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Abstract

In this Note we anounce the following result: under a domination conditionFatonsistent evaluation is &#-evaluation.
To citethisarticle: S. Peng, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Evaluations dynamiques.Dans cette Note nous annoncons le résultat suivant : sous une hypothése de domination, une

évaluationF;-consistante est un&s-évaluation Pour citer cet article: S. Peng, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Soient{F;};>0 une filtration engendrée par un mouvement browniedimensionnel défini sur un espace
probabilisé(s2, 7, P), L3(F;) 'ensemble des variables aléatoitEsmesurables ave£[|X|?] < oo, L2(0,T)

I'ensemble des process#s-adaptés aveE[fOT |¢t|2dt] < 00. On fixe un intervallg0, T].

Définition 0.1.Un systéme d’opérateurs :
EalX]:X e LA(F) — LA(F,), 0<s<t<T,

est une évaluatioft;-consistante définie sii@, T'] s'il vérifie les hypotheses suivantes : pour chagueet: dans
[0, T tels que 0< r < s <t < T et pour chaqué&, X’ € L2(F;), on a

(A1) & /[X] = & 4[X'], p-s., SiX > X', p.s.;

(A2) & ,[X1=X, p.s.;
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(A‘?’) gr,s [59,I[X]] = gr,t[X]a p.s.,

(A4) 1A5571[X] = 1A£S,t[1AX]1 p.s.VA € F;.

Une hypothése supplémentaire est :

(Ado) &£.,4[01=0, p.s.

Soitg = g(w, t, y, z) une fonction réelle définie su? x [0, T'] x R x R? qui vérifie (3). Pour chaquec [0, T']
etX e L2(F,), soit(Ys, Zs)ogs<: lasolution de I'EDSR (2). On définﬁﬁt[X] =Y, s €[0,1].

Théoreme 0.2.Si la fonctiong vérifie (i) et (ii) de (3), alors le systéme d’opérateuts? ,[-1}o<s<i<r €st une
évaluationF;-consistante définie suf, T']. De pIus,Eﬁ,[-] est dominé pafff;[-], avecg, (v, z) :== u(ly| + IzI),
au sens suivantpour chaque, r € [0, T, tels ques < ¢,

E8IX1—ESIVI<EXIX —Y], p.s, VX, Y € LA(F).
Si, de plusg(s, 0, 0) =0, alors (Ado) est vérifié: £5,[0] = 0.
Dans la fonctiorg,,, 1 est la constante de Lipschitz gedans (3)(ii).
Théoréme 0.3.Soit{&; :[-T}ogs<r <7 UNe évaluatior; -consistante définie sy, 71 dominée pa€s+[-] au sens
suivant: pour chaque, ¢ € [0, T'], tels ques < ¢,
EalX] = EYI<ENIX - Y], ps. VX, Y € LA(F).

Si de plugA4o) est vérifice, i.e & ,[0] = 0, alors il existe une fonction réellg définie sur2 x [0, T] x R x R¢
vérifiant(3) etg(-, 0, 0) = O telle que pour chaque ¢ € [0, T], tels ques <7, 0n a

EIX1=E X1, p.s.VX € LA(F).
On peut aussi affaiblir 'hypotheqé4y).

1. Introduction

Let (£2, F) be a measurable space and&t}, > be afiltration defined in this space. In this pagerepresents
the information acquired by an economic agent (an individual, a firm, or even a market) during the[Pgfiod
We denote the set of alf;-measurable real valued random variables#d¥,. Assume that at the present time
this agent evaluates a future risky payoff (one may think of a contingent clajmijth maturitys > s. This X is
an F;-measurable random variable. When the tinbemes, the agent will know the money based valu& ofVe
denote this evaluated value By,[X]. It is reasonable to assume &l [X] € mFs. {& [-1}ogs<i<oo fOrms a
system of operators:

EsulllimFr — mF;, 0<s <t <+oo. (1)

We will make the following axiomatic assumptions: for eacd 8 < s < ¢ and for eachX, X' e mF;,
(ALl) &/ [X]> & [X'],if X > X',
(A2) &XT=X;

(A3) gr,s[gs,t[X]] = gr,t[X];
(Ad) 14&[XT1=14&[14X], VA € F;.

A system of operators (1) satisfying (A1)—(A4) is calledBnconsistent evaluation.
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Remark 1. The meaning of (A1) and (A2) are obvious. Condition (A3) means that at thertishe, the value
& 1[X1is also regarded as a risky payoff with the matusitirhe price of this risky payof, s [£; ;[ X]1] is the same
as the price of the original derivativé with maturityz, i.e., &, ;[ X].

