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Abstract

Let W be a finite Coxeter group generated by real reflections in a complex vector space. We compute the integral cohomol-
ogy of the Milnor fibre of the discriminant bundlé: C" /W — C, together with the action of the monodromy, for the whole
list of exceptional groups. Hera is the map induced by the square of the polynomial definingathengemenbf reflection
hyperplanes of¥. The computation is equivalent to that of the cohomology, with suitable local coefficients, of the correspond-
ing Artin group. These computations complete, for the exceptioasés, those performed by De Concini et al. for rational
coefficients.To cite thisarticle: F. Callegaro, M. Salvetti, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Cohomologie entiére de la fibre de Milnor du fibré discriminant d’'un groupe de Coxeter fini.Soit W un groupe de
Coxeter fini engendré par des réflexions réelles dans un espace vectoriel complexe. On calcule la cohomologie entiére de |
fibre de Milnor du fibré discriminantt : C" /W — C et I'action de la monodromie, pour tous les groupes exceptionnels. Ici
A est I'application induite par le carré du polyndbme qui défilsitrangementdes hyperplans de réflexion d&. Le calcul
équivaut a celui de la cohomologie, a coefficients locaux bien choisgrodye d’Artincorrespondant. Ces calculs complétent,
pour les cas exceptionnels, ceux de De Concini et al. a coefficients ratioPowi<iter cet article: F. Callegaro, M. Sal vetti,
C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Soit (W, S) un systéme de Coxeter qui agit sur un espace vectoriel complee@nme groupe de réflexions
réelles, et soitd(W) I'arrangementdes hyperplans de reflexion &é. L'application

6= l_[ ot%],

HeAW)
oUay estune forme linéaire qui définif, estW-invariante et donc induit
A:V/W —C.

Le revétement : V — V/W ramifie sur Ihypersurface discriminant® := A~1(0) donc A définit unfibré dis-
criminanten dehors de, avec fibre de Milno; := A~1(1). L'action de monodromie donne & la cohomologie
de Fy la structure deR := Z[q, ¢ —1]-module (qui est un invariant plus fin que la fonction zéta de la monodromie
voir [12], ou I'on considére aussi le cas des groupes de réflexions complexes).

Dans ce travail nous calculons la cohomologie entiére, colRmedule, de la fibre de MilnoF1, pour tous
les groupes exceptionnels (Section 4).

Notre méthode est basée sur le calcul suivant.

SoitGy =m1((V/ W)\ X) le groupe d’Artinassocié . Alors on a un isomorphisme (voir [5—-7,13])

H*(F1; A)= H*"Y(Gw; Ry)

(avec un décalage dans les dimensions)Rguest le Gw-module R avec I'action qui associe a un générateur
standard, la multiplication pay.

On utilise ensuite le complexe algébrigW&*, d*) suivant dans [17] (voir aussi [8,16]) qui calcule la cohomo-
logie deGw . Si on identifie 'ensemble des générateurs de Coxetarec{l,...,n}ona:

C*:=®R.e;, ollasomme est prise sur tolisc {1, ...,n} avec|I"| =k,

. Wrugy (@)
d(er) =) (=170 erugj).
; Wr(q) vl

oUo(j,MN:=#ieU{j}li<j}et Wr(q):= ,cw, g'™ est le polynéme de Poincaré du sous-groupe
parabolique¥r [2,14].
Alors :

H*(C*,8) = H*(Gw: R(_g))-

Les coefficients dans la différentielle sont des polyndmeeificients entiers calculads explicitement en utilisant
lesexposantsiu groupe.

Nous utilisons ensuite une filtration naturelle du complexe décrit ci-dessus, en défiigsahicomme le
sous-complexe engendré par les sous-ensemblgs| dgii contiennent les derniegs éléments. On continue par
récurrence, puisque le complexe quotigRiC* / FP+1C* estisomorphe, modulo un décalage d’indices, & un sous-
complexeF” C™*, ouC’™* est le complexe associé a un graphe de Coxeter avec moins de sommets.

