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Abstract

We construct cup products of two different kinds for Hopf-cyclic cohomology. When the Hopf algebra reduces
ground field our first cup product reduces to Connes’ cup product in ordinary cyclic cohomology. The second cup
generalizes Connes–Moscovici’s characteristic map for actions of Hopf algebras on algebras.To cite this article: M. Khalkhali,
B. Rangipour, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Cup-produits dans la cohomologie Hopf-cyclique. Nous construisons deux types de cup-produits pour la cohomo
Hopf-cyclique. Lorsque l’algèbre de Hopf se réduit au corps de base, notre premier cup-produit se réduit au cup
de Connes en cohomologie cyclique ordinaire. Le deuxième cup-produit généralise l’application caractéristique de
Moscovici pour l’action des algèbres de Hopf sur les algèbres.Pour citer cet article : M. Khalkhali, B. Rangipour, C. R. Acad.
Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoientH une algèbre de Hopf,A uneH -module algèbre,B uneH -comodule algèbre etC uneH -module
cogèbre. SoitM un module anti-Yetter–Drinfeld stable (SAYD). On dénote les cohomologies Hopf-cycliquesA,
B, etC avec coefficients dansM parHCn

H (A,M), HCn,H (B,M), etHCn
H (C,M) respectivement. Notre premi

cup-produitest une transformation naturelleHCp
H (A,M) ⊗ HCq,H (B,M) → HCp+q(A �H B), à valeurs dans la

cohomologie cyclique ordinaire del’algèbre produit tensoriel torduA �H B. Pour notrecup-produit de deuxièm
type, on suppose que la cogèbreC opèresur l’algèbreA. On construit alors une transformation naturelle pour t
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les nombres naturelsp,q � 0 HCp
H (C,M) ⊗ HCq

H (A,M) → HCp+q(A). Notre méthode, dans les deux cas,
une généralisation de la technique de Connes dans [2] : on construit des cocycles cycliques de Hopf comme
caractères des cycles tordus(H,M) et on identifie les cycles qui représentent un cocycle cyclique trivial.

Soient(Ω,d) uneH -module algèbre DG à gauche, et(Γ, d) uneH -comodule algèbre DG à gauche. On défi
une algèbre DGΩ �H Γ comme suit. Comme espace vectoriel, c’est un produit tensoriel graduéΩ ⊗ Γ . La mul-
tiplication et la différentiation sont données par(ω1 ⊗ γ1)(ω2 ⊗ γ2) := (−1)deg(ω2)deg(γ1)ω1γ

(−1)
1 (ω2) ⊗ γ

(0)
1 γ2

et d(ω ⊗ γ ) := dω ⊗ γ + (−1)deg(ω)ω ⊗ dγ . Soit M un module SAYD gauche-gauche et
∫

:Γ → M,∫ ′ :M ⊗ Ω → k, des(M,H)-traces fermées et graduées de dimensionsp et q sur Γ et Ω , respectivement
On définit une transformation linéaire

′′∫
:Ω �H Γ → k,

′′∫
(ω ⊗ γ ) :=

′∫ (∫
γ

)
⊗ ω.

Lemme 0.1.
∫ ′′ est une trace fermée graduée de degrép + q sur Ω �H Γ . Si

∫
(resp.

∫ ′
) définit un cycle nu

surB (resp.A), alors
∫ ′′ définit un cycle nul surA �H B.

Soientϕ ∈ Zp,H (B,M), ψ ∈ Z
q
H (A,M) des cocycles cycliques representés par

∫
sur (ΩB,d), et

∫ ′ sur

(ΩA,d), respectivement. On considère la suite d’applicationsΩ(A �H B)
i−→ Ω(A) �H Ω(B)

∫ ′′
−→ k. La pre-

mière application est induite par l’inclusion naturelleA �H B → Ω(A) �H Ω(B). On définit le cup-produitϕ #ψ

comme étant le cocycle cyclique representé par la trace fermée graduée
∫ ′′ ◦i. En utilisant le Lemme 0.1, on obtie

le théorème suivant :

Théorème 0.2.AvecA, B, H , et M comme ci-dessus, on a le pairing naturel HCp
H (A,M) ⊗ HCq,H (B,M) →

HCp+q(A �H B).

