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Abstract

We construct radial stochastic Loewrgvolution in multiply connected domainshoosing the unit disk with concentric
circular slits as a family of standard domains. The naturalimlyi function or input is a diffsion on the asswated moduli
space. The diffusion stops when it reaches the boundary of the moduli space. We show that for this driving function the family
of random growing compactsal a phase transition far= 4 and« = 8, and that it satisfies locality for = 6. To cite this
article: R.O. Bauer, R.M. Friedrich, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Evolution stochastique de Loewner dans des domaines multiple connexes. Nous construisons I'évolution stochastique
radiale de Loewner dans des domainedtiple connexes, en choisissant le disquanité avec des segments concentriqueés,
comme famille de référence. La fonction naturelle qui fait croitre les traces de I'évolution est une diffusion sur I'espace associé
des modules. La diffusion s’arréte dés qu'’il touche le bord de I'espace des modules. Nous démontrons que pour cette fonctior
qui engendre la croissance de ces compaétaires, on trouve une transition de phase potr4 etk = 8, et qu'ils satisfont
la propriété de localité pour = 6. Pour citer cet article: R.O. Bauer, R.M. Friedrich, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

L'équation ordinaire de Loewner encode la croissadtine courbe qui commence au bord du disque d’unité,
et continue vers l'intérieur, par le mouvement associé selon le bord, i.e. du cercle. Pour les courbes aléatoire:
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provenant par exemple d’'un modéle de la mécanique statistique au point critique, Schramm [8] conclu de ces
quelques propriétés de base, anticipées pour la limite d’échelle, en particulier, invariance conforme, une propriété
de Markov, symétrie, continuité, que le mouvemenbard qui encode la courbe aléatoire doit &tre un changement
linéaire de temps du mouvement Brownien standard. En inversant la procédure, c’est-a-dire en utilisant le mouve:
ment brownien comme fonction qui fait pousser la courbe, il a obtenu une nouvelle classe de processus, nomm
SLE. (x > 0). C’est une idée naturelle d’essayer d’'étendretéshodes provenant du SLE aux cas des domaines
autres que simplement connexes, comme l'on peutidéfes modeéles aléatoires sur ces domaines. Ainsi nous
construisons I'évolution stochagtie radiale de Loewner dadss domaines multiples connexes, en choisissant le
disque d'unité avec des segments concentriqueés, cdammibe de référence. En particulier, cela correspond a

une généralisation et variation de I'équation de Komat2i[dL cas stochastique, et donne premiérementI’équation

de Komatu—Loewner ordinaire

Théoreme 0.1 (L'équation radiale de Komatu—Loewnet)a famille des application uniformisantdg (z, t),
0 <t < T} satisfait I'équation

dInf@n AFGW.wan o dinm)
o v + D Rjwi ) —g s, (1)

j=1
avec la conditionf (z, T) = z pour tousz € D\{0}.

Comme le type conforme du domaine change en coupant le domaine selon le chemin, il n’est plus suffisant,
pour inverser le processus, d’'utiliser uniqguement le neooent sur le bord, par contre on doit ainsi inclure les
modules, car les paramétres dépendent d’eux. Enaritlis. méthode variationelde Schiffer nous obtenons un
systeme associé d’équations pour les modules, qui nous permet d'inverser I'équation de Komatu—Loewner.

Théoréme 0.2. Pour un domaine standard avec les parameétre@module$ M, ..., M3,_4 et une fonction
continuet — ¥ (¢) avec des valeurs dans le cercle d'unité on peut réso#is) avec des valeurs initiales
My, ..., M3,_4. La solution existe su(0, T]. Si T < oo, il existe unj tel quelim; -7 m;(t) = 1. Pourz € D
ett < T, soit g,(z) la solution de(8) avecgo(z) = z. La solution existe jusqu'en temf@s e (0, T]. SIiT, < T,
alorslim; »7,(g:(z) — ¥ (t)) = 0. SiK; dénote la fermeture des pointsel queT, < ¢, alorsg; appligueD\K; de
maniére biholomorphe sur le domaine standéxd

Les assomptions concernant la nature de la courbataite (cf. ci-dessus) nous permet de conclure que la
fonction qui engendre ces ensembles aléatoires, doit étre une diffusion sur I'espace des modules des domaines av
des points marqués. La diffusion que nous définissomgaséades qu’elle touche le bord de I'espace des modules.
Nous démontrons que pour cette fonction qui engendredssance de ces compacts aléatoires, on trouve une
transition de phase pour=4 etk = 8, et qu'ils satisfont la propriété de localité paus= 6.

