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Abstract

For a rational formal power series M non-commuting indeterminates, with matrix coefficients, we establish the formula

which relates the intersection of the null spaces of coefficients to the intersection of the null spaces of values of this series at

N-tuples ofn x n matrices, fom large enough. As an application, we formulate ¢higeria of observaitity, controllability, and
minimality for a recognizable formal power seriepresentation in terms of matrix substitutioms cite thisarticle: D. Alpay,
D.S. Kalyuzhnyi-Verbovetzkii, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Sur I'intersection des noyaux des opérateurs de substitution de matrices pour les séries formelles non commutatives.
Nous démontrons une formule qui relie I'intersection des noyaux des coefficients d’une série formeNaribles non com-
mutatives a l'intersection des noyaux des valeurs de cette série podt-dpkets de matrices d’ordre pour n assez grand.
Comme application, nous donnons des critefebgervabilité, de commualabilité et de minimalité en termes de représenta-
tions pour les séries formellesaonnaissables et erilisant des substitions matriciellesPour citer cet article: D. Alpay,
D.S. Kalyuzhnyi-VerbovetziT, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

La théorie des séries formelles non commutatives apparait dans différents domaines, par exemple en algébre
en combinatoire. Les séries rationnelles (ou reconnaissables ; par le théoreme de Kleene—Schiitzenberger [8,12] ¢
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deux notions sont équivalentes) @té utilisées abondamment en théorie des automates et des langages formels;;
voir [4]. En théorie des systémes, la réalisation des séries rationnelles non commutatives fut étudiée par Fliess
(voir [5,6]). Cette derniére décennie, il a été observé que les propriétés des séries formelles rationnelles et de
polynémes non commutatifs sont liées de maniére trés forte aux opérations associées d'évaluation (matricielle
ou a valeurs opérateurs). La substitution par des opérateutsirmet I'étude de la stabilité de systéemes dont

les incertitudes ont une certaine structure ; voir [2,3s Isubstitutions par des matrices d’ordre quelconque (ou
d’ordre suffisamment grandht été utilisées pour I'étude d'inégalités maeitas : en particulier, elles permettent

de les réduire a des inégalités matricielles linéaiheedr matrix inequalities, LMI’s), a des représentations de
polynémes matriciels positifs en termes de sommes de carrés de polyrsimesf(squares, S0S), a des problemes

de convexité dans le cadre non commutatif, etc. Nous renvoyons a I'article de revue de Helton [7] pour plus de
détails et des références. Notre Note est de méme nature que les travaux cités plus haut. La formule que not
démontrons pour les noyaux des substitutions maliési€Théoréme 3.1) donne un nouvel outil pour I'étude des
séries formelles rationnelles non commutatives. Le Téd@ 3.3 donne une application en théorie des systemes.
Nous remarquons que ces résultats deviennent beaucoup plus simples pour le cas d’une seule variable ; voir [1].

1. Introduction

Let Fy denote the free semigroup witt generatorgs, ..., gy (the alphabet), and the neutral elem@rfthe
empty word). The multiplication law iff ;y is concatenation: the product of any two of its elements (words in the
alphabetgs, ..., gn), w=gj, -~ gj, andw’ = gx, -~ gk, IS WW = gj; - ), &ky - - &k, » ANAdWYP = Pw = w.

The length of a wordv = gj, - - - g;,, iS lw| =m, and|J| = 0. The transpose of a wond =g, --- g, is w' =
g &j» and9T = ¢. For such a wordv and indeterminates= (z1, ..., zn), Setz* =zj, ---z;,, andz” = 1.
Let CP*4 stand for the linear space of complgx g matrices, andC?>*4(z1, ..., zn) Stand for the linear space of
formal polynomials

P(2)= Z Pyz”,

welFy: lw|<m

with somem € Z, and coefficientsP,, € CP*4. In the casep = g = 1, the spaceC(z1,...,zy) IS @ non-
commutative ring. Similarly, the linear spa€&>7((z1, ..., zy)) of formal power series

F(2)= Z Fyz",

wE]FN

with coefficientsF,, € CP*?, in the case = ¢ = 1 turns into a non-commutative rinG{(z1, ..., zn)). A formal
power seried'(z) € C{{(z1, ..., zn)) isinvertible if and only if Fj; # 0.