Exemple 1.Soit G un groupe discret agissant sur l’algèbreA par des automorphismes unitaires et prenonsC =
H = kG. Dans [11], la cohomologie Hopf-cyclique deC est calculée à partir de la cohomologie de groupe avec
coefficients triviaux :HCq

kG(kG,k) = ⊕
i�0 Hq−2i (G). Les groupesHCp

kG(A, k) sont la cohomologie du sou
scomplexe de cochaines cycliques invariantes surA : ϕ(ga0, ga1, . . . , gap) = ϕ(a0, a1, . . . , ap), pour toutg ∈ G

et ai ∈ A. Par conséquent on obtient le pairing suivant, introduit pour la première fois parA. Connes dans [3]
HCp

kG(A, k) ⊗ Hq(G) → HCp+q(A � G).

On dit qu’une cogèbreC agit surA s’il existe une applicationC ⊗ A → A telle quec(ab) = c(1)(a)c(2)(b),
c(1) = ε(c)1, et(hc)(a) = h(c(a)), pour toutc ∈ C a,b ∈ A,h ∈ H . Il est clair que les deux premières conditio
sont équivalentes au fait que l’application d’évaluatione :A → HomH (C,A), e(a)(c) = c(a), est une application
d’algèbre. Donc on obtient une applicatione∗ : HCn(HomH(C,A)) → HCn(A). Combinant avec la Proposition 3
nous obtenons le cup-produit de deuxième type :

Théorème 0.3.Supposons queC agit surA. Nous obtenons alors le pairing naturel

#= e∗ ◦ ∪ : HCp
H (C,M) ⊗ HCq

H (A,M) → HCp+q(A).

Les casp = 0 ouq = 0 ont déjà été considérés dans [9]. Il y a été montré que cette application (pourC = H ,
q = 0, andM = σ kδ) coïncide avec l’application caractéristique de Connes–Moscovici [4]. D’autre part,
C = H etM = σ kδ, ce pairing est construit dans [7] en utilisant une autre méthode. Pour donner un autre exem
posonsx = m ⊗H c0 ⊗ c1 ∈ Z1

H(C,M) etφ ∈ Z1
H(A,M). Alors x #φ agit surA⊗3 comme suit :

x #φ(a0 ⊗ a1 ⊗ a2) = φ
(
m ⊗ c

(1)
0 (a0) ⊗ c

(2)
0 (a1)c1(a2)

) − φ
(
m ⊗ c0(a0)c

(1)
1 (a1) ⊗ c

(2)
1 (a2)

)
.
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1. Preliminaries

We denote the comultiplication, counit, and antipode of a Hopf algebra by∆, ε, and S respectively. The
letter H will always denote a Hopf algebra over a ground fieldk of characteristic zero. We use the Sweed
notation, with summation sign suppressed, to denote the comultiplication by∆(h) = h(1) ⊗ h(2) and its higher
iterations. IfM is a leftH -comodule we writeρ(m) = m(−1) ⊗ m(0), where summation is understood, to den
its coactionρ :M → H ⊗ M. Similarly if M is a rightH -comodule, we writeρ(m) = m(0) ⊗ m(1) to denote its
coactionρ. A left–left stable anti-Yetter–Drinfeld (SAYD) moduleis a leftH -module and leftH -comoduleM such
thatρ(hm) = h(1)m(−1)S−1(h(3)) ⊗ h(2)m(0) andm(−1)m(0) = m for all h ∈ H andm ∈ M. These modules wer
introduced in [8,9] as the most general coefficients systems that one can introduce into Hopf cyclic-cohomolo
One-dimensional SAYD modules correspond to Connes–Moscovici’s modular pair in involution(δ, σ ) onH [4–6]
and will be denoted byM = σ kδ .

