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Abstract

Multifractal formalisms hold for certain classes of atomless measum@stained as limits of multiplicative processes. This
naturally leads us to ask whether non trivial discontinuous measures obey such formalisms. This is the case for a new kind
of measures, whose construction combines additive and multiplicative chaos. This class is defiped=by ;1 b=y
jZZQJZBl,u([kb_J', (k + 1)b_f))"6kb,j (suppp) = [0, 1], b integer> 2,y >0, o > 1). Under suitable assumptions on the
initial measureu, vy, obeys some multifractal formalisms. Its Hausdorff multifractal spectium dy, , (h) is composed of
a linear part for: smaller than a critical valuk,, », and then of a concave part whe hy, . The same properties hold for
the Hausdorff spectrum of some function serfgs, constructed according to the same schems,as These phenomena are
the consequences of new results relating ubiquitous systems to the distribution of the mass @fe this article: J. Barral,

S. Seuret, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sommes de masses de Dirac et ubiquité conditionnélees formalismes multifractals sont vérifiés par certaines classes
de mesures diffuseg limites de processus multiplicatifs. Cela pose naturellement la question de savoir s'ils le sont encore
pour des mesures non diffuses non triviales. C’est effectivement le cas pour des mesures d’'un type nouveau, qui mélent chac
additifs et multiplicatifs. Cette classe de mesures est définie,par= Zj>l b—J'V/j2 szzalu([kb_j, (k+ 1)b_f))"6kb,j
(suppu) =[0,1], b entier>2, y >0, o >1). Sous certaines hypotheses guplusieurs formalismes multifractals sont en
effet satisfaits pap, . De plus, son spectre multifractal de Hausdérf- d,,, , (h) se compose alors d’'une partie linéaire pour
h plus petit qu’'une valeur critiqu, », puis d'une partie concave polr> hy, . Cette propriété est partagée par le spectre
de Hausdorff de séries de fonctioffs , construites de fagon analoguevi,. L'analyse des singularités de ces objets fait
appel a de nouveaux résultats combinant la notion d’ubiquité avec les propriétés d'auto-similarité de lgumesureiter
cet article: J. Barral, S. Seuret, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abrégée

Soit « une mesure borélienne positive $0r1]. Soitb un entier> 2,y > 0 eto > 1. Considérons la mesure

constituée d'atomes, , ="~ j~? Zf;glb‘”’u([kb‘f, (k+1)b=7))?8,,-i. Nous nous intéressons au spectre

de Hausdorff de, ,, c’est-a-dire a la fonction,, , qui a un exposant > 0 associe la dimension de Hausdorff
dimE,”" de I'ensembleE,”” = {x: liminf,_ o+ logv, - (B(x,r))/logr = h}.

A une mesure de Borel positivesur [0, 1], nous associons sa fonction d’échetlgq) définie relativement
a la grille b-adiqgue comme dans [6], et la transformée de Legenflte) = inf,cr(gh — 7,(g)). On dit que le
formalisme multifractal est valide pouren’ sidimE; =t (h).

On a alors le théoréme suivant, qui dépend de deux conditions s@1 demande que le support gesoit
[0, 1] et que SUPc(p 1).r¢(0.1)l09 1 (B(x, 1)) /logr < co. Etant donné un exposant> 0, C2(h) est vérifiée lorsque

.....

de [4].

Théoréme 0.1. Supposons qu€l soit vérifiee paru. Soitg, , = inf{g € R: t,(cq) + yq =0} eth, , =
01,,(0q,,)+v.Onag,, €(0,11et0<h, , <q, L.

(i) Sihy s >0, alors pour touth € [0, iy 51, dv, , (h) < gy.oh. De plus, siCZ(hV*‘j%”) est vérifiée, alors pour
touth € [0, hy o1, dy, , (h) = gy o h, et le formalisme multifractal est valide én

(i) Sin > hyo alorsd.vy.a (h) < r;(h;—"). De plus, sCZ(%) est vérifiéed,, , (h) = r;(%), et le formalisme
multifractal est valide erh.