Let C{(z1,...,zn))rat b€ the minimal subring i€ ((z1, ..., zy)) which contains all formal polynomials and
inverses of polynomials (when they exist). Elements of this subring are called rational formal power series
with coefficients inC. The subspac&?*7((z1,...,zn))rat iIN CP*9{(z1,...,zN)) consists of formal power
series (which are called rationafj(z) such that their matrix entrieg'(z); ;, i =1,...,p, j=1,...,q, be-
long to C{{z1,.--,zn))rat- The Kleene—Schitzenberger theorem [8,(se also Fliess [5]) says that a for-
mal power seriesF'(z) € CP*4({z1,...,zn)) is rational if and only if F(z) is recognizable, i.e., there exist
reN A= (A1 ...,An) € (C"*")N B e C'*4, and C € CP*" such thatF,, = CA¥B, Yw € Fy (here for
w=gj, g, €FyonesetA” =A; ---A;, andA? = I,), or equivalently,

00 N m N -1
F(z) = Z CAYBzY =C Z (ZAkzk> B= C(I, - ZAkzk> B. (1)

welFy m=0 \ k=1 k=1

Fliess has shown in [5] that the minimal possibke N for such a representation is equal to the rank of the (infinite)
Hankel matrixH r = (F,,,m)w,uwery Where the words iff y are ordered lexicographically.
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Foranyn e NandZ = (Z1,...,Zy) € ((C”X")N one can consider the substitution in a rational formal power
seriesF(z) =Y Fpz¥:

welFy

F(Z)= Z Fy,®Z".

weIFN

Due to representation (1), this series converges in some neighborh@og 6f Moreover, if| X || is the standard
norm (i.e., the operatdag, 2)-norm) of anX € C"*", such a neighborhood can be chosen as

Lie)={Ze @ "N | Zll <&, k=1,...,N},
wheree is independent of. For a fixedn, one can consideF (Z) as a rational matrix-valued function of scalar
variables(Zy); j, k=1,...,N, i,j=1,...,n, which is holomorphic on},(¢). Thus, any representation of
F(z) by finite combinations of sums and products of polynomials and inverses of polynomials for all entries
F(2)ij, i=1...,p, j=1,...,q, definesF(Z) on some open and dense subse X”)N.

In this Note we establish thelation between the spacfy, .y, kerFy, and() ., ., kerF(2) for a rational

formal power series'(z). We will start with the special case of formal polynomials (i.e., finite formal power
series), and then extend our results to the general case.

2. The case of formal polynomials

Theorem 2.1. Let P(2) =3, <pm Pwz®” € CP*9(z1, ..., zn). Thenfor every n € N: n > m™ (inthecase m =0,
for every n e N),

ﬂ kerP(Z) = ( ﬂ keer> ® C", (2)

Ze(Cnxm)N weFy: |lw|<m
and moreover, there exist an € N: [ < gn, and N-tuples of matrices ZV, ..., z( e (C"*")N such that
!
ﬂ kerP(Z) = ( ﬂ keer> ® C".
j=1 welFy: |lw|<m

Proof. Form = 0, equality (2) is obvious for any € N. Form > 0, the inclusion " in (2) is also obvious for
anyn € N. Let us show that fom > 0 andn = m™, the inclusion " in (2) is valid.
Form=n=1, one hasP(z) = Py + Y p—1 Pg 2k If h € (v kerP(Z) then, clearly,Pyh = Py h=--- =
Py, h =0, which means the inclusiorc” in (2) for this case.
Form > 1 andn = m™, let the matrixS e C*" = (C™*™)®" pe defined by its action on basis vectors
e, ® - ®e, € (C™)®m (heree;, j=1,...,m,is the standard basis Gf") as follows:
S(ei, ®---Qej,)=¢i, Qei, - Qé€j, ;.
Thus,S is a permutation matrix. Defing’ = (Z}, ..., Z};) € (C™*")N = (C™>m)®m)N py
Zi=M;@Ig" s, j=1....N,

whereM; e C"*™, j=1,..., N, are arbitrary. Let € () ;. cnxn)y KEIP(Z). Then

0: P(Z/)h: ( Z Pw®Z/w>< Z hils“-aim ®ei1®...®eim>

welFy: |lw|<m 1<it, oy ip <m

= Z Z Pwhil »»»»» im ® Mjlein1—|w|+l ® & Mjlwleim ® €y X ® eimf\w\ .