An algebraA is called a leftH -module algebraif it is a left H -module and its multiplication and unit maps a
morphisms ofH -modules. An algebraB is called a leftH -comodule algebra, if B is a leftH -comodule and its
multiplication and unit maps areH -comodule maps. A leftH -module coalgebrais a coalgebraC which is a left
H -module such that its comultiplication and counit maps areH -linear.

We call the above three types of symmetries,symmetries of type A, B, and C, respectively. For each type there
an associated Hopf-cyclic cohomology theory with coefficients in an SAYDH -moduleM [8,9]. We denote thes
theories byHCn

H (A,M), HCn,H (B,M), andHCn
H (C,M) respectively. Connes–Moscovici’s theory for Hopf

gebras [4,5] correspond to the caseC = H with multiplication action, andM = σ kδ . The dual theory of [11] for
Hopf algebras correspond toB = H with comultiplication coaction andM = σ kδ . TheH -equivariant cyclic coho
mology of [1] correspond toHCn

H (A,M) with M = H and conjugation action, and the twisted cyclic cohomol
with respect to an automorphism correspond toHCn

H (A,M) with H = k[x, x−1] andM = 1kε. HC0
H(A, σ kδ) is

the space ofδ-invariantσ -traces onA in the sense of [5,6].

2. Covariant differential calculi

By a differential graded (DG) leftH -module algebra we mean a graded leftH -module algebraΩ = ⊕
i�0 Ωi

endowed with a graded derivationd of degree 1 such thatd2 = 0 andd is H -linear. LetA be a leftH -module
algebra. Its universal differential calculus [2](ΩA,d) is a DGH -module algebra with theH -action

h · (a0da1 · · ·dan) := h(1)(a0)dh(2)(a1) · · ·dh(n+1)(an).

By a DGH -module coalgebra we mean a gradedH -module coalgebraΘ = ⊕
i�0 Θi endowed with a grade

coderivationd of degree−1 such thatd2 = 0 andd is H -colinear. LetC be a leftH -module coalgebra. Its univers
differential calculus(ΩcC,d), defined in [10], is a left DGH -module coalgebra under theH -action

h · (c0 ⊗ c1 · · · ⊗ cn) = h(1)(c0) ⊗ h(2)(c1) ⊗ · · · ⊗ h(n+1)(cn).

By a DG left H -comodule algebra we mean a DG algebra(Γ, d) such thatΓ is a graded leftH -comodule
algebra and the derivationd is anH -comodule map. IfB is a left H -comodule algebra, its universal calcul
(ΩB,d) is a DG leftH -comodule algebra with the leftH -coaction defined by

b0db1 · · ·dbn �→ (b
(−1)
0 · · ·b(−1)

n ) ⊗ b
(0)
0 db

(0)
1 · · ·db(0)

n .

Definition 2.1. Let Ω be a DG left H-module algebra andM be a left–left SAYD module. By a closed grad
(H,M)-trace of degreen on Ω we mean a linear map

∫
:M ⊗ Ωn → k such that for allh ∈ H , m ∈ M, and

ω,ω1,ω2 in Ω of appropriate degrees, we have:
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h(1)m ⊗ h(2)ω = ε(h)

∫
m ⊗ ω,

∫
m ⊗ dω = 0,

∫
m ⊗ ω1ω2 = (−1)deg(ω1)deg(ω2)

∫
m(0) ⊗ S−1(m(−1))(ω2)ω1.

Lemma 2.1.LetA be a leftH -module algebra andρ :A → Ω0 be anH -linear algebra homomorphism. Then th
cochainϕ :M ⊗ A⊗(n+1) → k,

ϕ(m,a0, . . . , an) =
∫

m ⊗ ρ(a0)dρ(a1) · · ·dρ(an),

is a cyclic cocycle inZn
H (A,M). The map

∫ �→ ϕ (for ρ = id) defines a1–1 correspondence between clos
graded(H,M)-traces onΩA andZn

H (A,M).

