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Abstract

In this Note, we present a Carleman inequality for linear backward stochastic parabolic equations (BSPEs) with general
coefficients, and its applications in the observability of BSPEs, and in the null controllability of forward stochastic parabolic
equations with general coefficient® cite thisarticle: S. Tang, X. Zhang, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Inégalité de Carleman pour les équations stochastiques paraboliques rétrogradés avec coefficients générdans
cette Note, nous présentons une inégalité de Carleman pour lé®éguméaires stochastiques pholiques rétrogradés avec
coefficients généraux, et ses applications a I'observabilité des équations stochastiques paraboliques rétrogradés avec coefficier
généraux, et a la contrélabilité nulle des équations stochastiques paraboliques progressives avec coefficientsPgénéraux.
citer cet article: S. Tang, X. Zhang, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

SoientG c R" (n € N) un ouvert borné et connexe a frontié&€ suffisamment réguliére, €fp # G un sous-
domaine non vide d&. On note palyg, la fonction caractéristique d&p. Soit7 > 0. On noteQ 2 0,7) x G,
002 (0,T) x Go et X 2 (0, T) x 9G. Supposons qué’ e CL2(0), a'/ = a’! et pour une constanig > 0, on

al'inégalité (1).
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Soit G1 un sous-domaine non vide detel queG; C Go. Supposons quéo C G. Nous savons (voir [3]) qu'il
existe une functiony € C*(G) telle quey > 0 dansG, ¥ =0 surdG, et|Vy (x)| > 0 pour toutx € G \ G1. Pour
k>2,1>1etu>1,onnote les identités (2).

On se donngs2, F, P), un espace de probabilité complet{@{r)}, >0 un processus de Wiener sue, F, P) a
valeur dan®R. SoientF; la o -algébre engendrée pais) avec 0< s < ¢ et les ensembles entiePsnulles dansF.
Considérons le systéme stochastique parabolique rétrograde donné dans I'Eq. (3). Nous avons le théoréme suivar

Théoréme 0.1. Supposons que”’ € C12(Q), a¥/ = a’' et la condition(1). Soienta € LE(0, T; L®(G; R")),
b,c e LF(0,T; L>(G)), et f € sz(O, T: L%(G)). Alors il existe une constanté > 0 telle que pour touts €
L2(2, Fr, P; L%(G)), la solution de(3) satisfait I'inégalité(4).

Remarque 1.Une inégalité de Carleman a été démontrée par Barbu et al. [1, Théoreme 4.1] dans le cas ou
(a")1<i,j<n €St la matrice d'identitég = 0, etb, ¢ sont indépendants de. Ici, notre cas est plus général, et
notre méthode est nouvelle.

Une conséquence du Théoréme 0.1 esidervabilité suivae pour les Eq. (3).

Théoréme 0.2. Supposons que”’ € C12(Q), a¥/ = a’' et la condition(1). Soienta € LE(0, T; L®(G; R")),
b,ce LE(0,T; L*(G)), etf e LZI(O, T: L%(G)). Alors il existe une constant > 0, indépendante der et f,
telle que la solution(z, Z) € (L%(£2; C([0, T1; L%(G))) N L%-(0, T; Hy(G))) x L%(0, T; L*(G)) de(3) satisfait
l'inégalité (5).

Une applicatiqn immeédiate du Théoréme 0.2, est la contrdlabilité nulle des équations stochastiques parabolique
données dans I'Eqg. (6).

Théoréme 0.3. Supposons que’ € C12(Q), a'/ = a’’ et la condition(1). Soienta € LR (0, T; Wh(G; R")),
eth,c € LR(0,T: L™(G)). Alors pour chaqueo € L%(£2, Fo, P; L%(G)), il existey; € L2.(0, T; L*(Go)) telle
que la solutiony € L3.(2; C([0, T1; L*(G))) N L%(0, T; H}(G)) de(6) satisfaity(T) = 0 dansG, P-p.s.

1. Introduction and main results

Let G c R" (n € N) be a given bounded domain withG*° boundaryo G, andGo # G be a given subdomain
of G. Denote byyg, the characteristic function afg. Let 7 > 0. PutQ 2 (0, 7T) x G, Qo 2 (0,T7) x Gg and
T 2(0,T) x 9G. Leta’/ € CL2(Q) satisfyinga'/ = a/ and for some constasg > 0, we have

n
> alEE > s0lEP V(tx.E)=(t.x. 8. E") e QxR (1)
i,j=1
For simplicity, we shall use the notation= y; (x) = dy(x)/dx;, wherex; is thei-th coordinate of a generic point
x = (x1,...,x,) INn R". In a similar manner, we use the notatign v;, etc. for the partial derivatives afandv
with respect tox;. _

