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Abstract

A wavelet characterization of the pointwise regularity condititff(xq) of Calderén and Zygmund is obtained. The extremal
case (a pointwise BMO condition) yields the sharpest wavelet condition which is implied by pointwise Hoélder regularity; in
particular, this criterium is sharper than the usual two-microlocal condifiortite this article: S. Jaffard, C. R. Acad. Sci.

Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Criteres de régularité ponctuelle.On obtient une caractérisation par ondekette la condition de régularité ponctuelle
T, (xg) de Calderén et Zygmund. Le cas extréraed conditim de type BMO local) fournit la@ndition la plus précise sur les
modules des coefficients d’ondelette impliquée par la régularité Holderienne ponctuelle ; en particulier elle est plus fine que le
critére deux-microlocal usudPour citer cet article: S. Jaffard, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Il existe plusieurs définitions possibles de la régularité ponctuelle d’une fongti®4 — R ; la plus couram-
ment utilisée est laégularité Holderienne

Définition 0.1. Soientf € L5, xo € R? et > 0; alors f € C%(xp) S'il existe R > 0, C > 0, et un polyndmeP

de degré inférieur a tels que

si |x —xol < R alors| f(x) — P(x — x0)| < Clx — xo|*. (1)
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La conditionZ. est nécessaire ; en effet (1) implique guiest bornée au voisinage gi¢ Donc cette définition

n'est pas utilisable si le cadre naturel poﬂrestL{;C pour unp < oo. Un autre inconvénient a été découvert
par Calderon et Zygmund en 1961, cf. [2]a condition (1) n'est pas conservée sous l'action des opérateurs
pseudodifférentiels classiques d’ordre 0. De pluspledelettes ne sont pas des bases inconditionelles de I'espace
C*(xp), cf. [3]. Aussi Calderén et Zygmund ont iotiuit les conditions de régularité ponctuellg (xo) qui ne
souffrent pas de ces inconvénients. Soit (1, 00), f € L{;C etu > —d/p; on dit quef e T,/ (xo) S'il existe

R, C > 0 et un polynémeP de degré inférieur a tels que

1 1/p
Vr <R, (—d / |f(x)—P(x—x0)|1’dx> < Crt.
r

B(xo,r)

En tenant compte du fait que les extensions «natwellglu point de vue de I'analyse harmonique) des espaces
L? pour p = oo et p < 1 sont, respectivement, 'espaB®O et les espaces de Hardy réél¢, on peut étendre
les conditionsl;” (xo) & ces valeurs dg.

Définition 0.2.Soitp € (0,11, f € Hb etu > —d/p; f € T, (xo) S'il existe R, C > 0 etun polyndme? de degré
inférieur au tels que||(f — P)1pg.nllp, < Critd/p.

Soit f € BMOyoc; f € T,°(xo) S'il existe R,C > 0 et un polyndmeP de degré inférieur a tels que
I(f — P)1B(xo.r)llIBMO < Cr.

Notre but est d’obtenir une caractérisation de ces conditions pouptaud, +oc] par un critére portant sur
les modules des coefficients d’'ondelettefde

Soienty®, i =1,...,2¢ — 1, des fonction&4 & support compact (ol est choisi suffisamment grand)
et engendrant une base d’ondelettes, c’est-a-dire quebiésy?) (2/x — k) (i=1,....,2¢ -1, j € Z, k € Z4)
forment une base orthonormée B&R?). On utilise I'indexation des ondelettes par les cubes dyadiques (rappelée
dans le texte anglais). On notera= 2% [ ¢ (2/x — k) f (x) dx. Sixo € R?, on noterak ;(xo) le cube dyadique
de largeur 2/ contenanty, et S (j, xo)(x) = s, o) lex 215, (x) /2.

Théoréme 0.3Soitp € (0, c0) andu > —d/p; si f € T, (xo), alors3C > Otel quev,j > 0,
[SrG. 20, < c277 P, 2)
Si p = 400, cette condition devient
y 172 .
VA C 34 (x0), ( Z 2~di |cA/|2> < c2-U2pmui (3)
A CA

oul la largeur dex est notée@~! et la largeur del’ est notée /',
Réciproquement, $P) est vérifiégou si(3) est vérifiée dans le cgs= +00), et siu ¢ N, alors f € T,/ (xo).