La suite spectrale se termine aprés un nombre fini d’étapes, et finalement nous résolvons les extensions pot
déterminerH*(C*, §).

Notons que cette méthode permet aussi de construitiegement des générateurs des groupes de cohomologie
considérés (ce dont nous ne parlons pas, par souci de brieveté).
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1. Introduction

Let V be a complex vector space where a finite Coxeter sysiémS) acts as a real reflection group. Let
A(W) be thearrangemenbf reflection hyperplanes d¥ in V, and choose a linear formy for each hyperplane
H e A(W). The map

§:= l_[ ozf,

HeA(W)

is W-equivariant so it induces a map on thrbit spaceV /W (an affine manifold, by a classical result of Shephard—
Todd, see e.g. [2], Chapter V, 85)

A:V/W — C.

The coveringr : V — V/W is ramified overX := A~1(0), so A is thediscriminantof the groupW and X the
discriminant hypersurfacé®ne has

o= |J H

He A(W)

and
TV (z7HD) = (V/ W)\ &

is a regular covering of degre@|.
The discriminant hypersurface has complicated (in general, non-is@d} singularities; classically, one tries
to study how complicated it looks by considering thscriminant bundle

A(V/W)\ X — C*

and looking at the topology of the associated (global) Milnor fibte= A~1(1). The action of the monodromy
operator gives to the cohomology Bf a structure ofR-module whereR = Z[q, ¢ 1] is the group algebra dt.

While for isolated singularities the theory is well umsi®od [15,1], not much is known in general, and the
above discriminant bundle turns out to be one of the most important cases to be understood.

In this Note we compute the integral conomology, together withRisodule structure, of the Milnor fibre
of the discriminant bundle fathe whole listof exceptional groups. Our computation uses the isomorphism (see
next section for details) between the previous cohomology and the cohomology of the fundamental group of the
complement to the discriminant (which is called Artin group) with coefficients in a suitable representation
overR.

Our results complete in these cases papers [9,10], whef@[the; ~1]-module structure of the cohomology of
all Artin groups was determined.

The fact that in our cas® is not a PID produces several difficulties: we solve them by using the spectral
sequence associated to a suitable filtration and a case by case computation. On the other hand, this method allov
us to write the full list of generators of each cohomology group which we found.

It is also interesting to remark thatdgbause of the isomorphism in Section 2) @y, ¢ —1]-module structure
of the (co-)homology is a finer invariant than the zeta function of the monodromy (see [12], where the case of
complex reflection groups is considered too). Our computations here concern an even finer invariant, namely the
integral (co)-homology of the Milnor fibre of the discriminant bundle, andRtsnodule structure.

Notice thatZ-torsion appears in the integral cohomology of the Milnor fibreApfwhile it is conjectured that
the Milnor fibre of§ (restricted to the complement to the arrangen(i)) is torsion free.
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2. Milnor fibre cohomology and algebraic complexes

We keep the notations used in the gduction. Recall thahie fundamental group

GW:=JT1<<V\ U H)/W):nl((V/W)\E)

HeA(W)

is called theArtin group of type W. The standard presentation Gfy is obtained from the Coxeter presentation
of W:

Gw =(gs. S €S 188585+ = 85858y -+ (m(s, s") factorg)

(see [3,4]).

Let A be any ring, letR := A[q,¢ 1] be the ring of Laurent polynomials ip with coefficients inA and
R’ := Allg, q~1]] that of Laurent series. Ler,, R; be theGw-modulesR, R’ respectively, endowed with a
module structure defined by taking standard generatorsf Gy into g-multiplication. Since(V/ W)\ X is a
K (Gw, 1)-space (see [11]), there are isomorphisms:

H*(F1; A)= H*(Gw; R)) = H*"(Gw: Ry):

the first one follows from standard results in group cohomology (Shapiro’s lemma [5]; see also [7,13]) while
the second isomorphism is shown in [6] (notice the shift in dimensions). Actually, these are isomorphisms of
R-modules, where the action over the first member is induced by monodromy of the fibering indugedioy-
tiplication by ¢ in the other members corresponds to the action of the standard generat@f6j on the first
one.