Let G1 be another nonempty open subset&;aduch thaiGi C Go. Without loss of generality, in what follows
we assumeGo C G. We know from [3] that there is & € C*(G) such thaty > 0in G, ¥ =0 ondG, and
[V{r(x)] > 0forallx € G\ G1. Foranyk > 2, and any (large) parameters- 1 andu > 1, we put

alt,x) =t KT =) [eV® —Wc@], t=ia, 0=¢€, o, x)=15T -—n"FeV® (2
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Let (2, F, {F:}i >0, P) be a complete filtered probability space on which a one-dimensional standard Brown-
ian motion {w(r)};>¢ is defined such thatF;},>o is the natural filtration generated hy(-), augmented by
all the P-null sets inF. Let H be a Banach space. We denote D&(O, T; H) the Banach space consisting
of all H-valued{F;},»o-adapted processes(-) such thaﬂEﬂX(')'iz(o,T;H)) < 00, with the canonical norm;
by LZ(0,T; H) the Banach space consisting of dll-valued {7;},>o-adapted bounded processes; and by
L%_.(Q; C([0, T]; H)) the Banach space consisting of &llvalued{F;},>o-adapted continuous processe€s)
such thaﬁE(|X(-)|%([0,T];H)) < 00, with the canonical norm.

In this Note, we consider the following backward stochastic parabolic equations:

de+ Y (az);dt =[(a, V2) + bz +cZ + f]dt + Zdw(r) in Q,
ij=1 3
z=0 onx,
2(T)=zr inG.
We obtain the following Carleman inequality for system (3).

Theorem 1.1.Leta” € C12(Q), a'/ = a/' and the condition(1) be satisfied. Let € L3(0, T; L®(G; R")),
b,ce LOfO(O, T; L*(G)), and f € sz(o, T: L%(G)). Then there is a constar > 0 such that for anyzy €
L2(2, Fr, P; L2(G)), the solution of(3) satisfies the following inequality

A3u4]E/<p392z2dx dt+AMZE/¢192|V2|2dxdt+A/L2E/¢92Z2dx dr
0] o 0]

< C<A3M4E/ 30272 dx dr + E/ 902 2 dx dt). 4)
Qo

Remark 1.A Carleman inequality has been proved by Barbu et al. [1, Theorem 4.1] for the casewhgre; <,
is the identity matrixg = 0, andb andc are independent of. Here, our case is general. We give a natural and new
method.

A consequence of Theorem 1.1 is the observability for (3).

Theorem 1.2 Leta’/ € C1?(Q) satisfya’/ = 4/ and the conditiorfl) be satisfied. Lat € LE(0, T; L®(G; R")),
b,ce LR(0,T; L>(G)), and f € L%.(0, T; L3(G)). Then there is a constaxt > 0, independent of; and f,
such that the solutiott, Z) € (L2-(2; C([0, T1; L3(G))) N L2%-(0, T; Hy(G))) xL%(0, T; L?(G)) of (3) satisfies
the following inequality

E/|z(0)|2dx<C<E/z2dxdr+E/f2dxdt>. (5)
G o

Qo

An immediate application of Theorem 1.2 is the null controllability of the following stochastic parabolic equa-
tions

dy — Y @y dt =[(a. Vy)+by + xGoya]dt + cydu(t) in Q,

ij=1 (6)
y = O OI’IZ,
y(0) = yo inG.
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Theorem 1.3.Let a”/ € C*2(Q) satisfy a’/ = a/' and (1). Let a € LE(0,T; W-*(G:R"), and b,c €
LR(0,T; L>(G)). Then for anyyo € L2(2, Fo, P; L?(G)), there isy1 € L3-(0, T; L3(Go)) such that the so-
lution y € L2 (82, C([0, T]; L2(G)) N L2 %0, T; Hl(G)) of (6) satisfiesy(T) _Om G, P-a.s.

As far as we know, there are only a few papers addressed to the controllability problem of (6), see [2] for
the approximate controllability, and [1] for the null controllability. Note however that the controllability results
in both [1] and [2] are established under some technical assumptions on the coefficients of (6), and the main
idea therein is to reduce the problem to the deterministic ones. In Theorem 1.3, we have dropped the previous
undesired assumptions for thell controllability of (6). Also, thanks to Téorem 1.1, we can prove the approximate
controllability of (6)under the same assumptions in Theorem 1.3.

The rest of this Note is to outline the proof of Theorem 1.1. We refer to [4] for a detailed proof of the results in
this Note and other related results.

2. Sketch of the proof of Theorem 1.1

In the sequel, for € N, denote byO (1) a function of ordeq” for large . (which is independent of). We
begin with the following estimate (integrably in time and pointwisely in space and sample) for stochastic parabolic
operators.