On remarquera que, gi= 2, cette caractérisation se simplifie en

> 2P < 2,
A'C3Aj(x0)

qui avait été obtenue antérieurement par Yves Meyer (communication personelle).
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1. Introduction

Several definitions for the pointwise regularity of a functibnR? — R can be introduced depending on the
global assumptions that are made nThe most widely used is thadlder criterium

Definition 1.1.Let f € L5, xo0 € R? ando > 0; thenf € C*(xp) if 3R > 0, C > 0, and a polynomiaP of degree
less thatr such that

if |x — xol < R then| f(x) — P(x — x0)| < C|x — xol*. (4)

The global setting supplied k. is implicitly required by (4); indeed, (4) implies thgtis bounded in a neigh-
bourhood ofxg. Thus Definition 1.1 cannot supply a sensible notidpaintwise regularity if the natural setting
for fis L{;C for p < co. Another drawback is less obvious and was already pointed out by Calderén and Zygmund
in 1961, see [2]: The pointwise Hélder condition is not @eed under classical pseudodifferential operators of
order 0. This instability property has a counterpart in vieivanalysis: Wavelet bases are not unconditional bases
of the spac&* (xp); even more is true: There exist two functiofindg which share the same moduli of wavelet
coefficients, and nonetheless satighe C*(xg) whereas/ > 0, g ¢ C# (xo). Thus Definition 1.1 is unsuitable in
several settings; Calderdon and Zygmund introduced the following extension which makes sende’isétiing
and is preserved under singular integral operators.

Definition 1.2. Let p € (1,00), f € Ll’;c andu > —d/p; then f € T} (xo) if 3R, C > 0 and a polynomiaP of
degree less tham such that

1 1/p
Vr <R, <r_d / |f(x)—P(x—xo)|pdx> <Cr". (5)

B(xo.r)

Note that this condition can be rewritt§af — P)1gg.n)llp < Critd/p If one keeps in mind the requirement
of using a criterium which is invariant under pseudodifféi@operators of order 0, the following definition is the
natural extension of;’ (xg) outside the rangp € (1, c0). (Recall that, ifp < 1, thenH” denotes the real Hardy
space, see [6].)

Definition 1.3. Let p € (0,1], f € H}. andu > —d/p; then f € T,/ (xo) if 3R, C > 0 and a polynomiaP of
degree less that such that|(f — P)1g(r)llp < Critd/p,

Let f € BMQpgc; then f € T,>°(xp) if 3R, C > 0 and a polynomialP of degree less that such that
I(f — P)1B(xo.r)llIBMO < Cr.

Let p € (0, +o0]; then thep-exponent off atxg is h?(xo) =supu: f e T} (x0))}.

The motivations for considering this new types of pointwise conditions are of a different natupe=fax
and forp < 1. If p = +o0, then theT,>°(xg) condition is the sharpesbndition which is implied byC* (xg) and
can be characterized by a condition bearingtenrnoduli of the wavelet coefficients g¢f, it is therefore stronger
than the two-microlocal conditiong € C*~(xg) of [3]. In particular, while the two-microlocal condition can be
satisfied by distributions which do not coincide with a function in a neighbourhoad,ahe 7,°(xo) wavelet
characterization implies that (5) holds for apy< co. Another motivation is supplied by the analysis of domains
with fractal boundaries; one way to understand the geometry of a domain is to use analytic tools on its characteristic
function and, in particular, perform its multifractal analysis. This cannot be done using the Holder exponent as a
measure for pointwise regularity since the Holder exponent of a characteristic function only takes the two values
0 and+o0; thus no characteristic function is multifractal in this sense. By contrasytieponent can take any
non-negative value, thus opening the way towtifractal analysis of domains, see [5].
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If p <1, the conditionf e ngc, allows one to deal with singularities such|as— xo| ™ nearxg fora < d/p;
therefore using arbitrarily small values pfallows one to deal with singularities of arbitrarily large expongnt
which is needed in some applications, see [1].

