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Abstract

Foru e Wh1(2, 1) denote byk the set of minimizers of the problem mjp, [u A Vu — D¢|, over € BV (£2) satisfying
f_Q ¢ = 0. We show that an extreme point &f must be a lifting ofx, up to an additive constant. We also prove a more general
result for the case af in BV (2, Sl). To citethisarticle: A. Poliakovsky, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Sur un probléme de minimisation lié au relévement des fonctions BV & valeurs dans S*. Pouru € wh1(£2, s1) on
désigne pak I'ensemble des minimiseurs pour le probleme yfy?rqu A Vu — D¢| sur 'ensemble des fonctiose BV (£2)
vérifiant [, ¢ = 0. On démontre que chaque point extrémekdest un relevement de, & une constante additive prés. On
démontre ainsi une généralisation pour le gasBV (2, Sl). Pour citer cet article: A. Poliakovsky, C. R. Acad. Sci. Paris,
Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée
Soit £2 un domaine borné d&" ou le bord d’un domaine borné régulierc RV*+1 et soitu ¢ Wl1(£2, s1).
Brezis, Mironescu et Ponce ont démontré dans [2] que le probléme de minimisation
min{[[Dy — u A Vil pme): ¢ € BV(2)}, (1)

a au moins un minimisewr qui est unrelévementew, c.a.d.u = €%, p.p. dans2. Soit K I'ensemble de tous les
minimiseurs dans (1) qui vérifient en plus la contraifitep = 0. La question suivante a été posée dans [2] (pour
le casN =2):
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Question. Est-ce qu'une fonctio € K est un point extréme d& si et seulement si = &%+ pour une
constante” e R?

Un exemple simple montre qu’une fonctipre K qui vérifieu = €@t€) n’est pas forcément un point extréme
de K. Mais on a le résultat positif suivant, valable pour tdut

Théoréme0.1. Pouru € Wh1($2, $1), tout point extréme de K vérifieu = €@+ pour une constante.
En fait, Théoréme 0.1 est un cas particulier d’un résultat plus général, valable p@&W (2, S1). Le gradient
d’'un telu se décompose comme suit (voir [1]) :
Du = D% + Du + Dju, avecD/u = wr—u)e® quN_ll_S(u),

ol D, D¢ et D/ sont respectivement les parties absolument continue, de Cantor et de gautldensemble de
saut est désigné pa&Ku). Ignat [5] a défini une mesure de Radon a valeurs @&dhpar

w=uADWU~+unDuU+put, u ), HYN LS ),
oup(-,-): 8t x §* — [—x, 7] est donnée par
Arg(2) it 211,

. Ywi, wo € ST
Arg(wy) —Arg(wp) if B =-1, V"2

p(wi, w2) =
La fonction Arg est définie par Atg) = 6 € (—x, 7] siw = ?. La généralisation suivante de la fonctionnelle de
(1) pour le cas: € BV(£2, S1) est suggérée dans [5] :

J(@) =Dy — pnlimz), VYo €BV($2).

Comme avant on not& I'ensemble des minimiseurs de sous la contraintg, ¢ = 0. Notre généralisation du
Théoréme 0.1 est le résultat suivant.

Théoréme 0.1’. Pouru € BV (2, $1), tout point extréme de K vérifieu = €@+C) pour une constante€.

1. Introduction and notation

Let £2 denote either a bounded domainR#, or the boundary of a smooth bounded domaic RV*+1. An
optimal lifting of a functionu = (u1, u2) € WH1(2, 1) is a functiony realizing the minimum for

E() = min{/ |Dy|: ¢ € BV(£2) such thau = v 1N ae. inQ}. (2)

Whens2 is a simply connected surface, theundary of a smooth bounded domairiif, it was shown by Brezis,
Mironescu and Ponce [2] that

E(u)—/quI:ZJTL(u), 3)
2

whereL (u) is the length of a minimal connectioonecting the topological singularitieswo{see [2] for details).
It was shown in [2] (again whelN = 2) thatL () is related also to another minimization problem, namely

2r L(u) = min{|| Dy — u A Vu| pmee): ¢ € BV(2)}, 4)
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where

N N
uAVi={uAughog ={ur(uz)y, —u2(u1)y };_ ;.

and the total variation of thR”" -valued Borel measure = (i1, ..., ;y) 0N 2 is given by

N N
et =/Idul =SUD{Z/m duit ma,...ony € Co(@) Sty nf<1in@ .
2 i=1

=15

Following [2] we denote byK the set of minimizers in (4) satisfyinﬁg ¢ = 0. In this note we address the
following question that was raised in [2] (for the cage= 2):

Question. Is it true thaty € K is an extreme point ok if and only if u = €@+C) for some constant?

