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Abstract

In this note we analyze the long time behavior of a drift-diffusion-Poisson system with a symmetric definite positive diffusion
matrix, subject to Dirichleboundary conditions. This system models the tpansof electrons in semiconductor or plasma
devices. By using a quadratic relative entropy obtained by keeping the lowest order term of the logarithmic relative entropy, we
prove the exponential convaagce to the equilibriumilo cite thisarticle: N. Ben Abdallah et al., C. R. Acad. Sci. Paris, Ser. |
339 (2004).
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Résumé

Une note sur le comportement en temps long du systéme dérive-diffusion-Poisson. Dans cette note, nous analysons le
comportement en temps long des solutions du systeme couplé dérive-diffusion-Poisson avec une matrice de diffusion définie
positive et soumis & des conditions aux limites de Dirichlet. Ce systeme modélise le transport de charges dans des dispositifs
semiconducteurs ou a plasmé&s utilisant I'entropie relate développée a I'ordre 2, nogsouvons la convergence exponen-

tielle des solutions vers I'équilibr@our citer cet article: N. Ben Abdallah et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Dans cette note, nous analysons le comportement en temps long des solutions du systéme couplé dérive
diffusion-Poisson (2), (3), ou la matrice de diffusibrest symétrique et définie positive, dans un domaine borné
régulier et soumis aux conditions aux limites de Dirichlet (4).
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Si les données au bord sont a I'équilibre thedynamique, c’est-a-dire s'il existe un réel, > 0 tel que
Nj, = usce™"? pour toutx € 352, alors le probléme stationnaire associé (5) admet une unique solMiENY.),
appeléesolution d’équilibre Dans un premier temps, en supposant I'existence de solutions pour (2)—(4) établie
pour tout temps, nous intéressons a la convergence erstiemypde ces solutions vers la solution d’équilibre. Le
résultat principal de cette note est le suivant :
Théoréme0.1. Soit une solutioriN, V) au problemg2)—(4)satisfaisantVv € C(R.., L?(2)) N LZ (R, H1(2))
etV e C(Ry, H(£2)). Si les conditions aux bords sont & I'équilibre thermodynamique alors il ekiste0 et
A > Otels que pour tout > 0

IN = Nooll 22y (1) + IV = Violl i) (£) < Ce ™. (1)

Pour démontrer ce résultat, noudisons I'entropie relative entréN, V) et (Neo, Vo) définie par (7). Nous
établissons dans un premier temps la décroissance et la convergence en temps long de cette entropie relative vers
ce qui permet de montrer la convergence\deers N, dansL1(£2) et deV versV,, dansH1(£2). Ensuite, nous
considérons un développement quadratiude I'entropie relative autour d&¥, et Vo, donné par (11). Pour
prouver (1), il suffit de démontrer que cette quankitéonverge exponentiellement vers 0. L'inégalité cruciale qui
le permet est (14).

Dans un second temps, nous intéressons a I'existence pour le systéme (2)—(4) de solutions satisfaisant les h
pothéses du Théoréme précédent. En réalibiys construisons deslations dans un cadrelogL, la densité
n‘appartenant 42(£2) qu’a partir d’un certain temps :

Théoreme 0.2. Si les conditions aux bords sont a I'équilibre thermodynamique, alors le prok2ya@l) admet
une solution faiblg N, V) vérifiantV e C(R,., HX(£2)) et N € C(Ry, L(£2)). De plus il existel' > 0 tel que
N € C([T, 00), L%(2)) et il existeC > 0 et > 0 tels que cette solution vérif{@) pours > 7.

1. Introduction

This note is devoted to the analysis of the long time behavior of solutions of a drift-diffusion-Poisson system
arising from plasmas, semiconductors or electrolytes physics. The transport of carriers is described by a drift-
diffusion equation governing the evolution of the density of partic¥&s, x). This equation is coupled to the
Poisson equation, satisfied by the selfconsistent electrostatic poténtial). Let 2 ¢ R3 be a bounded regular
domain. We consider the following coupled system:

&N —div(D(VN + NVV)) =0, (2)
—AV =N. (3)
In this systemD = D(x) is the diffusion matrix, smooth enough and uniformly positive definite:

Assumption 1.1. The functionD is a C* function on£2 into the set of 2x 2 symmetric positive definite matrix
such that for alk € £2 we haveD(x) > «l, wherex > 0 is given.