Lorsqu’elle est verifieeC2(h) permet de calculer la dimension de Hausdorff d’ensembles linSsi, 5, €)

étroitement liés & la fois a la distribution de la masse eet a la famille des pointsh-adiques

Théoréme 0.2.Soith > 0. Etant donnés > 1 et une suite positive= {¢,};, on définit 'lensemble

Su(h.8.8) =) U [kb=) —b=78 kb= + b3
NZ21 o N: b 74D < pikp—i (k)b )) <b ™/ 8D

Supposons qué2(h) soit vérifiée pan. Il existe une suite positiieconvergeant vers telle que pour chaque
8 > 1, il existe une mesure de Borel positing sur [0, 1] telle quems (S, (h, 8, €)) > 0, et pour tout borélien
E C [0, 1] tel quedimE < r;j(h)/(S, ms(E) = 0. En particulier, on adim S, (s, 8, &) > r;j(h)/a.

La connaissance de la dimension de Hausdorff de ces ensefpliles, ) permet le calcul de,, , .

1. Introduction

Among the measures whose multifractal analysis can enpeed, two families can be distinguished by their
Hausdorff spectrum’s shape. On one side, measuresduiin additive scheme, such as the Lebesgue—Stieljes
measure associated with Lévy subordinators [10] for instance, classically exhibit linear increasing spectrum. On
the other side, atomless measures with a construction involving a multiplicative scheme usually have a strictly
concave spectrum, including a decreasing part whsnarger than a typical exponeht. Multinomial measures,
Mandelbrot multiplicative cascades and their extensions, are classical examples of such measures, with the well
knownn-shaped spectrum.

We consider a distinct construction scheme which mixes both additive and multiplicative structures.
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Definition 1.1.If 41 is a positive Borel measure ¢@, 1] andb is an integer greater than 2, bgt , be the measure
defined with the help of two parameters> 0 ando > 1 by

Vo= J% Y b u([kb™T (k+ b)) 8. 1)

j=1 k=0,...,bJ -1

The multifractal behavior of theseeasures combines the two typical mintictal behaviors described above.
A part of their multifractal spectrum is closely related to the non-emptiness of a new kind of limsup-sets
Su(a, 8, M) defined by (4). The computation of the Hausdorfhidnsion of these sets requires new ubiquity results
(see Section 4 and [4]) which extend the classicatjuity results only valid for a monofractal measur¢7,11] to
the multifractal frame.

2. Multifractal spectrum of the new class of measures,, »

The local regularity of a measune at a pointx is hereafter described by the Holder exponkptx) =
liminf,_ o+ logu(B(x, r))/logr. The multifractal analysis qf consists in computing the Hausdorff dimensions of
the level sets of this Holder exponaﬁ,‘l,‘ = {x: hy(x) =h}, h > 0. Then one tries to find the multifractal spectrum
of w, h—d, (h) = dim(E;j), where din{E) stands for the Hausdorff dimension of the get

In order to fully state our result, the notion of multifractal formalism for measures is required. A multifrac-
tal formalism is a formula which relates, via a Legendre transform, the multifractal spegfyum a scaling
function associated witl [6,15]. Here, we adopt the followindefinition for the scaling function [6) g € R,
7(g) =liminf ;oo =100, Yo i (kb ™/, (k+Db~7))4, with the convention 0= 0,¥¢. The multifrac-
tal formalism is said to hold for at exponent when the multifractal spectrum @f at# is equal to the Legendre
transformt;j of r, ath, i.e. whend, (h) = r;j(h) =inf,cr(gh — 1,(q)).

Our result invokes two technical conditiorS1 simply requires that the support of the measurés [0, 1]
and that sup. g 1) ¢(0,1) 10914 (B(x, r))/logr < co. C2(h) is said to hold for the measuye and the exponerit
when the family of pointg(kb—/, Zb_j)}j>1,k=o,...,h.f—1 forms an heterogeneous ubiquitous system with respect
to (u, h, r;j(h)) (see Section 4).