A simple example (see below) shows that a function K satisfyingu = €“+€) may not be an extreme point
of K. On the other hand, we do have the following result (valid for Ay

Theorem 1.1. For u € Wh1(2, §1) every extreme point of K satisfiest = ¢+ for some constart.

Actually, Theorem 1.1 will follow from a more general result which treats the casecoBV (£2, S1), where
the functional on the r.h.s. on (4) is replaced by a mameegal functional, as introduced by Ignat [5]. For such
we have (see [1]):

Du =D+ Du+ D’u, withD/u=@w"—u")@v,H" 1 Sw),

where D¢, D¢ and D/ are the absolutely continuous, Cantor and jump parDef respectively.S(u) repre-

sents the set of jump points af which is a countably"~1-rectifiable set on2 oriented by the Borel map
v S(u) — S¥-1. The Borel functions, u~: S(u) — S are the traces af on the jump seS(«) with respect

to the orientation,. Following [5] we define a finite RaddR” -valued measurg by

w=uADWU~+iADuU+put, u ), HN LS w).

Hereii is the approximate limit of: that is defined<¥~1-a.e. ons2 \ S, and the functiorp(-,-): §* x §* —
[—m, ] is defined by

Arg (%) if z—; #—
w1

PUVLW2) =1 Arg(wn) — Arg(wz) if

1, 1
1 Ywi, w2 € S,

wy
where Arqw) =6 € (—x, 7] for w = €°. Notice that the functiop is antisymmetric, i.e.,
p(w1, wp) = —p(wz, w1), Ywy, wp e S,

and thereforg. does not depend on the choice of the orientatipon the jump sef(u). Following [5] we define
the functional

J(@)=|IDp — pullpme), VYo € BV(£2).

Note that/ coincides with the functional on the r.h.s. of (4) whea W11(£2, $1). As before we denote by the
set of minimizers of/, under the constrainft, ¢ = 0. We shall prove the following generalization of Theorem 1.1.

Theorem 1.1’. For u € BV(£2, S1) every extreme poing of K satisfies: = @€, for some constare.
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2. Main proposition
Theorem 1.1is an easy consequence of the next proposition:

Proposition 2.1. Let ¢ € BV(£2) be such that the functioe '« is not equal to a constant/"-a.e. in£2. Then
there exislpy, g2 € BV (£2, R) with D1 # D> (i.e.,|Dp1 — Dyz|sy = [|Dg1 — Dg2|| pm2) > 0) such thaty =

301+ 302andJ (9) = 37 (91) + 37 (2).
Proof. It is well known (see [4,3]) that there exists € BV (£2) such that: = €%, HN-a.e. ins2. By Volpert's
chain rule for BV functions (see [1]) we have

Do=unD and D°g=1i A Du. (5)

Set f1(s) = coss and f2(s) = sins. The functionsfy, f> are 2r-periodic and satisfyf/(s)| < 1foralls,i =1,2,
so in particular,

lfit)— fiO]|<Is—1t] Vs,teR,i=12 (6)
Define

i (x) = fi(p(x) —po(x)) VxeR,i=12
Again by the chain rule we have thate BV (£2),i = 1, 2, and using also (5) we get:

Dv; = f{(¢ — ¢0)(D"¢ — D*po) = f{ (¢ — o) (D¢ —u A D*u),

D v = /(@ — §0)(D 9 — Do) = f{($ — $o)(D g — it A D u).

The jump partD/v; is concentrated on the s&fp) U S(¢o). We have:

(7)

od —wy €2nZ HNl-ae. onS(po)\ S),
95— —pwtuT)e2nZ onS).

The orientation orf (¢o), S(¢), and S(u) is chosen to be the same on any intersection of two of these three sets.
Denote this orientation vector by Since f; is 2z -periodic, we obtain that

Dlvi =[fi(e" = p*,u") —g5) = file™ — o) VHY I (S(0) U S@)). (8)

Note that our assumptiom &u = constimplies that at least one af, andv; is not equal to a constarit{" -a.e.
in 2.