Clearly,C*(xp) — T,>°(x0) and, if+oo > p > ¢ > 0, thenT;” (xo) < T,! (xo). Using the classical interpolation

results betweei.” and/orH? spaces, it follows that, iff € 7,” (xg) N T,/ (x0), and if r is such that'r—L =7+ 1%“

with 0 < @ < 1,thenf e T, (xg) with w = au + (1 —«)v. Thus, forxg given, the functiory — h}/c’ (xp) is defined
on an interval of the forniiyo, +00) or (qo, +00), where it is concave and increasing.

2. Wavelet characterization

Let @, i=1,...,2¢9 — 1, be compactly supporte@d” functions (whereA is large enough) generating a
wavelet basis, i.e. the’®2y D 2ix —k) (i=1,...,2¢ — 1, j € Z, k € Z¢) form an orthonormal basis df?(R%).
Wavelets will be indexed by dyadic cubes as follows: We can consider téleds values among all dyadic subcubes
A; of [0,1)¢ of width 1/2 except for[0, 1/2)?; thus, the set of indice§, j, k) can be relabelled using dyadic
cubes:i denotes the cubfr: 2/x — k € A;}; we notey, (x) = ¥ (2/x — k) (an L™ normalization is used), and
o) =24 S ¥ (x) f(x)dx; 3C: supay) C Cx whereCx denotes the cube of same centekandC times wider.

If xo e RY, thenx ; (xo) denotes the unique dyadic cube of width/ 2which containsyg, and the local square
functionis Sy (j. x0) (¥) = (X s, (xo) leal 225 (x) V2.

Theorem 2.1.Letp € (0, c0) andu > —d/p; if f € T,V (xo), thenaC > 0 such thatvj > 0,
|S7Gx0)|, < c2770rdp), (6)
If p =400, this condition becomes

., 12 .
VA C 34 (x0), ( > 27 |cw|2> < c2mU2pmui (7)
AMCa
where2~! is the width of. and2~/" is the width ofv.
Conversely, if(6) holds(or if (7) holds in the casg = 4o00) and ifu ¢ N, then f € T,/ (xo).

Proof of Theorem 2.1. Assume first thap < oo; then (see [6])f € LP(RY) if p>1,0rf e HP(RY) if p< 1
if and only if (3_, lca |21, (x))Y/? € LP. The direct part of the theorem follows by applying this characterization to
g(x) = (f(x) = P(x —x0))1py, p2-i)(x) @and noticing that, ifD is large enough antl C 34, (xo), then the corre-
sponding wavelet coefficients gfandg coincide. If p = +o00, the argument is the same using the characterization
of BMO, see [6]:3C, Y&, 3,1, 2~ |ey]? < CMead).

Let us now prove the converse part. We can forget the ‘low frequency componghtarfesponding tg < 0
in its wavelet decomposition, since its contribution belongs locallg tgR?). Let A; denote the set of dyadic
cubes of width 2/, A; f = ZAE/‘_/ ¢y, and letP;(x — xg) denote the Taylor polynomial of ; f of degregu]
atxg; (6) or (7) imply that,

if dist(x, xo) < D27/, then|c;,| < C27%. (8)

Let p > 0 be fixed and let be defined by 2/ < p <2-27/ and L be a constant which will be fixed later,
but depends only on the size of the support of the wavelet.<fJ + L, then at mosiC of the v, have a
support intersectin® = B(xg, p) and each of them satisfies (8). It fale from Taylor’'s formula that, ifc € B
andj < J + L, then|A; f(x) — Pj(x — xo)| < Cplu1+12/(u1+1=w) "and therefore

J+L

Z|Ajf(x)—Pj(X—xo)|<Cp”, ©)

Jj=0



S. Jaffard / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 757-762 761

It follows also from (8) that, ifk| < [u]+1, then¥j >0, |A§.k)f(xo)| < 2Ukl=w)j- therefore the serieB(x — xg) =
. p(k)
Z?io Pj(x —x0) = Z?io Z|k|<u W(x — x0)* converges and, ifc — xo| < p, then

o0 o0

YR —xo)|<C Y D 2Kipk < opt o

j=J+L j=J+L |k|<u

Let nowgy(x) = Z?OZHL Ajf(x); then|igs1gll, < | Z?O:HL 2 aCB(xo.20) CxVallp WhereL has been picked
large enough so that both functions coincideRriJsing the wavelet characterization©f, the right hand side is
bounded by

(i > lcxl21x>l/2

Jj=J+L ,CB(x0.2p)

c <Sf(j— L, xg) < C27/Hd/p), (11)

p

The required estimate fgi f — P(x — x0))1(x,,p) |l fOllows immediately from (9), (10) and (11).
The casep = oo is completely similar.