Remark 2.In (A4) 1,4 is the indicator ofA € F, i.e., Iy (w) =1, if w € A, 14(w) = 0, otherwise. } is considered
as a “digital option”. (A4) means that, at timethe agent knows whethep Worths 1 or zero. If it worths 1, then
the valuefs ;[14 X] is the same a&; ;[ X] since the two outcome® and 14 X are exactly the same. Note that this
condition does not indicate the case whegenlorths zero. If we assume an additional condition:

(Ado) &;,[0]=0,
then&; ;[14X] =0 when L = 0. We note that (A4) + (Ad) is equivalent to

(A4) 14& 1 [X]=E1[1aX], VA € Fs.

2. JF;-consistent evaluation under Brownian filtration

Our framework will be a given probability spa¢&2, F, P) where{F;}og;<c is the filtration generated by
a d-dimensional Brownian motioB;);>o defined on($2, 7, P). For each time > 0, we denote byL2(F;) a
subspace ofF; such thatE[X?] < co. Without loss of generality, we will work within a given intervid, 7'].

Definition 2.1. A system of operators:
EX1:X € L2(F) — L%(F,), 0<s<i<T,

is called anf;-consistent evaluation defined fh 7] if it satisfies (A1)—-(A4), where the relations' and ‘>’ are
in the sense ofP-a.s.’.

3. E8-evaluations induced by BSDE

We denote bysz(O,t; R™) the set of allR™-valued and(F;);>o-adapted stochastic processes such that
E [y 1¢s12ds < oo and by 52.(0, 1) the processes ih2.(0, 1) = L2.(0,#; R) with continuous paths such that
E[sUphc < |#s|2] < oo. For eachr € [0, T, we consider the following backward stochastic differential equation

with terminal timet:
t t

Y;:X—i—/g(r, Yr,Zr)dr—/ZrdBr, s €[0,1]. (2)

N N

Here the functiory: (w, 1, y,z) € 2 x [0, T] x R x R — R satisfies the following usual assumptions of BSDE:
for eachvy, y’ € R andz, 7’ € R?,

{(i) g(.y.2) € L%(0,T);
(i) |et,y.2) =gy, )| <ully—yI+1z—7).

Assumption (3)(ii) is called the Lipschitz condition gf w.r.t. (y,z). It is equivalent to:g is dominated by
gu(y,z) == u(y|+ Iz]) in the following sense:

3)

gt.y.0)—gt.y. ) <gu(y—y.2—2). Vy.y eR, z.7 eR.
It is known that for each give € L2(F,), there exists a unique solutia, Z) € S%(0,1) x LZ(0,1; R?) of
BSDE (2). We denotéﬁt[X] := Y. We thus define a system of operators:
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ESIX1:X € LA(F) — LA(Fy), 0<s<i<T.
This system is completely determined by the above given fungtidide have
Theorem 3.1. We assume that the functiop satisfies(i) and (ii) of (3). Then the system of operators

{Ei,[-]}ogsg,g is an F;-consistent evaluation defined ¢ 7']. Moreover5§I[~] is dominated b)&fﬁ[] in the
following sensefor eachs, ¢ € [0, T], such that < ¢,

ELIX1—ELIYI<SEMIX — Y], as, VX,Y e LA(F). (4)
Furthermore, ifg(s, 0, 0) = 0, then(A4o) holds &f,[0] = 0.

4. F;-consistent evaluation determined by a functiorg

A more interesting problem is that if a givef)-consistent evaluatiofi[-] is dominatedt8~[-] for a sufficiently
largeu, can we find a functiog such that[-] coincides with€8[-]? We announce the following result:

Theorem 4.1.We assume that aft;-consistent evaluatiof& ;[-1}ogs<i<7 defined onf0, T'] is dominated by
&31[-]in the following sensdor eachs, ¢ € [0, T], such thats < ¢,
Eal X1 = E V1< ENIX — Y], as, VX, Y € LA(F). (5)

We also assume théf4) hold. Then there exists a functiagn 22 x [0, T] x R x R?Y — R satisfying(3) and
g(-,0,0) = 0such that, for each, ¢ € [0, T] with s < ¢, we have

ELIX1=E,0X], as, VX e LA(F). (6)
In the situation wheré[-] does not satisfy (A4), we have

Corollary 4.2. We assume that af;-consistent evaluatiof’; ;[-1}o<s<:<r defined on0, 7] is dominated by
£51.1in the sense of5) and

_ 0 0
E S0 < &40l < E5478 (0], as, 0<s <1 <T,

for a giveng®() € LZ(0,T). Then there exists a function: 22 x [0, 7] x R x R — R satisfying(3) and
g(t,0,0) = ¢%r) such that, for each, 7 € [0, T] with s < 7, we have6).