1. Introduction

The stochastic Loewner evolution was introduced by Schramm in [8]. The Loewner equation shows how to
encode a slit in the unit disk which starts at the boundary circumference in terms of a motion on the boundary.
For a random slit such as an interface created by a statistiechanics model at criticality, Schramm derived
just from a few properties anticipated for the scaling limit of such a model—conformal invariance, a Markovian-
type property, symmetry, continuity—that the randamtion on the boundary encoding the random slit has to
be a linear time-change of a standard Brownian motion. This new family of proc&dgs(x > 0), is studied
in [3-6], and references therein. In partiaylit was shown that a phase transition occurs at4 where the slit
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ceases to be a simple curve and-at 8, where the slit becomes space-filling. For certain values &LE, has
special properties—locality for = 6, and the restriction property far=8/3.

Since the statistical mechanics models whose scaling limit is (or is conjectured to be) describief, lare
readily defined for non-simply connected domains the question arises if the stochastic Loewner evolution can be
extended to the non-simply connected case. The Loewner equation for simply connected domains has an analogL
for multiply connected domains which we call the Komratoewner equation. We derive a version of a result by
Komatu for a different class of standard domains, {Rjtting a non-simply connected domain along a Jordan arc
changes the conformal type of the domain. Because gfttlteKomatu—Loewner equation is not enough to reverse
the process, i.e. to begin with a driving function on the boundary and solve the equation—the coefficients in the
equation depend on the conformal type of the domain. However, using Schiffer variations we obtain an associatec
system of equations for the conformal invariants. Eheguations, together with the Komatu—Loewner equation,
allow us to reverse the process.

In the case of a random slit, the expected properties dflth8chramm used for simply connected domains only
allow us to conclude that the Komatu—Loewner equation should be driven by a diffusion on the space of conformal
invariants, the moduli space. We define a class of diffus on the moduli space for which the appropriate phase
transitions occur at = 4 and« = 8, and which satisfies locality at= 6

2. Komatu-L oewner equation

Denote byD a domain in the complex plane bounded by a finite number2 of proper continua. TheD is
conformally equivalent to the unit disk cut along- 1 disjoint concentric circular slits. We call such a domain a
standard domain. ID is a standard domain we denote the boundary components by

CYV:lzl=mj, 6;<argz<0j, 1<j<n—-1, C":|z=1 2)
Let D be a domain in thev-plane obtained from a standard domain by cutting along a slit (Jordad ant)ich
starts from a point on the exterior boungary component= 1 and avoids 0. Denote = f(z) the unigque confor-
mal map from a standard domaihonto D such thatf(0) =0, f/(0) > 0, and such that the peritheraI boundary

circumferences correspond to each other.Let —In f/(0) > 0. If we delete from the boundary @ a sub-arc
of I' with interior endpoint common with it, then there is a unique conformal map

w=h(w;, 1), h@©,1)=0, HK(O,t)=¢€" (3)

which maps a standard domain onto the domain thus obtained {efeand the peripheral boundary components
are to correspond to each other. Defibe by h(D;,t) = D. Then D, is a domain of the same type ax i.e.
obtained from a standard domain by cutting along aflitBy the monotony property of the derivatiw&(0, r)

the points onI” are in one-to-one correspondence with the values of the parameterging over the interval
0<t <T. Letthe conformal map fronb onto D; be denoted by

:f(Zst)a f(os t):o, f/(o, t):et_T. (4)

Then f(z) = f(z,0) = h(f(z,1),1), and alsof (z, T) = z. Further, let the boundary components of the circular
slit disk D, + I'; be denoted by

) lwl=my. 6;(0) <argw, <041, 1<j<n—1 " :jwl=1, (5)
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and the starting point 00’,(”) ofthe slitI; bey(¢) = e 190 DenoteG (u, w,; t) the Green function of the circular
slit disk D, + I in the u-plane with pole atv;, and denote a harmonic conjugateou, w,; ¢) with respect to
Wy = Xt + Iyl‘ by

wy

0G (u, wy; t 0G (u, wy; t
H@am0=/(—ﬁ%ﬂémm——JglemJ, (6)
t t
0

and setF (u, wy; 1) = G(u, wy; 1) +1H (u, wy; t). Denotew; (wy; ¢) the harmonic measure 01,(” atw, with respect
to D; + I'; and let

1 OF (u, wy; t
el e ™)

Cz(j )

whered/dv denotes differentiation at the boundary paint the direction of the inner normal. We ha%gR ;) =
w; and we may assume thatR;(0;t)) =0for j=1,...,n — 1.

Theorem 2.1 (Radial Komatu—Loewner equatiofhe family{ f (z, t), 0 < ¢t < T} satisfies the equation

- . n—1 )
olnf(z,0) dFy®),wi;1) +ZRj(wt§ t)dlnm](t)’

ot ov dr (®)

j=1

with initial condition f (z, T) = z for all z € D\{0}.

Note that, while the first and also the second term on the right in Eq. (8) are multiple-valued, their sum is
single-valued. In the simply connected case the sum on the right-hand side of Eq. (8) disappears and the radia
Komatu—Loewner equation reduces to the usual radial Loewner equation,

anf@on  fen+y0
dt f@,n-7@®°

(9)

Remark 1. An alternative class of standard domains is provided by circular slit annuli. For that case Komatu [2]
derived an equation analogous to (8). In the gase2 it can be written in terms of elliptic functions, [1].