This system (2), (3) is suppleented with theritial condition N (0, x) = N%(x) and with Dirichlet conditions
on the boundary £2 of £2:

N=N, and V=V, onas2. 4)
These Cauchy and Dirichlet datatisfy the following assumption:

Assumption 1.2. The Cauchy dat&/? is nonnegative and belongs I§/%(£2). Moreover, we hav&, € C2(352)
and we assume that there exists a real numger 0 such thatV, = uece~"%.
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Here the major assumption is that the boundary data @aheahal equilibrium

Entropy methods are now classical tools for the analysis of the long time behavior of diffusive transport models.
In 1985, Gajewski [9] used the relative entropy to constrakttsons and prove their corrgence to the equilibrium
for drift-diffusion-Poisson systas in bounded domains (with general mixed boundary conditions), in the case of
scalar diffusion D = «I). This work was followed by [10], where this convergence was precised and shown
to be exponential. More recently, the whole-space case auittiining potential [2], itggeneralization to bipolar
systems [3], the case of bounded domains with nodfloxndary conditions [6] as well as systems with nonlinear
diffusion [7] were treated by entropy methods. One can also refer to [11] for an application to the analysis of the
quasineutral limit. All these recent works, based ogdrithmic Sobolev inequalities, use strongly the fact that
system is isolated (th&' norm of N is conserved). In our case, due to the ohmic contacts, this property is not
true. Nevertheless, we propose here a method based on a quadratic relative entropy which enables to prove tr
exponential convergence for (2), (3) subject to Diritlleundary conditions (4) and with a diffusion matrix. This
idea is not new and has been used in linear situation for analyzing the spectral gap of the operator in (2) (see
e.g., [2] and references therein). We also applied this technique in [5] to study the long time behavior of solutions
of a drift-diffusion equation coupled to a Schrodinger—Poisson system.

In order to present our results, let us introduce the statjodaft-diffusion-Poisson problem. This system, of
unknowns(No, Vo), reads

—diV(D(VNo + NooVVe)) =0,  —AVio = N (5)

subject to the boundary condition$;, = N, andVe = V), onds2. Under Assumption 1.2, this system (5) admits
a unique solution, which is writteN., = usce ">, whereVy, € C2($2), and can be defined as the minimizer of a
convex functional [8]. Our main result is

Theorem 1.3. If Assumptionsl.1 and 1.2 hold and, if (N, V) is a solution of (2)—(4) such thatN e
CRy, L2(2)) N LE (R4, HY(R)), V € C(R4, HX(£2)), then there exist two constanfs> 0 and A > 0 such
that, for anyr > 0,

IN = Nooll 2(2) (@) + |V = Vool g1y (1) < Ce ™. (6)

Remark that this theorem implicitlysaumes that the initial data belongsié(s2) (which is stronger than
Assumption 1.2). This theorem will be proved in two steps. In Section 2, we introduce the relative entropy of
(N, V) to (Neo, Voo) and explain how the decay of this quantity gives the convergence to the equilibrium as
t — 4o00. In Section 3, we prove the exponential convergence stated in (6). In Section 4 we investigate the existence
of solutions(N, V) which satisfy the assumptions of Theorem 1.3. In fact, due to the lack of estimates, we only
prove the existence of solutions which satisfy these assumptions after a certain time. Namely, in this section we
sketch the proof of:

Theorem 1.4. Under Assumptiong.1l and 1.2, there exists a weak solutiomv, V) of (2)—(4) which satisfies
N e C(Ry, LY (2)), V € C(Ry, HY(£2)). Moreover there exist§ > 0 such thatN € C([T, o), L3(£2)) and
there existC > 0 andA > 0 such that this solution satisfi¢8) forr > T.
2. Convergence of therelative entropy

The relative entropy ofN, V) to (N, Vo) being defined by

E(r):/(NIogNi + Noo —N) dx—i—%/W(V— Voo |2, (7)
2 * 2

the following lemma states that this quantity decreases towards §aes to+-oo:
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Lemma 2.1. Let (N, V) satisfy(2), (3) in the sense precised in Theordn3 and let(No, V) satisfy(5). Then
the relative entropy defined [§¥) is decreasing t® ast goes to+-oo. This implies thatv and V converge taVe,
and V,, respectively inL1(£2) and H1(£2).

