth coefficients inVf.

The following lemma is an adaptation of a lemma of Connes [2] to our context:

Lemma 2.4.Let f: B — B be anH-colinear algebra homomorphism aidan invertible H-coinvariant element
of M>(B) such that

b 0 1., [0 O
X[O f(b)}X ‘[0 f(b)}

for all b € B. Then for amySAYD moduleM, HC"# (B, M) = 0 for all n.
Definition 2.6. We say that & -cycle is vanishing if"© satisfies the condition of the above lemma.

Lemma 2.5.Lety : B¥"+D _ M be anH-colinear map. Thew is a coboundary if and only if is the character
of a vanishingl"-cycle.

Let C be a left H-module coalgebra angd € Homy (C, k) be anH-linear convolution invertible functional
on C. Theco-innerautomorphism Agl: C — C defined by Ad (c) = x (¢'P)c@ x 71(c®) is H-linear and hence
for anyn > 0 induces a map

Ad? :HC},(C, M) — HC}, (C, M).
Proposition 2.7.We haveAd; = id.

Lemma 2.6.Let f:C — C be anH-linear coalgebra homomorphism anda convolution invertibleH -linear
functional on the coalgebrad,(C) such that

D 0 c@ 0 1 ([c® 0 0 O
X([o f<c<1>>m0 f<c(2>>}x <[0 f<c<3>>D=[0 f@]

for all ¢ € C. Then for anySAYD moduleM and for anyn > 0, HC}, (C, M) = 0.
Definition 2.8. We say that @-cycle (@, d, x, H, M) is vanishing if®q satisfies the condition of Lemma 2.6.
Lemma 2.7.Lety € Z',(C, M). Theny is a coboundary if and only if is the character of a vanishing-cycle.

The notion of vanishind™-cycle is defined along parallel lines with analogue of Lemma 3.11 and 3.15 proved
in a similar way.
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3. Cup products of the second kind

In this sectionC is a left H-module coalgebra and is a left H-module algebra. Lets2,d) be a DG
left H-module algebra and®, d) be a DG left H-module coalgebra. We define tieenvolution DG algebra
Homgy (O, £2) as follows. As a graded vector space in degféehas@i+j:n Homy (©;, £27). One checks that

with convolution producyf  g(8) := (—1)998)degd™) 91y, (9@) and differential ¢ := [d, f] (graded com-
mutator), Homy (®, £2) is a DG algebra.

Let [ be a closed grade@, H)-trace of degreg on 22 andx a closed gradedM, H)-cotrace of degreg
on @. We define a functiongl’ on Homy (@, 2) by [ f := [(idy ® f)(x).

Proposition 3.1.]’ is a closed graded trace of degrget+ ¢ onHomg (©, £2). If [ (resp.x) defines a vanishing
cycle onA (resp.C), then [’ defines a vanishing cycle ¢tomg (C, A).

Now lety € Z,”,(C, M) be represented by andy Zf’q(A, M) by [. Consider the sequence of maps
2 (Homy (C, A)) > Homy (2°C, 2 A) L
where the first map is defined using the universal property diVe lety U ¢ to be the character of the cycféoi.
Using Proposition 5.1 we obtain

Proposition 3.2.We have a well-defined pairing
U:HCE (C, M) ® HC], (A, M) — HCP*4(Homy (C, A)).
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