We can still treat a more general situation. [ e LZI(O, T) be given such that its paths are a.s. RCLL and
such thatE[supy, < | K|?] < co. We consider the following BSDE

t t

YS:X—i—KtO—KSO—f—/g(r, Yr,Z,)dr—/ZrdB,, s €0, 1]. (7)

N N

It is easy to check, by changing variable := ¥, + KO, that this BSDE has a unique solutiai, Z) €
L2.(0, T; R*) such thaty + K € 52.(0,T). We denotetf ,[X; KO := Y, s € [0,7]. In finance, an increas-
ing processk © represents an accumulated dividend. The intargshing here is that, the system of operators

EL L5 KO LA(F) — L2(Fy), 0<s <1 <T,

is still an F;-consistent evaluation. In fact we have
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Theorem 4.3.Let K© be given as the above. We assume that the fungtisatisfies(i) and (ii) of (3) and that
g(s,0,0) = 0. Then the system of operators {élﬁt[-; KO]}ogsgth is an F;-consistent evaluation defined on

[0, T1]. Itis dominated by?iﬁ[-] in the following sensdor eachs, ¢ € [0, T'], such thaty < ¢,
ESIX; KO = &85,V KO < EMIX — Y], as, ¥X,Y e LA(F).
Moreover,

E,.10; KO < €510, K1 < £10; K.
To this theorem we can still add its converse result:

Corollary 4.4. We assume that af;-consistent evaluatiof’; ;[-1}ocs<:<r defined on0, T'] is dominated by
£11in the sense of5) and that, there exist an RCLL proce&? e sz(o, T) with E[supye, <7 |KP%] < o0,
such that, foreac® <s <t < T,

& 5110, KO < &,101 < E5410; KO).

Then there exists a function: £2 x [0, T] x R x R? — R satisfying(3) and g(-, 0, 0) = 0 such that, for each
s,t €[0, T withs <t, we have

EilX1=E5,0X; K0, asVX eL*(F). (8)

All the proofs of the above results can be found in our recent paper [5]. For example Theorems 4.3 and 3.1
are given as Proposition 2.11 and Corollary 2.9 in [5]. Theorem 4.1, Corollary 4.2 and Corollary 4.4 are given in
Theorem 3.1, Corollary 3.3 and Corollary 3.2 in [5]. Theorem 4.1 has nontrivially generalized the result in [1] for
Fi-consistent expectations. The notiorngeéxpectation, firstly introdeed in [3], is a special case gfevalutation.

For details, see [2,4-6] and [7].

References

[1] F. Coquet, Y. Hu, J. Memin, S. Peng, Filtration consistent nonlinear expectations and relexpectations, Probab. Theory Related
Fields 123 (2002) 1-27.

[2] S. Peng, Nonlinear expectations and nonlinear Markov chainsh@Proceedings of the 3rd Colloquium on ‘Backward Stochastic Differ-
ential Equations and Applications’, Weihai, 2002.

[3] S. Peng, BSDE and relatedexpectation, in: N. El Karoui, L. Mazliak (Eds.), Backward Stochastic Differential Equation, in: Pitman Res.
Notes Math. Ser., vol. 364, 1997, pp. 141-159.

[4] S. Peng, Monotonic limit theorem of BSDE and nonlinear degosition theorem of Doob—Meyer’s type, Probab. Theory Related
Fields 113 (4) (1999) 473-499.

[5] S. Peng, Dynamically consistent nonlineaaieations and expectations, preprint and Leetnotes presented in Weihai summer school,
July, 2004, Weihai, China.

[6] S. Peng, Nonlinear Expectations, nonlinear evaluations and redsuares, preprint and Lecture notes presented in CIME—EMS summer
school, Bressanone, Italy, July 2003.

[7] S. Peng, Filtration consistent nonlinear expectations and ei@isaof contingent claims, Acta &th. Appl. Sinica 20 (2) (2004) 191-214.



