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Abstract

In this Note, we extend the results of Bourgain, Konyagin and Glibichuk to certain composite moduliq involving few ‘large’
primes. First a ‘sum-product’ theorem for subsetsA of Zq is obtained, ensuring that|A+A|+ |A.A| > c|A|1+ε provided|A| <
q1−δ andA does not have a ‘large’ intersection with a translate of a subring. Next, exponential sum estimates are est
In particular nontrivialbounds are obtained for the exponential sums associated to a multiplicative subgroupH < Z

∗
q , with

applications to Heilbronn-type sums.To cite this article: J. Bourgain, M.-C. Chang, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un théorème somme-produit et des estimées des sommes exponentielles dans les classes de résidus avec module com-
posé comportant un nombre borné de nombres premiers. Nous présentons dans cette Note une extension des rés
obtenus par Bourgain, Konyagin et Glibichuk pour les modules composésq dont la factorization ne comporte qu’un nomb
borné de nombres premiers ‘grands’. D’abord nous démontrons un théorème « somme-produit » pour les sous-ensembA

deZq , affirmant que|A + A| + |A.A| > c|A|1+ε si |A| < q1−δ et n’a pas de « grosse » intersection avec une translatée
sous-anneau deZq . Ensuite on obtient des estimées sur des sommes exponentielles, en particulier associées à des so
multiplicatifsH < Z

∗
q . Ils s’appliquent aux sommes de type Heilbronn pour lesquelles on établit des estimées non-triviaPour
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 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On considère les classes de résidusZq = Z/qZ où q est un nombre composéq = p
α1
1 · · ·pαr

r où α1 + · · · + αr

est suppose borné et lespi > qε0. Dans ce contexte, nous généralisons les résultats de [2,3].
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Soit A ⊂ Zq tel gue |A| < q1−δ et |πp(A)| > qδ pour tout nombre premierp divisant q . On dénote ici
πp :Zq → Zp l’application quotient modp. Alors |A + A| + |A.A| > c|A|1+ε, où ε = ε(δ) > 0. Ce théorème
somme-produit nous permet ensuite d’obtenir des estimées non-triviales sur les sommes exponentielleq ,
suivant la même approche de [2,3]. SoitH < Z

∗
q un sous-groupe multiplicatif et supposons|πp(H)| > qδ pour

tout premierp|q . Alors

max
a∈Z∗

q

∣∣∣∣
∑

x∈H

eq(ax)

∣∣∣∣ < C|H |q−ε

où ε = ε(δ) > 0.
En particulier, pour les sommes de Gauss, on à

max
a∈Z∗

q

∣∣∣∣∣

q∑

x=1

eq(axk)

∣∣∣∣∣ < Cq1−ε

à condition que p
(p−1,k)

> qδ pour tout premierp|q .
Ceci nous permet d’établir des bornes sur les sommes de Heilbronn (voir [8,5,6]) en toute généralité, donc

max
(a,p)=1

∣∣∣∣∣

p∑

x=1

epr+1(axpr

)

∣∣∣∣∣ < crp
1−εr .

Seulement le casr = 1 ne semble avoir été traiter dans la littérature (voir [5,6]).

1. A sum-product estimate

In what follows, we consider the residue classesZq = Z/qZ whereq is a composite number of the for
q = p

α1
1 · · ·pαr

r involving a bounded number of large primes, thus

α1 + · · · + αr < C, (1)

pi > qε0 (1� i � r). (2)

All statements in this and the next section depend on the constantsC,ε0 and we shall no longer make this explic
The results and methods involved in this Note follow closely [2,3] dealing with the case of prime mo

q = p. Ruling out the ‘obvious’ exceptions we will obtain here very similar results forZq , with q asa above.
The main combinatorial tool is a ‘sum-product’ type theorem for general subsetsA ⊂ Zq . If q = p is prime, it

was shown in [4] that

|A + A| + |A.A| < c|A|1+ε provided pδ < |A| < p1−δ (3)

and in [2,3] the assumption onA was weakened to|A| < p1−δ . Such a result is obviously false inZq with q

composite, due to the presence of nontrivial subrings. The following result holds, however.