Proof. Straightforward calculations using (2)—(4) and Assumptions 1.1, 1.23He) = — [, eV DVVu gy <
—a fo eV % dx, whereu = Ne". Hence the entropy is a decreasing function of time and far;ald we have

u

t
2
E(t)+a//e_v|vu| dx dr < E(0). (8)
0

This inequality is enough to prove the lemma, thanks to @sl@s argument [9]. For the sake of clarity of this
note, let us briefly summarize this argument. First, there exists a seqyence-oo such that

\v4 2
lim /e—V(WM dr =0. (9)
Jj—>+o00 M(l‘j)

Besides, we deduce from direct calculations y};r"% dx = [, 4VV/N |2dx + [, NIVV[?dx + [, 2N?dx

+ [30 Np 3,V ds (wherev(x) is the outward normal vector ate 952 and d is the surface measure). Since,
by (3) and the standard properties of elliptic equations, we hﬁa\@NbavV ds| < ClIVIigze) < CUINL2(e) +
Vol g3r2(52)) < C + [ N?dx, we deduce that

\v4 2
/e_vﬂdx>/4|V\/N|2dx—Co. (10)
u
2 2

Then (9) and (10) imply thal,/N(;)lly1o) < C. Up to an extraction of subsequence, we can prove that
lim;_ 1 E(tj) = 0. SinceE is decreasing, lim. 1 E() = 0. Applying Csiszar-Kullback inequality [1], we
deduce thal N — Neo | 1(0)(t) — 0 and||V — Vel 1) (t) — 0, ast — +oo. O

3. Exponential convergence

This section is devoted to the proof of Theorem 1.3. SettisgN — N, andv = V — V., the lowest order
term of an expansion df (¢) is

1 [ n? 1 2
Lit)y== [ — — |V . 11
) Z/Noodx—i-Z/I v|“dx (12)
Q2 Q2
From (2), (3), (11) and after an integration by parts, it comes
d n n n
—L(t)=— DV — -V — — DVv-V|— . 12
o ) /Noo (Noo—i—v) <Noo+v>dx /n v <Noo+v>dx (12)
Q2 Q

By the Cauchy-Schwarz inequality we havef, nDVv- V(5 +v) dx < 3 [0 NooDV(F—+)- V(gs +v)de+
%fg A’;—w]D)Vv - Vv dx. Then by using Assumption 1.1 and the fact tiat is bounded from below, we can show

that
EL(z)<—c/ v
dr ST Noo
2

Besides, by Gagliardo—Nirenberg and Sobolev inéties and by using the Poisson equation to estimate

. . 1/2 3/2
the L8(2) norm of Vv in terms of ||z]|,2, we obtain [, n?|Vv[?dx < C||VU||L/2(Q) iz(m”ﬁ”ﬁ/l(m <

2 2
+2£— + |Vv|2> dx+C2/n2|Vv|2dx. (13)
22

e¢]

[l
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C35||V(ﬁ)lliz(9) + %Ilnlliz(m, where we also used the fact thap is bounded inL>® (R, L2(£2)) (see (8))

and the Poincaré inequality. Hence, by fixing 0 small enough such thék C3¢ < C1, Eq. (13) leads to

d 2 C>C
—L@) < —C1/ 2 L vul?)dx + %nnnﬁz o) < —2C1L(1) + CsL(1)*. (14)
dr Neo € (£2)

2

We have seen in the proof of Lemma 2.1 that there exists a sequenes going to4-oo suchthat,/N(z))) jen is
bounded inH1(£2). Thanks to the embeddinfg* (2) < L8(£2), ln(t;)| ;3¢ is bounded for alj € N. Moreover
Lemma 2.1 implies that lim., 4o [In(7;) [ 1) = 0. Hence, by interpolation, we deduce that Jim, o L(#;) = 0.
Consequently, one can fingsuch thatCsL(z,)3 < C1. By (14), we have

$L(t) < —C1L(t) <O. (15)

Finally, a continuation argument shows that (15) holds forsany,.

