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Abstract

We consider domain decomposition algorithms of FETI type for edge element approximations in three dimensions. We first
show that a strong coupling exists between tangential degrees of freedom associated to the subdomain edges and faces. We tt
propose a dual-primal FETI algorithm that relies on a change of basis and on a suitable choice of a coarse space. We give
logarithmic bound for the condition number of the resultinggamditioned operator. Numeail results confirm this bound and
the necessity of performing a change of basiscite thisarticle: A. Toselli, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Méthodes FETI dual-primal pour approximations aux éléments finis d’aréte en dimension troisNous considérons des
algorithmes FETI pour des approximations en éléments finis d’aréte en dimension trois. Nous montrons d’abord qu'il existe
un couplage fort entre les degrés de liberté tangentiels associés aux arétes et aux faces des sous-domaines. Nous propos
ensuite un algorithme FETI dual-primal qutilise un chagement de base et un choix particulier pour le solveur grossier. Nous
donnons une borne logarithquie pour le nombre de conditionnemelat I'algorithme. Les testsumériques confirment cette
borne et la nécessité du changement de e citer cet article: A. Tosdlli, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abrégée

Nous considérons le probléme (1) en dimension trois et 'esfigcerl; £2). On introduit un maillage régulier
7, de £2 et une partition7, sans recouvrement, en sous-domaiffesChaque sous-domaine (sous-structure)
est I'union d’éléments fins d&,. Les diameétres d&;, et 7y sonth et H, respectivement. On choisit les espaces
d’éléments finis d’arét&;, d’ordre le plus bas, introduits dans [6]. Les degrés de liberté peuvent étre choisis comme
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a composante tangentielle sur les aréteg;det, sur un sous-domaine; peuvent étre partagés entre trois classes :
intérieur, aréte etface(voir la Fig. 1).

Les algorithmes FETI sont des méthodes de décomposigodomaine sans recouvrement pour la résolution
de systémes algébriques provenants de I'approximateréduations aux dérivées partielles. lls sont couramment
utilisés pour des problémes de trés grande taille, enidétéset en mécanique des fluides, mais le développement
d’une stratégie robuste pour les problémes ébacagnétiques tridimensionnels manque a ce jour.

Les méthodes de décomposition de domaine sarmuveement utilisent la possibilité de trouver des dé-
compositions stables pour les fonctions d’éléments fam composantes associées aux faces et aux arétes des
sous-domaines; voir [2, Section 5]. Ces décompositions existent pour les éléments nodaux, mais ne sont pas disp
nibles pour les éléments d’aréte en dimension trois. Calmentré Fig. 1. On consideére le gradient d’'une fonction
nodale continue, nulle sur tous les noeudsfzgjesauf en un noeud situé sur une aré&tele rotationnel de ce
vecteur est nul et sa nornke(curl; £2;) est Qk). Si on découple ce vecteur en composantes associées a Faréte
et aux deux faces dg, on obtient des vecteurs avec un rotationnel non nul et d’'une néfearl; £2;) qui est
O(h~ 1 ; voir la Section 2.

Nous considérons donc un changement de base. Sesldsrictions de base associées aux arétes des sous-
domaines sont changees;; voir la Définition 3.1. Aeette nouvelle base on introduwine méethode de type FETI
dual-primal ; voir [3,1,7]. On utilise un espadg, d’éléments finis discontinus a travers les sous-domaines et on
impose la continuité de la composante tangentielle avec des multiplicateurs de Lagrarael'Eq. (3). La
méthode FETI utilise la résolution de I'équation paupar une méthode itérative comme le gradient conjugué et
un préconditionneus/ ~1 ; voir 'Eq. (4).