Definition 2.2. Let Γ be a DG leftH -comodule algebra andM be a left–left SAYD module. By a closed grad
(H,M)-trace of degreen on Γ we mean a linear map

∫
:Γ n → M such that

∫
is H -colinear, and for allm,

γ, γ1, γ2 of appropriate degrees
∫

m ⊗ dγ = 0, and∫
γ1γ2 = (−1)deg(γ1)deg(γ2)γ

(−1)
2 ·

∫
γ

(0)
2 γ1.

Lemma 2.2.Let B be a leftH -comodule algebra andρ :B → Γ 0 an H -colinear algebra homomorphism. The
the cochainϕ :B⊗(n+1) → M,

ϕ(b0, . . . , bn) =
∫

ρ(b0)dρ(b1) · · ·dρ(bn),

is a cyclic cocycle inZn,H (B,M). The map
∫ �→ ϕ (for ρ = id) defines a1–1 correspondence between clos

graded(H,M)-traces onΩA as in Definition3.3 andZn,H (B,M).

Definition 2.3. Let Θ be a DG left H -module coalgebra andM be a left–left SAYD H -module. By an
n-dimensional closed graded(H,M)-cotrace onΘ we mean an elementx = ∑

i mi ⊗ θi ∈ M ⊗H Θn such that
(1⊗H d)x = 0, and∑

i

m
(0)
i ⊗ θ

(2)
i ⊗ m

(−1)
i θ

(1)
i =

∑
i

(−1)deg(θ(1))deg(θ(2))mi ⊗ θ
(1)
i ⊗ θ

(2)
i .

Lemma 2.3.Let C be a leftH -module coalgebra andρ :Θ0 → C be anH -linear coalgebra map. Let̃ρ :M ⊗H

Θn → M ⊗H C⊗(n+1) be the natural co-extension ofρ. Then
∫

x := ρ̃(x) is a cyclic cocycle inZn
H (C,M). The

mapx �→ ∫
x (for ρ = id) defines a1–1 correspondence between closed graded(H,M)-cotraces of degreen on

ΩcC andZn
H (C,M).

Extending the terminology of [2], we call the data(Ω,d,
∫
,H,M,ρ) an Ω-cycle over the algebraA and

the corresponding Hopf-cyclic cocycle itscharacter. Similarly for Γ -cycles andΘ-cycles. They correspond t
symmetries of typeA, B andC, respectively.

2.1. VanishingΩ , Γ andΘ-cycles

Let B be a leftH -comodule algebra andu ∈ B be an invertibleH -coinvariant element in the sense th
ρ(u) = 1 ⊗ u. The inner automorphism Adu :B → B, Adu(b) = ubu−1 is H -colinear and hence induces a m
Ad∗

u : HCn,H (B,M) → HCn,H (B,M) for all n.

Proposition 2.4.We haveAd∗
u = id.
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Proof. One checks that the homotopy operatorκ defined by

κf (b0, . . . , bn−1) =
n∑

i=0

(−1)if (b0u
−1, . . . , ubiu

−1, u, bi+1, . . . , bn−1)

is H -colinear and is a contracting homotopy for Ad∗
u − id on the Hopf–Hochschild complex. The result now follo

by applying Connes’ long exact sequence.�
The algebra ofn × n matrices overB, Mn(B), is a left H -comodule algebra in a natural way and the m

i :B → Mn(B), b �→ b ⊗ e11, is H -colinear and hence induces a mapi∗ : HCp,H (Mn(B),M) → HCp,H (B,M).
We define a map Tr :Cp,H (B,M) → Cp,H (Mn(B),M)

(Trϕ)(b0 ⊗ m0, . . . , bp ⊗ mp) = tr(m0 · · ·mp)ϕ(b0, . . . , bp).

The relationi∗ ◦ Tr = id is easily verified. Although we won’t need it for the construction of cup products in
paper, we pause to mention that we have now all the tools to prove a Morita invariance theorem for Hop
cohomology theory of any type. For example we have:

Proposition 2.5(Morita invariance). LetB be a unital leftH -comodule algebra andM be anSAYD module. Then
i∗ induces an isomorphism on Hopf–Hochschild and Hopf-cyclic cohomology ofB with coefficients inM.