Theorem 2.1.Let u be a positive Borel measure supported[Byl], and assume thatl holds foru. Lety >0
ando > 1, and consider the measure , defined in(1). Letg, - =inf{g e R: t,(0q) + yq =0}, andh, , =
01,(0q;,,)+y.Onehasy, , € (0,1]and0< hy o <q; %

() If by >0, for everyh € [0, hy ;1, dv,, (h) < gy.oh. If moreoverCZ(hV*f%”) holds, then for every: €
[0,y 51 dy,, (h) = gy oh, and the multifractal formalism holds at

(i) If h > hy o, thend,, , (h) < t;j(h;—y). If moreove@Z(%) holds,d,, , (h) = r;(%), and the multifractal
formalism holds at.

Theorem 2.1 applies to several classes of atomless statistically self-similar mga¢seeq2,5]), as well as to
the measurey 1 itself: in this case the process can be iterated, the spectrum being unchanged.

It is shown in [2] that multifractal forralisms that focus on level sets such{as lim,_glogv, - (B(x,r))/
logr = h} (defined using a limit instead of a liminf) do not hold for these measuygsath when O< i < hy .
Theorem 2.1 thus pleads for the choice of the ﬁﬁi’s" defined using the Holder exponént, , (x).

Also, the measures, , provide new examples of measures that may have a scaling fungfipwhose deriva-
tive does not exist at some point (hetg, ), while satisfying a multifractal formalism. Such a non differentiability
is called a phase transition in the thermodynamical terminology.
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Fig. 1. Typical multifractal spectrum of a measurebuilt on an (left) additive or (middle) multiplicative scheme, and (rightppf (Theo-
rem 2.1) andfy, » (Theorem 3.1) withy =0 ando = 1; of fwav (Theorem 3.2) with arbitrary, o.

Fig. 1. Spectre multifractal typique d’'une mesureconstruite sur un schéma (gauche) additif ou (centre) multiplicatif, et (droite), de
(Théoreme 2.1) oy, » (Théoreme 3.1) aveg = 0,0 =1, de fwav (Théoreme 3.2) aveg, o quelconques.

3. Multifractal spectrum of function series f), , naturally associated withv, »

The multifractal analysis of functions constitutes a companion domain of the multifractal analysis of measures.
Given a bounded functiori on[0, 1], xo € (0, 1) andk > 0, f € C"(xo) if there exist a constant and a polyno-
mial P of degree< h such that f (x) — P(x — xo)| < C|x — xo|" for x close enough tap. The pointwise Holder
exponent off atuxg [9] is then defined a& r (xo) =suph: f € C"(x0)}. The multifractal analysis of consists in
computing its Hausdorff spectrudy : i — dim{x: i ¢ (x) = h}.

Inspired by the construction of the measurgs;, it is natural to build functions with a structure comparable
with the one ofv, . Letw be a positive Borel measure supported@yl], ¢ a bounded function o, y > 0 and
o > 1. In two situations, we study the function series defined by:

I piv . . .
f) =) fix) wherefj(x)=— > w([kb~. (k+1b77)) $(b/x —k). 2)
j=1 / k=0,....bJ -1
The first choice ofp creates a discontinuity at easkadic number, the second one uses a wavelet.

Theorem 3.1.Under the assumptions of Theorérd, and if ¢ (x) = (x — 1)L (x_1)e0,1) @andz = p, the corre-
sponding function serig@), here denoted by, ., satisfy

() If iy, > 0andC2("22=2) holds, for anyh € [0, 22721, d ;. (h) = gy o h.
(iiy If b > hy, andC2(“=Y) holds, thenty, , (h) = d(*=1) = /i (2=2).