Laforme du precond|t|onnelM Lest standard et peut étre trouvée en [3,4] ou [7, Section 3]. Il reste seulement
a caractériser I espactéh Les vecteurs dé&;, satisfont guelques conditions de continujpéirhal constraint} a
travers les sous-domaines, ces conditions déterminent la taille du solveur grossier. Ici on impose la continuité de |z
moyenne (moment d’ordre zéro) et du moment du premier ordre de la composante tangentielle des veXteurs de
le long des aréteg des sous-domaines. On obtient daieeix conditions pour chaque aré&e

On trouve que le nombre de conditionnement de |'opearapeéconditionné est borné par une fonction loga-
rithmique deH/h et est indépendant du nombre des sous-domaines et des sauts d'un des coefficients; voir le
Théoreme 5.1.

Le Tableau 1 montre les nombres de conditionnement laométhode FETI avec (& gauche) et sans (& droite)
changement de base décrit dans la Section 3. lIsieigile maillages et de partitions uniformes pour des coeffi-
cients constants. Les résultats degjze montrent des nombres de coradifiement trés petits, indépendants de la
taille n2 du probléme quand//h est donné. Les résultats de droite, par contre, montrent des nombres de condi-
tionnement trés grands qui croissent comrfie= =2 confirmant donc notre analyse présentée dans la Section 2.

1. Introduction

We consider the boundary value problem:

curl(acurlu) +bu=f in £, (1)
nxUxn=0 onds,

with £2 a bounded polyhedral domain &® with outward unit normah anda andb positive functions. More
general boundary conditioran also be considered.

The variational formulation and the analysis of problem (1) require the Sobolev gh@acel ; £2) of vectors in
L2(£2)2 (the space of square summable vectorsX)nwith acurl that is also inL2(2)3. Foru € H (curl; £2), we
use the norm given by

2 2 2
”u”[—[(curl;[)) = ”u”LZ(_Q)S + ” Curl u ”LZ(_Q)Sv

with || - 5 the norminL?(£2)3. See, e.g., [5] for an introduction and for further details.

”LZ(Q)
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We next consider a conforming triangulati@p of £2, consisting of affinely mapped cubes or tetrahedra, and a
nonoverlappinggbdomain partitior?y = {£2;}, with subdomains that are collections of fine elements. The sub-
domains (substructures) and the fine elements are always assumed to be shape-reglndidrespectively,
denote the maximum of their diameters.

We choose the lowest-order edge etan(Nédélec) finite element spacés C H (curl; £2) on the fine triangu-
lation 7j,; see [6]. We also refer to [5] for a fine presentatibiere, we recall that these finite elements preserve the
continuity of the tangential component across the element boundaries and the degrees of freedom can be chosen
the (constant) tangential cqranent along the element edges/pf

We note that in a subdomaip;, the degrees of freedom can be partitioned into three classesor, edge and
face according to whether #y lie in the interior of2;, on a subdomain edgg, or faceF. We refer to Fig. 1, left,
for the case of a cubical substructure.

The finite element approximation of problem (1) gives rise to a positive definite, symmetric linear system, for
the vectom of degrees of freedom:

Ku=f. (2)

2. Nonoverlapping algorithms for edge elements in three dimensions

FETI algorithms are particular domain decompositioatihods of nonoverlappingpe for the solution of al-
gebraic systems arising from the approximation of a partial differential equation (see Eq. (2)): they rely on a
nonoverlapping partition of2 into subdomains or substructures. While they are now routinely employed for the
solution of huge elasticity and flow problems (see, e.g., [3,1,4]) a full understanding of robust and efficient strate-
gies for nonoverlapping domadecomposition preconditioners for threengéinsional electirmagnetic problems is
still missing.

Nonoverlapping domain decompositipreconditioners rely on decoupling degrees of freedom associated to
geometrical objects assoa@altto subdomains, typically vertices, edgasi faces for three-dimensional continuous
nodal elements; see, e.g., [2, Section 5]. For edgeei¢snwe only need to consider subdomain edges and faces.
The performance of the corresponding preconditionediitee method depends on how weak the coupling between
the different blocks of degrees of freedom is. This decoupling may appear explicitly in the construction of finite
element subspaces as in wire basket methods, [2], buaytalso be hidden in the algorithm and may not appear
explicitly in the subspaces considered, as in FETI methods.