Theorem 1.1. LetA ⊂ Zq satisfy|A + A| + |A.A| < |A|1+ε. Then one of the following holds.

(i) |A| > q2−δ

(ii) |πp(A)| < Cqδ for some divisorp of q

whereδ = δ(ε)
ε→0−→0.

The proof is closely related to Proposition 2 in [1], where a sum-product theorem is established for subseA

of the Cartesian productZp × Zp .
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2. Exponential sums over Zq

With Theorem 1.1 at hand, one can extend most of the results from [2,3] to composite moduliq as considered
above. Denoteeq(y) = exp(2π i

q
y).

Theorem 2.1. LetH � Z
∗
q be a multiplicative subgroup satisfying

∣∣πp(H)
∣∣ > qε for all prime divisorsp of q. (4)

Then

max
a∈Z∗

q

∣∣∣∣
∑

x∈H

eq(ax)

∣∣∣∣ < C|H |q−δ with δ = δ(ε) > 0. (5)

More generally, in the spirit of [3] we may state the following estimate. For a subsetX of Z
∗
q , denote

Sk(X , a) =
∑

x1,...,xk∈X
eq(ax1 . . . xk). (6)

Theorem 2.2. LetX ⊂ Z
∗
q be an arbitrary set satisfying

∣∣π−1
p (ξ) ∩X

∣∣ < q−ε|X | for all p|q andξ ∈ Zp. (7)

Then

max
a∈Z∗

q

∣∣Sk(X , a)
∣∣ < C|X |kq−δ (8)

for k > k0(ε) andδ = δ(ε) > 0.

Theorem 2.1 applies in particular to Gauss sums modq . LettingH = {xk | x ∈ Z
∗
q} (with k � 2 a fixed integer)

we get forp|q that|πp(H)| = p−1
(p−1,k)

. Hence

Theorem 2.3. For q as above andk satisfying

(p − 1, k) < q−εp for all p|q (9)

we have

max
a∈Z∗

q

∣∣∣∣∣

q∑

x=1

eq(axk)

∣∣∣∣∣ < q1−δ with δ = δ(ε) > 0. (10)

There is the following consequence for Heilbronn-type exponential sums as considered in [8].

Corollary 2.4. Let r � 1 be a fixed integer. Forp prime, we have the bound

max
(a,p)=1

∣∣∣∣∣

p∑

x=1

epr+1(axpr

)

∣∣∣∣∣ < Cp1−εr . (11)

Already for the caser = 1, no nontrivial bound was known for a long time (the problem was attributed in [
Davenport).
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In [5], it is shown that

max
(a,p)=1

∣∣∣∣∣

p∑

x=1

ep2(axp)

∣∣∣∣∣ < cp11/12 (12)

and this estimate is improved in [6] top7/8. Both arguments rely on Stepanov’s method.
There seems to be no results in the literature forr � 2. Very recently, Konyagin mentioned to the author

work of his student Malyhin, establishing a nontrivial bound forr = 2.
Theorem 2.2 applies to exponential sums associated to powers of a fixedθ ∈ Z

∗
q (also incomplete sums). Thes

are also of interest in cryptography (see [7] and its references). Thus we have the following estimate:

Theorem 2.5. Letq be as above andε > 0. Letθ ∈ Z
∗
q be such that for all prime divisorsp of q , the multiplicative

orderOp(θ) of θ modp satisfies

Op(θ) > qε. (13)

Let t > qε. Then

max
a∈Z∗

q

∣∣∣∣∣

t∑

s=1

eq(aθs)

∣∣∣∣∣ < Ctq−δ with δ = δ(ε) > 0. (14)
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