Theorem 2.1Leta"/ e C12(Q) satisfyinga’/ = a/*. Assume thatelthefn’f)1<,2,<n or—(a J)1<, .j<n isastrictly
positive definite matrix, angh(> 0) is its smallest eigenvalue. Lat be a H<(G)-valued semimartingale. Set

v="~0u. Then
2/9|:— Z (a’v); +Av:| |:du— Z (a”ui)jdt:| +2/ Z (a" v dv);
0 ij=1 ij=1 o =1
Lo " o N . , N/
+2/ Z |: Z (2a"a" ) Lpvivy —aa' ) Livpvj) + Wa viv —a <A€i + j)vz] dr
o ij=1Li" =1 j
n 2
ZZ /c vlvjdt—i—/Bv dt+/|: Z(aijvi)j+Av:| dr
i,j=1g i,j=1
T
/ 62 Z a' du; duj — / 62A(du)?, (7)
i,j=1 0
where
A .. .. A n .. o e aij ..
= Z(a”@@ alti+alty), =" [2aY (alfe,»/)j,—(alfalfe,-f),-/]—éJraI/a”,
i,j=1 i’,j’=1
A n .o n . n .
B =2[Aw -> (Aa”ﬁi)j:| — A=Y @Iy -2 w=2%"al;.
ij=1 ij=1 ij=1

Moreover, fori and . large enough, it holds
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n
A==22ug? ) | a i +heO(u?), Z cvjvj > [sgru’el V| + hpOw)]I Vo2,
i,j=1 i,j=1

B}ZS%)\?,LL |Vw| +)\'3 30(M3)+)\2 20(M4)+)‘-@O(M4)+)‘-2 242k~ 10( ILW/‘C(G))
+)\2(p2+k O(M2)+k(pl+k O(Mz)

Remark 2. A crucial point in Theorem 2.1 is that we do not put any terms fikanto A.

Now, viewing the first relation of (3) as a forward stocti@partial differential equation, and using Theorem 2.1,
some straightforward arguments lead to the following estimate:

Aqu/ 00%(1Vz|? + 22129?z%) dr dx
o

n
gc{JE/q)ezgzdxdt—JE/ez > alziz; dxdt—E/é)zAZdedt
o =t 0

+ Au’E / / ¢92(|Vz|2+kzu2¢222)dxdt}. (8)

0 G1
Here, g 2 (a,Vz) + bz + cZ + f. We choose a cut-off function € C3°(Go; [0, 1]) so that; =1 on
G1. Noting that dg6?z%) = z2d(¢6%) + 2002z dz + ¢02(dz)?, from (3), we have 6= E [, ¢%[z%d(p6?) +
200%2dz + @02(d2)?]dx = E [, 6%[¢%2%(¢r + 2hpay) + 202037 i _galzizj + 2ulPezy ) qalziy +

pnsl?z Yy gz + 4oz YT iy a il + 20%pgz + £ 29 Z%] dr dx. Therefore, by dropping the last non-
negative term in the above, we conclude that for anyO, it holds

A]E/; 06? Z aziz; dxdt
Qo i,j=1
C
gekE/§2<p92|VZ|2dx dr + —[u_ZE/gDQZgzdx dt+k3u2E/<p392zzdx dt:|. 9
e
Qo Qo Qo
From (1) and (9), we conclude that

AIE//gp@ |Vz|?dx dr < [ _ZIE/go@Zgzdx dt—{—ksqu/goS@Zzzdx dti|. (10)
0 Gy Qo

Combining (8) and (10), we arrive at the following estimate:
A3u4E/<p392z2dxdt + AMZE/goGzIVzIde dr
0 0

< C|:IE/ (p@z[(a, Vz)+bz+cZ+ f]zdx dr + ASM4E/ 030222 dx dr
Qo
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n
—E/@Z > aVziz; dxdt—E/GZAZdedt}. (11)
o =t 0
Further, using integration by parts, one has

/92 Z aZ;Z;dxdr = / Z 1©02); — €:62][02); — €;0Z]dxdr

i,j=1 i,j=1
>IE/92 Z ale; ijzdxdt—i-E/@Z Z a'le; szxdt—i—IE/@Z Z a”e Z2dx dr. (12)
i,j=1 0 i,j=1 0 i,j=1
Therefore,
—IE/OZ Z a7;7;dxdr — /GzAzzdxdt < C/\MIE/goGZZde dr. (13)
i,j=1 0 0

Combmmg (11) and (13), we arrive at

A3u4]E/<p392z2dx dt—f-)»qu/goGZIVzIzdxdt

0 0
< C[E/¢92(|Vz|2+z2+f2) dx dt+k3u,4]E/<p39212dx dt—i—kuE/w@Zszx dti|. (14)
Qo
However, from dp62z2) = z2d(¢0?) + 2902z dz + ¢H2(dz)? and noting (3), we deduce that
E / 90°Z%dx dr < c(xzqu / @30%22dxedr + A" E / 06? fzdxdt) (15)
0 0

Therefore, combining (14) and (15), we conclude the desired estimate in Theorem 1.1.
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