Without loss of generality we may assume then tiat; |gy () > 0. Setp1 = ¢ + v1 andg, = ¢ — v1. Obvi-

ously,| Dg1 — Dy2lgv(2) > 0 andp = %‘Pl + %902-
Since the absolutely continuous, the Cantor and the jump parts of measures are mutually singular, we have fol
anyy € BV(£2):

J(w):/|D“1p—u/\D“u|dHN+||DCW—ﬂ/\DCuHM(Q)
2

+ / vt —y~ —,O(M+,M_)|dHN_1. (9)
S(YHUS(u)

Here the orientation oy, is chosen to be equal to that af on S(¥) N S(u). Applying (9) to g, ¢2, using (7)
and (8), yields
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J(p1) :/ 14 f(@ — 90)|IDp — u A Du| +/ 14 £ — G| d(1D°¢ — u A DCul)

2 2
+ / l[et =™ —ph, uD)]+[fleT — o™ u™) —gy) — frle™ —x)]|dHN T, (10)
S(p)US(u)

and

J(¢2) =/ 11— fi(p — 90)|ID¢ —u A Dul +/ 11— f1(@ — ¢0)| d(ID°¢ — u A Dul)
2 2

+ / et —o™ —p@ uD)] = [flet —p@h u) —gy) — file™ —g)][dHY 1 (11)
S(@)US(u)
Since| f{| < 1 we have
|1+ fi(p —90)| =1% fi(¢ —po) and |1+ f{(¢ — @o)| = 1= f1(@ — o).
It follows that

/|1ifi(<p—<po)|ID“<p—uAD“uI=/(1if1/(<p—<po))|D“90—uAD“ul (12)
22 22

and
/ 1% £ — §o)| d(1D° — u A DCul) = / (14 f{@ — 0)) d(IDp — u A DCul). (13)
22 22

Furthermore, by (6) we have
|t = p™ uT) —y) = file™ —p)| < o™ =97 —p@™,u7)].
Therefore, denoting (x) = sgnie™ (x) — ¢~ (x) — p(u™(x), u~(x))) for x € S(¢) U S(u), we have
ot —¢™ —p@ uD)] £ [ Al —pt u™) —95) — frle™ — )] [dHV
S(@)US(u)
= / o-([et —o~ —p@h u)]£[Ale™ —pw™ u™) —9g) — file™ —g)]) dHN . (14)
S(@)US )

Adding together (10) and (11), taking into account (12)—(14), giM@s = 2 J (¢1) + %J(goz). O

3. Proof of Theorem 1.1/

Proof. Let ¢ be an extreme point af and assume by contradiction tha¢—'¢ = const Therefore, by Proposi-
tion 2.1, there exisp1, g2 € BV (£2) such thap = %g01+ %(ﬂz, J(p) = lJ(<p1) + %J((pz) with | De1 — De2lv () >
0. Defining

Jo @i
HN(2)
we find easily thay/, ¢; = 0,i = 1.2, ¢ = 3¢1+ 3¢2 andJ (¢) = 3J(¢1) + 3J(¢2). Sincey is a minimizerg,
andgy are also minimizers, i.e., they belongka Contradiction. O

@i (x) =@i(x) — i=1,2,
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An immediate consequence is an alternative simple proof of the following result from [2] av-1(s2, S1))
and [5] (foru € BV (£2, $1)) which holds for arbitraryv.

Corollary 3.1. For anyu € BV(£2, $1) there is at least one minimizer € BV (£2) of J which is a lifting ofu, i.e.,
u=¢ev ae.ing.

Proof. Sincek is convex and compact ihl(£2) it follows from the Krein—Milman theorem that it has an extreme
pointg. By Theorem 1.1 u = €@+ so thaty = ¢ + C is a lifting which is also a minimizer foy. O

The following example shows that the converse to Theorem 1.1 and Theoreismfalée (in general).

Example. Let £2 be the unit disc ifR2 = C and considen(z) = (z/|z])2 = €' ¢ W11(2). Set
p1(z) =2Arg€?) =20 and ¢a(z) = 2 Arg(—€"?).

Then bothyp; andg; belong to BM£2) and satisfy ¥ = d¥2 =y andJ (p1) = J (p2) = 4r. By the same argument
as in [3, Lemma 4.1] we get thdt(u) = 2E(€’) = 87 (see (2)) and sincg,, |Vu| =2 [, V6| = 47 we deduce
from (3)—(4) that

min{||D<p —uAVullpmey: ¢ € BV(.Q)} =4r.
Putg; = ¢; — [ ¢i/182],i = 1,2, andeo(x) = 3@1(x) + 3@2(x). Note thatpo € K andu = €@+X) for someC,
but clearlygg is not an extreme point of .
The question in [2] was originally raised in the case wheris a surface. Let
2 = $? = {(cosd sing, sind sing, cosp): — <0 <7, 0< ¢ <7},

andu = €?' on £2. A straightforward modification of the above argument yiglds= K such that = &®o+C)
which is not an extreme point & .
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