4. About existence of solutions

In this section, we prove Theorem 1.4. The natural estimate for the system (2), (3) is the entropy estimate (8),
but the associatetl log L space forN is not sufficient to justify the calculations done above. Moreover, due to the
matrix D, the standard.? estimate for the drift-diffusion-Poisson system cannot be obtained as usual by a simple
multiplication of (2) by N. Hence, let us regularize the problem. A classical technique (see, e.g., [4,13]) consists
in considering, foe > 0 andm large enough# > 2 suffices), the modified problem:

N® —div(D(VN® + N°VV¥)) =0, (16)

—(1—eA)?"AVE = N* (7)
subject to a regularized initial conditiawi(0, x) = N%¢(x) and the boundary conditions:

Ne(t,x)=Np, Ve, x)=V, and AVE=...=A?"V®=0, forxeqs. (18)

We also defineVi,, V£ as the solution of the corresponding stationary system. By classical arguments based on
a fixed point theorem (see [12]), one can show that this problem admits a salitioir ¢) which satisfiesvé e

C(Ry, L?%(£2)) and V¢ € C(Ry, H*12(£2)). For this solution, we follow the strategy developed in Sections 2
and 3. LetE® be the relative entropy of the new system (16), (17):

o]

N¢ 1 m 2
E*(1) :/(N‘E log &= + N — N5> dx + §/|(1_ eA)"V(VE — VL) dx. (19)
2 2
One can check easily that, for alt 0,
t
e —Ve |Vu8|2 e 3 e V&
Ef () +a e —dedTSE (0) < C, whereu®=N°% (20)
u
0 Q

(this constantC can be chosen independent ofthanks to the assumptioN® e L55(£2)). Since we have
[AVEl 200 < (L —eA)" AVE]| 2oy (Lemma 3.4 of [4]), we can show as before that

. |Vué 2
/e—‘/ %dx > /4|V«/N‘f Pdx —C. (21)
ue
2 2
Itis readily seen that these estimates (19) and (21) enable to pass to the kngib@s to 0. Indeed, it is clear that
VN¢isboundedinL2 (Ry, HYX(£2))NL>® (R, L?(£2)) independently of. Hence, by using Sobolev embeddings

loc
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and interpolation estimates, we obtain an estimateNbrin L%J(RJF, wL4/3(82)). SinceVV* is bounded in

L®(R, L?(£2)), one can also get a bound®v¢ directly from (16). To pass to the limit, it suffices then to apply
an Aubin—-Lions compactness lemma.
As in Section 2, one can prove thanks to (19) and (21) that the enEdplecreases to 0 agyoes to+oco. Let
us now consider the following quantity (with the notatieris v® defined as in Section 3):
1 (ns)Z

L%):EQ N

dx+%/|Vv‘9|2dx. (22)
2

Similar calculations lead to inequality

SLE(r) < —2C1L* (1) + CsLE (1)*, (23)
with C1 andCs independent of. In Section 3 we have proved that if there exigts- O such thaLE(t;j)3 < C1/Cs,
then there exists two positive constaGtandx independent of such that foralt > ¢, L (¢) < Ce*'. The crucial

point is to find such? bounded uniformly with respect ta
First, we can prove easily by a contradiction argument that foy all0 there exist&(n) > 0 such that,

e & 2
(Ve>0, V1 >0, [pe (t)—lv:g((:))l dx <a(m) = L@ <. (24)
Next, inequality (20) implies that there exists a nonnegative conégatich that
VT >0, 3°(T) €[0.7] suchthat [, eV "TNIVCCINE g, Co (25)

Thus, choosing) = (C1/Cs)Y2 in (24) andT > Co/a(n) in (25), we deduce that the correspondifigf’) can be
chosen as; .

Finally, on[T, co) we have the estimatg® (1) < Ce*'. Since for allr > T we haveL(¢) < liminf,_oL?(¢) <
Ce™ (L defined in (11)), we deduce thatbelongs toC ([T, o), L3(£2)).
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