If
_1 dw;j(wy; 1)
P=P =[px(]}; s mﬂo=/—457—m, (10)
W
is the period matrix oD, andi; = —Inm;, AT =[A1, ..., Ay—1], then
AT =270" (P71, (11)

wherew' = (w1, ..., w,—1) is the vector of harmonic measures. Under a Schiffer variation at the boundary
pointy (¢)

d do (1), 07
= 270" QP = 27 22001
0€ le=0 av

see [7]. Furthermore, the domain constént) defined by
R(n £ we, 1)) = Infw;| + dy (8) + O(Jwy ) (13)

p-1 (12)
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is given byd, (t) = T — t. Under a Schiffer variation we ha\g@g le=od, (1) = —1, see [7]. We find

n—1 ) - T
SR (s ) IO o 0O 0 iy, (14)
o] dr v

If n > 1, then the moduli space of anconnected domain with one interior marked pointis-34 dimensional.
DenoteM; (1), 1 < I < 3n — 4 the moduli of the domai®, + I; with the origin as marked point.

Lemma 2.2. There exist differetiable vector-fieldy; = Y;(u, M1, ..., M3,—4), 1 <1 < 3n—4, whereu is complex
of norm1 and theM;, real such that iftM1(¢), ..., M3,_4a(t) solve

M) =Yi(7(), M1(®), ..., M3,_a(t)), 1<I1<3n—4, (15)

with initial values the parameters of the doman + I'p, then{f(z,1),0 <t < T} solves(8) with the Green
function and harmonic measure at timealculated from the parametend; (z).

We can now reverse the procedure. Instead of beginning with a Jorddn that leads to a continuous curve
t — y(t) on the boundary circumference we begin with the cyree.

Theorem 2.3. For a standard domairD with parametersMs, ..., M3,_4 and a continuous function— y (¢)
with values in the unit circle we can soly&5) with initial valuesMy, ..., M3,_4. The solution exists o0, T']. If
T < oo, then there is & such thalim; ~rm ;(t) =1. Forz € D andt < T, let g;(z) be the solution 0{8) with
go(z) = z. The solution exists up to atinfe € (0, T'1. If T; < T, thenlim, »7, (g:(z) — 7 (1)) = 0. If K, denotes the
closure of the set of pointsfor which T, < ¢, theng; mapsD\ K, conformally onto a standard domaiby.

3. Diffusion on moduli space

To defineSLE, on D we first define a diffusion on an appropriate moduli space. This is the moduli Sgace
of ann-connected domain with one interior point and one boundary point marked. It has dimemsid 3
Let« > 0 and denoteB; a standard one dimensional Brownian motion. Defi@e¥ ; r) by

0. o (OF(E0, €90 €'+
Consider the system
1 n—1
do(r) = T (z(;?(t); t)de+ Y R;(7(0);1)d |nmj(t)> + ik dB, (17)
j=1
dM; (1) =Y (7 (), Ma(t), ..., M3,—4(1)), [=1,...,3n—4, (18)

where6(0) = 0, 7(t) = €°®, and M;(0) = M;. We note again that the combination of terms in brackets in
Eq. (17) is single-valued. The solution exists up to a stopping tim@n the setr < oo we have for somg,
lim; ~- m;(t) = 1. We call a solution to this systemSghiffer diffusior(on moduli spackand the random family

of growing compact¥, associated to a Schiffer diffusion via (&dial » — SLE. Alternatively, we may call the
family of random conformal mapg;, n — SLE,. The following results show that the Schiffer diffusion has key
properties we expect from our knowledge of SLE in simply connected domains.

Theorem 3.1. If k < 4, thenk; is a.s. a simple curve far< 7. If « > 4 thenKk; is a.s. not simple.
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This follows by considering the motion of points on the boundary.
Remark 2. We do not know ifK; can hit a circular slit in finite time with positive probability.
Theorem 3.2. If k = 6, thenn — SLE, satisfies locality.

The proof is similar to the simply connected case. Our definition of the Schiffer diffusion was made with the
previous two theorems in mind. We have not been able to confirm the restriction property: /3. Instead we
only obtained a family of martingales related to the restriction property. We will investigate in a forthcoming paper
if the Schiffer diffusion is the essentially only class of diffusions for which these properties hold, and if restriction
holds fork = 8/3.

In a multiply connected domain there are two flavors of chordal SLE: Growing slits from a point on one bound-
ary component to another point on the same boundanmyponent, or growing slits from a point on one boundary
component to a point on another boundary componenttiieformer we can repeat the above construction us-
ing as standard domain the upper half-plane withnaefinumber of horizontal slits, the compad{s growing
towardoo. For the latter the construction can be based on Komatu'’s equation [2].
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