Decompositions into edge and face components are fairlylleas (i.e., logarithmically stable) operations for
continuous nodat finite elements, see [2], but turn out to be disastrous for edge element approximations. More
precisely, we refer to Fig. 1, right, and consider thedggat of a continuous, scalar, piecewise trilinear function
¢g with vanishing nodal values on the closure of a subdonfziexcept at one node on a coarse edgehere
it is one. Sincepr decreases linearly from one to zero along an edge of lengih, @s tangential component is
O(h~1). This vector is curl free and has a low energy:

IV cur 2 = IVSENT2( 0,15 = O ™2 - 1) = O(h).

We recall that the square of tHe® norm of a basis function is @3) while that of its curl is @k). When we put
to zero the degrees of freedom on the two faces adjacdnt tee obtain a vectow with a nonvanishing curl and
therefore with a much larger energy:
W% curt; ) ~ leUrW 175 15 = O ™2 - ) = O(L/ ).
A nonoverlapping domain decomposition algorithm which employs the standard three-dimensional edge ele-
ment basis is expected to exhibit a condition number that grows at lelast ashich is the same growth exhibited
by the original stiffness matrix'.
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Fig. 1. Two types of basis functions associated to a subdomain edgeatttast basis (left) and one corigig of gradients of continuous,
scalar, nodal functions associated to nodes internal to the cadges and one vector function with unmigaangential component along the
coarse edges.

3. A change of basis

The discussion in the previous section hints that, before devising iterative substructuring algorithms for Prob-
lem (2), a change of basis may be necessary.

Definition 3.1 (New basis)

1. The basis functions associated with the edges in@jdend with those in the interior of the faces are the same
as for the standard basis;
2. the basis functions associated with a subdomain édges:
(a) one vector functio z with unitary tangential component alorigyand vanishing tangential component
along all the fine edges that lie on the remainingrse edges, on the faces, and in the interiggf
(b) the gradients of continuous, scalar, nodal functions associated to the interior noBesheke scalar
functions take the value zero at all the nodes in the closure; afxcept at one node in the interior &f
where they are equal to one.

This new basis is described in Fig. 1. The new basis functions are introduced only for the coarse subdomain
edges and the new degrees of freedom can still be partitioned into interior, face, and edge. The construction of this
new basis does not rely on the fact that the substrustame elements of a coarse mesh or have a special shape.

4. Dual-primal FETI algorithms

We assume from now on that vectors of primal degrees of freedom are relative to the new basis introduced in
the previous section. We define the intersection between the subdomain bounddriestyote that it consists
of facesF which are shared by exactly two subdomains, and subdomain edges and vertices, which are shared by
more than two subdomains; see, e.g., Fig. 1. We then rewrite Eq. (2) as:

Ki+BTA=F, Bi=0. 3)

Here, the vector of degrees of freedanbelongs to a larger finite element spa’?ﬁgg Xn, consisting of vectors
that have a discontinuous tangential component along is the stiffness matrix relative to the spakg. The
second equation enforces the continuity of the tangential component Alargl A is the Lagrange multiplier
associated to these constraints. See [3,1,7] for details.

An equation forA can be obtained by eliminating the primal variallé\Ve obtain:

M Y(Fx»—-d)=0, F=BK BT (4)
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Here,M~1 is a suitable symmetric, positive definite preconditioner. Onézfound by an iterative method like
Conjugate Gradient the solutigncan be found.

The form of the preconditione¥ —* is standard and can be found in, e.g., [3,4] or [7, Section 3]. We recall, in
particular, that one application 8 —1 requires the solution of Ririchlet problem on each subdomain. In addition,
suitable scaling matrices need to be applied, which are constructed with the coeficeemd® in (1); see next
section for more details.