One has similar isomorphisi, (F1; A) = H.(Gw; R,) for the homology (without any shift in dimensions).

We now consider a finite Coxeter grodp of rank n and its associated Artin grougy, as defined above.
Identify the sef{1, ..., n} with the (ordered) vertices of the Coxeter diagraniaf

We recall from [17] (see also [8,16]) the following result:

Theorem 2.1.Consider the following algebraic complég™*, d*) of free R-modules

C*:=®R.e, wherethe sum is taken over dllC {1, ..., n} with |I"| =k,

m Wrugi (@)
der) =Y (=)°UD 00,
; Wr(q) el

whereo (j, I') :=#{i € T U{j} |i < j}andWr(g) := Y,y q'" is the Poincaré polynomial of the parabolic
subgroupWr (see[2,14]).
Then

H*(C*) = H*(Gw; R—g))-

It is well-known [2,14] that ifl”’ c I" thenW(g) dividesW(g) so the coefficients in the above formula are
integer polynomials. Recall also that the Poincaré series of a Coxeter gfdwigvingexponentssy, ..., ¢ is

k

W(g)=]]lel

i=1
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Here we introduce thg-analogue of the numberas

_a -1
[n] = i1
Therefore if|I"| = k and the exponents oV -y ;;, Wi are respectivelf, ..., lx11 andhy, ..., by then
Wrugy(q) _ (1] Uksal
Wr(q) [ha]---[he]
For example, it is easy to see that in caseall these coefficients have the shape of Gausinomials
|:m:| _Im]-Im—k+1]
k [k]---[1] :

3. Calculation by spectral sequences

There is a natural filtration of *: namely, letF;’ be the subcomplex generated by all subsefaptontaining
the lastp elements (this is clearly a subcomplex from the boundary formulaSe C* > ... > F! = R.efn).

Our computations use the spectrajisence of this filtration. One can digitly describe by induction the first
term Eé”* = FPC*/FPT1C* of the spectral sequence, which is isomorphic, modulo an index shift, to a subcomplex
FrC’*, whereC’* is the complex associated to a Coxeter graph with less vertices.

For example, for the complex associatedifpwe have

F'A,JF T Ay ~ Ay i1
with0<i<n—-2and
F"YA,/F"A,~F"A, ~R.

In a finite number of steps the spectral sequence collapses and at last we have to solve extensions (which i
some cases are non-trivial).

4. Results

In the next tables we report the results of our computations, which are complete for all exceptional cases (of
course, we write only the non-zero cohomology). All computations are made by hand, using the above mentioned
spectral sequence.

The following ideals appear in the tables (hegedenote the-th cyclotomic polynomial):

I4= (2, 2)[60]/p60:  Ja=([24]/¢24);
Is = (p30609912); 17 = (P206014018);
Ig = (@2, p4)@20[241[30]/[6].

We remark that we also have generators for all the cohomology groups which we computed; we do not write
them here for brevity.

Notation. We abbreviate notations by writing a module of the shRp&py), simply as the numbeir.
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Table 1
Exceptional cases

Ip(m) H3 Hy Fy
HO 0 0 0 0
H1 2 2 2 2
H? R/[m] 0 0 2
H3 R/(92906¢10) 0 R/(9290396)
H4 R/14 R/J4

Eg E7 Eg

HO 0 0 0
H1 2 2 2
H? 0 0 0
H3 0 0 0
H* 72 72 72
H® 608 60 7Z/2 4
HS R/Ig Z/3® (92. 3R /v6(¢2.2) 7)267/3
H R/I7 8012 7/3
HS R/Ig
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