3. Remarks and implications in multifractal analysis

If p =2, this characterizatioboils down to a local? condition on the wavelet coefficients

> 2 g R (12)
A3 (x0)

which was previously obtained by Yves Meyer (personal communication) using an alternative proof.

If p=+4o00,andif 1< p < 400, then Theorem 2.1 improves previous results of, respectively, [3] and [5]; up
to now, the converse part required a uniform regularity assumgtierB,,” for ande > 0, which turns out to be
unnecessary. Note also thatfifsatisfies (7), therf e T,/ (xo) for any p < co. This is in sharp contrast with the
two-microlocal condition obtained in [3] as a consequenc€tfc) regularity which does not imply an§’ (xo)
regularity result (or even that locally coincides with a function).

If p# 2, then (6) in not a local” condition on the wavelet coefficients; however, the embeddings between
Sobolev and Besov spaces supply the followingditions which are easier to use in practice:

If p>2,thenL? — BY”;thusif f e T,/ (xo) for p > 2, theny" g, (g 274 ey |P < €277 Similarly,
it p<2,thenB)” & LV thus it Y, () 279U lex|P < €277, thenf € T (xo).

The two-microlocal conditiolC® =% (xg) is ‘far’ from the Holder conditionC* (xp) in the sense that it can be
satisfied by distributions which are not functions. However, it is ‘close’ if a uniform regularity condition holds;
indeed, letx > € > 0; if f € C*~(x0) N C(RY), thenVB < «a, f € CP(xp), see [3]. The following result shows
that7,” regularity is ‘farther’ from Holder regularity under this respect.

Proposition 3.1.Let f € T (xo) N C¢ (RY), witha > € + (d/p) and letg = aep/(ep + d); then f € C# (xp) and
this result is optimal.

The proof is similar to the proof of the converse part in Theorem 2.1; the only difference lies in the estimate
of sup|4; f| on B = B(xo, 2~7) for j > J. The uniform regularity assumption implies that fup; f| < Cc27¢;
the 7.7 (xo) assumption implies thatA; fl.»(s) < €277, which, using Bernstein’s inequalities, implies that
suplA; f| < Cc2-2/24i/P The conclusion follows by picking the seof these two estimates according to the
value of ;.
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The purpose of the multifractal analysis of a functiois to determine the Hausdorff dimensions of the sets of
points wheref has a given pointwise regularity. Up to now, this was performed mainly in the context of Holder
pointwise regularity. We now give a result fdf’ regularity. In that case one wishes to determineiFgpectrum
D},C(H) =dim({x: h;(x) = H}) (where dim denotes the Hausdorff dimension). Upper bounds op-8pectrum
can be derived in terms of the following quantities. Let

5 p/2 1/p
Sk(p) = ( / ( > lewl 1N<x>) dx) :
A

A Ch

log(2¢ta/p=Diy, (S5(p)?)
n(q)= lim liminf re4NBOR TS .
! R—>+00 j—>+00 log(2-/)

Theorem 3.2.Let f € LY ; then D} (H) < inf,o(d — (@) + Hag).

p .
loc’

Sketch of proof. It follows from Theorem 2.1 that

100 = =5 + imint (Hogs( sup 87 (p)) ) (13)
p Jjotoo\ J A eadj(n)

where adjr) denotes the3dyadic cubes of same width asand such that N A’ = @. The proof of Theorem 3.2 is
exactly the same as the upper bound for the Hélder spectrum, see [4], since the only property used in the derivatiol
of this upper bound is a formula similar to (13). Note that, in Theorem 3.2, no global regularity assumption is
needed since, in [4], this assumption is needed only to insure the validity of the formula corresponding to (13), but
not in the proof of the upper bound.
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