The matrixK (and therefore its inverse, required for the applicationFpfdepends on the exact choice of
the discontinuous spac€;,. In dual-primal FETI algorithms, a certain number of continuity constrajmtisn@l
constraint$ are enforced for the vectois e X,. The application ofK 1 to a vector requires the solution of
Neumannproblems on the subdomains and an additiartarse, globalproblem the size of which equals the
number of primal constraints. The selection of primal constraints is of key importance in the development of dual-
primal FETI algorithms; see [3,4]. The primal constraints are for our edge element approximations associated to
the subdomain edges. 5

We first impose that the average (zero-th order moment) of the tangential component of ve&tpiis iton-
tinuous along every coarse edfeindependently of which substructure is used in the evaluation of this average.
We note that these primal constraints are the coarse degrees of freedom assodgteid ttase the subdomain
partition 7y coincides with a coarse mesh. As for similar algorithms for three-dimensional, continuous nodal el-
ements, these primal constraints are not sufficieminsure good conditionumber bounds; see [3,4]. We impose
that also thdirst order moment®f the tangential component are continuous along every coarseledghis
choice therefore gives two primal constraints associated to a subdomain edge, and therefore a coarse problem
small size.

5. Theoretical and numerical results

In order to obtain bounds for the cdtidn number of the FETI operata¥ ~1F, we need to make further
assumptions on the coefficients. We first assumedtigatiniformly bounded from zero. This assumption is required
only for the theory but in practice good convergence is also obtaineddiorall or zero. Furthermore, while similar
algorithms for two-dimensional approximations can be made robust with respect to the jumps of both coefficients
in a straightforward way (see [7] andetheferences therein), this is not the case in three dimensions. We assume
therefore that only one of the coefficientsandb may have arbitrarily large jumps across the substructes
while the other is assumed to be continuous across the substructures or to have small jumps. The scaling matrice
used for the construction of the preconditiodér! use the coefficient that has jumps. We have the following
result:

Theorem 5.1.Leta be uniformly bounded from below. There is then a constant independenthed number of
subdomains, or the jumps of one of the cogffits, such that the condition number bound

K(M™'F) < C(1+1log(H/h)?,
holds withg = 4.

The proof relies on decomposition results for the tangential traces of edge element vectors in the new basis
associated to the subdomain edges and faces.

We now present some simple numerical tests. We consider the demair0, 1)2 and uniform triangulations
T, and Ty . The coarse triangulatiofi; consists ofN3 cubical elements, withH = 1/N. The fine one7; is
a refinement off; and consists of2 cubical elements, witth = 1/x. The substructure®; are chosen as the
elements of7y. We assume = b = 1. Table 1, left, shows that the condition numbers of the preconditioned FETI
operatorM —1F are small and bounded independently:c£ 1/n: their growth withH / 4 is consistent withy = 2
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Table 1

Condition number o ~1 F versusH/ h andn, with (left) and without (right) a change of basis

H/h 8 6 4 3 2 H/h 8 6 4 3 2

n==8 - - 2.213 - 1.869 n=238 - - 1516 - 1.869
n=16 3.076 - 2.742 - 1.936 n=16 6437 - 6076 - 1.936
n=24 3.566 3.322 2.838 2.48 1.960 n=24 1449 1429 1365 1429 1.960
n=232 3.774 - 2.899 - 1.969 n =232 2576 - 2427 - 1.969
n=40 3.866 - 2.926 - - n=40 4024 - 3793 - -
n=48 3.951 3.537 2.944 - - n=48 5795 5712 5462 - -

in Theorem 5.1. In Table 1, right, we show the conditmmber of the same algorithm but without performing the
change of basis of Section 3. The condition numbers are very high and are consistent with a quadratic growth in
thus confirming our analysis in Section 2. We note that the algorithms relative to the last cadymhn2) are

special cases for which the tangential component is continuous along the subdomain edges and for which a chang
of basis is not necessary.
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