Theorem 3.2.h = 2. Under the assumptions of Theor@, if ¢ is a C*° wavelet as constructed for instance in
[14] and if T = vg 1, the corresponding function serié®), denoted hergiyay, Satisfy

(i) If ho.1 > 0andC2(ho.1) holds, for anyk € [y, y + oho 1], one hast ., (h) = go.1 =%
(i) If h >y +ohos andC2(*=2) holds, thent () = d, (=2) = o (=2),

Theorem 3.1 is established in [3], and Theorem 3.2 is a consequence of a work achieved in [1].
The interest in function series with bounded variationd having a dense set of discontinuities goes back to
the note of Jordan [12], where the spa®¥ was introduced.

4. Ubiquity revisited via multifractality

Along the proof of Theorem 2.1, the non-emptiness of limsup-sets defingg(@ss, M) in (4) is crucial. The
study of this kind of sets is comparable with classical problems of ubiquity [7], but here th§ sets$, M) are
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conditioned by a propert®,; which depends on a (statistically self-similar) meagur&/e thus need a refinement
of the ubiquity results in order to be able to combine the approximation rate by some family of points with the
multifractal properties of a measupe This is achieved by Theorem 4.2.

Letd > 1 andu a positive Borel measure df, 1]¢. The analysis of the local structure @fmay be naturally
done on ac-adic grid for somec > 2. This is the case for instance for multinomial measures or Mandelbrot
cascades. We shall thus need the following notations. For every infeger and for every multi-integek =
(k1,....kq) € N4, let us denote by, i the c-adic box]_[le[k,»c‘f, (k; + 1)c=7). For every pointx e [0, 1)¢,
Vj > 1, we denoté; , the uniquek € N? such thatx € 7; ;.

Definition 4.1. Let 1 be a positive Borel measure supported[By1]¢, and«, 8 two positive real numbers. Let
{x,}nen be a sequence 0, 114, and let{, },,en be a non-increasing sequence of positive real numbers converging
to 0. The family{(x,, 1,) }»en is said to form an heterogeneous ubiquitous system with respégat tq g) if the
following conditions(1)—(4) are fulfilled (7| stands for the diameter of the gt
(1) There existp andy, two non-decreasing continuous functions definedRqrsuch that
(i) ¢0) =y () =0,r—r=*" andr — r~¥) are non-increasing nearQand lim._, o+ r ") = 4-00;
(i) Ye>0,r— r¢=¢" is non-decreasing near O;
(i) (2), (3)and(4) hold.
(2) There exist a measure with a support equal tf0, 1]¢, which satisfies the following properties:
(i) m-almost every € [0, 1]¢ belongs tcﬂN21 U@N B(xn, 7 /2);
(ii) for m-almost every € [0, 1]¢, there exists an integgiy) such that
Vj = j(), Yk suchthatlk —Kk; ylleo <1, m(Ijx) < [1jk]P~¢UikD; (3)

(iii) there exists a constam’ (depending or andy ) such that for-almost every < [0, 1]¢, one can find
anintegetj(y) suchthavj > j(y), vk suchthatlk —K; yllcc < 1, Py (I k) holds, wheréPy, (1) is said
to hold for a set’ and a constant? when - 7(¢FV 1D < (1) < M|1@=V (D,

(3) (Self-similarity of m) For everyc-adic boxI of [0, 1]¢, let f; denote the canonical affine mapping from
I onto [0, 1]¢. There exists a measure! on I, equivalent to the restriction of to 7, such that the mea-
surem! o fl‘1 satisfies (3), and with the same expongntLet us define the non-decreasing sequence
{El},>1 of sets of[0, 1]9: E! ={y e I: Vj > n +1log,(11|™Y), Vk such thatlk — K; yllee <1, m!(I; k) <
(Ul /| 1P~ UTI/1IDY By (3), U, 1 Ef is of full m’-measure. Define; =inf{n > 1: m'(E}) > Slm! ).

(4) (Speed of renewal of level sets and control of the njagg|) There exists/,, such that for every > J,,, for
everyc-adic boxI = I, n; <log,(11|™He (1)) and|1]#WD < ||m!].