The following lemma is an adaptation of a lemma of Connes [2] to our context:

Lemma 2.4.Letf :B → B be anH -colinear algebra homomorphism andX an invertibleH -coinvariant elemen
of M2(B) such that

X

[
b 0
0 f (b)

]
X−1 =

[
0 0
0 f (b)

]

for all b ∈ B. Then for anySAYD moduleM, HCn,H (B,M) = 0 for all n.

Definition 2.6.We say that aΓ -cycle is vanishing ifΓ 0 satisfies the condition of the above lemma.

Lemma 2.5.Letϕ :B⊗(n+1) → M be anH -colinear map. Thenϕ is a coboundary if and only ifϕ is the character
of a vanishingΓ -cycle.

Let C be a leftH -module coalgebra andχ ∈ HomH (C, k) be anH -linear convolution invertible functiona
onC. Theco-innerautomorphism Adcχ :C → C defined by Adχ (c) = χ(c(1))c(2)χ−1(c(3)) is H -linear and hence
for anyn � 0 induces a map

Ad∗
χ : HCn

H (C,M) → HCn
H (C,M).

Proposition 2.7.We haveAd∗
χ = id.

Lemma 2.6.Let f :C → C be anH -linear coalgebra homomorphism andχ a convolution invertibleH -linear
functional on the coalgebraM2(C) such that

χ

([
c(1) 0
0 f (c(1))

])[
c(2) 0
0 f (c(2))

]
χ−1

([
c(3) 0
0 f (c(3))

])
=

[
0 0
0 f (c)

]
,

for all c ∈ C. Then for anySAYD moduleM and for anyn � 0, HCn
H (C,M) = 0.

Definition 2.8.We say that aΘ-cycle(Θ,d, x,H,M) is vanishing ifΘ0 satisfies the condition of Lemma 2.6.

Lemma 2.7.Lety ∈ Zn
H (C,M). Theny is a coboundary if and only ify is the character of a vanishingΘ-cycle.

The notion of vanishingΓ -cycle is defined along parallel lines with analogue of Lemma 3.11 and 3.15 p
in a similar way.
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3. Cup products of the second kind

In this sectionC is a left H -module coalgebra andA is a left H -module algebra. Let(Ω,d) be a DG
left H -module algebra and(Θ,d) be a DG leftH -module coalgebra. We define theconvolution DG algebra
HomH (Θ,Ω) as follows. As a graded vector space in degreen it has

⊕
i+j=n HomH(Θi,Ω

j ). One checks tha

with convolution productf ∗ g(θ) := (−1)deg(g)deg(θ(1))f (θ(1))g(θ(2)), and differential df := [d, f ] (graded com-
mutator), HomH(Θ,Ω) is a DG algebra.

Let
∫

be a closed graded(M,H)-trace of degreep on Ω andx a closed graded(M,H)-cotrace of degreeq
onΘ. We define a functional

∫ ′ on HomH(Θ,Ω) by
∫ ′

f := ∫
(idM ⊗ f )(x).

Proposition 3.1.
∫ ′ is a closed graded trace of degreep + q on HomH(Θ,Ω). If

∫
(resp.x) defines a vanishing

cycle onA (resp.C), then
∫ ′ defines a vanishing cycle onHomH(C,A).

Now letϕ ∈ Z
p
H (C,M) be represented byx andψ ∈ Z

q
H (A,M) by

∫
. Consider the sequence of maps

Ω
(
HomH (C,A)

) i→ HomH(ΩcC,ΩA)

∫ ′
→ k,

where the first map is defined using the universal property ofΩ . We letϕ ∪ψ to be the character of the cycle
∫ ′ ◦i.

Using Proposition 5.1 we obtain

Proposition 3.2.We have a well-defined pairing:

∪ : HCp

H (C,M) ⊗ HCq

H (A,M) → HCp+q
(
HomH(C,A)

)
.
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