Theorem 4.2 Let us assume thétx,, 1,,)},.cn forms an heterogeneous ubiquitous system with respéat ta 8).
For § and M two real numbers greater thah let

Sule, 8, M) =) U B(xn, 13). 4)

N>=1 n>N: Py (B(xn,An)) holds
There exists a constaM such that for every>1, one can find a positive measu#g such thatns (S, («, §, M))>0,
and for every € S, (, 8, M), limsup._, o+ ms(B(x, r))/rP/6=E+De() <00 In particular,dim S, («, §, M)>B/8.

Theorem 4.2 is established in [4]. Heuristically, sifitég (/) ensures thatk (1) ~ |I1|* up to a small correction,
Theorem 4.2 allows the computation of the Hausdorff dimension of sets of potht are infinitely often close
at rates to pointsx, (i.e. such thafjx — x,|lc0 < Afl) that verify u(B(x,, 1)) ~ AS. Theorem 4.2 is referred to
as ‘measure-conditioned ubiquity’ becaut involves an ubiquity property of a family of points that must satisfy
some property. Here this property is related to the behavign8f(x,, 1,,)). The ‘usual’ ubiquity theorems [7,11]
must be seen as Theorem 4.2 in the particular case where the meamutee Lebesgue measure, that is the
condition is empty sincg is strictly monofractal.
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e Examples of familie§(x,, 1,)}:

— The b-adic family {(kb™/,2b™/)}ycna, jen+ (Whereb e N\{0, 1} can differ fromc) and the family of
rational numberg(p/q.2/q %)} pcna, 4oy Satisfy (i) of assumptior(2) for any measuren, because
limsup,_, o B(xn, An/2) = [0, 114 in these cases. lin is atomlessd = 1 anda € R\Q, the family
{({na}, 2/n)},en+ Satisfies (i) of2) ({x} is the fractional part of).

— Item (i) of (2) can also be satisfied almost surely for some random families of points{xlgthe a
sequence of points independently and uniformly distributeDjr]¢, and{%,}, be a non-increasing se-
quence of positive numbers. If lim S,UQ%O(ZZ:M;)/Z — dlogn) = +oo then, with probability one,
limsup,_,  B(xn, An/2) = [0, 1]¢ (see [13]).

e Examples of measurgs Suppose that limsyp, ., B(x,, 1,/2) = [0, 11. In [5], the properties required by
Definition 4.1 are shown to hold for several classes of statistically self-similar measures (multinomial mea-
sures, Gibbs measures and their random counterpartspwitl®) andg = r;(a) as soon as;;(a) > 0. We
mention that, in order to treat the Mdelbrot multiplicative cascades, legght stronger version of Theorem 4.2
is required, see [4,5].

5. Another application of Theorem 4.2: conditioned Diophantine approximation

Consider for the family{(x,, A,)}, the pairs{p/q, 1/q2}p,q€N2,p<q. For anyx € [0, 1], consider theb-
adic expansion ofc = anozlxmb_’", whereVm, x, € {0,1,...,b — 1}. Let ¢; ,(x) be the functionx
Gin(x) = #{m <n: x, =i}/n. Given (po, p1, ..., pp—1) € (0,1)% such thath:&p,' =1, ands > 1, let
EJ®Pr 1 = (x € [0,1] there is an infinite number of integers,, g, such thatlx — p,/qal < ¢; %

and Vi € {0,1,...,b — 1}, lim,_ o P log, g21(Pn/an) = pi}- Besicovitch and later Eggleston [8] found

a2
dim EfoPb?-t — 57l log, pi. We address the problem of the computation of the Hausdorff dimen-

sion of the setsEg’O”’l""”’bfl, which is the set of points which are well-approximated by rational numbers that
have given frequencies of digits. This problem is not covered by the usual ubiquity results. Applying Theo-
rem 4.2 with the multinomial measuye associated with the weight$o, o1, ..., op—1) and with the family

.....

ity follows from standard arguments.
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