W=8j1" 8 jjw| Cwl<m 1<y, im<m
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The right-hand side of this equality a polynomial in scalar variabl€d/;), s, j=1,...,N; o, 8 =1,...,m,
which vanishes identically. Thus, all of its coefficients are zeros. In particular,

Z Pghis,..i, ®ei; ®---®e;, =0.

1<it, o im<m
Since the set of vectolg, @ --- ® e;,,, i1,...,in € {1,...,m}, is linearly independentPzh;,,.. ;, = 0 for all
i1,...,0n €{1,...,m}. The coefficient 1‘0|(M]-1)1,ﬁ1 e (Mjlwl)lwl’ﬂw is

Z Z Pg./a(l)mgjrr(\w\) Riy.....im ) Bo @y, Bouy @ o) @+ @ eo(u) ® iy @ - e, 1, =0,

0 1<t eenslp—|w| S

whereo runs over the set of all permutations of numbers 1, |w|. Since the set of vectoeg (1) ® - - - ® eg (jw)) ®
e, @+ Qe,_, islinearly independenng“(l),,,gja(lu/yl)h,-ly_,_,,»mf‘w‘y,gﬁ(l) ,,,,, Boquwy = 0 forallo andiy, ..., im—ju| €
{1,...,m}.SinceBy, ..., B € {1, ..., m}are arbitraryP,h;,, i, =0forallw e Fy : |w| <m,andiy, ..., i, €
{1,...,m}. Thus,h € <ﬂ|w|<m kerP,) ® C", as desired.

Now, letm > 0 andn > m™. Consider any subspadgé in C" of the formV = sparfej,,...,e; .} where
ej, are distinct vectors from the standard basi<C6f Define the seiMy C (C™mMN consisting ofN-tuples of
n x n matricesZ = (Z1, ..., Zy) suchtha(Z;)q g =0 if (o, B) & {j1, ..., jmm} x {j1, ..., jmm}. Clearly, My is
isomorphic to(C™" <" )N  Thus,

(| kerP(2)c () kerP(2)= (( N keer> ® V) ®(C!®([C" V)

Ze(Cnxm)N ZeMy weFy: |w|<m
- (( ﬂ keer) ®<C”> ® (((Cq o ( ﬂ keer>> ®((C"o V)).
weFy: |lw|<m welFy: lw|<m

Denote the latter orthogonal sum By & Xy . Since(), Xv = {0} whereV runs over the set of subspaces of the
given form, we hav§ )y (Xo ® Xv) = Xo. Therefore(") ;. cnxnyv KerP(Z) C ((<m k€rPu) ® C".

The second part of this theorem follows from the fact that@gg((cnxn),v kerP(Z) < gn. The proof of Theo-
rem 2.1 is complete.

Corollary 2.2. Let P(z) = lelém Pyz? € CP*4(zq,...,zy). Iffor somen e N: n > m™ (inthe case m = 0, for
somen € N) onehas P(Z) =0, VZ e (C"*")N  then P(z) = 0.

Let us remark that our estimate” for a lower bound of: in Corollary 2.2 is, of course, much weaker then
the estimatdm /2] + 1 well known in the theory of polynomial iakities of rings (se@. 22 in [10] or pp. 22-23
in [11]). Nevertheless, it also implies that there is no polynomial relations valid for infinitely many matrix rings
Cv>mi, njeN, j=1,2,.... Our Theorem 2.1 implies the following generalization of the latter: there is no
formal polynomial with matrix coefficients in general to@n (i.e., such that the common null space for all of
them is zero), for which the common null space for alltrixesubstitutions into this polynomial is nonzero for an
infinite number of matrix ring&"/>*", n; eN, j=1,2,....

Let us remark also that for any> 0 one can replace the sg"*")" in Theorem 2.1 by the sdT,(¢) (see its
definition in Section 1). Indeed, by the uniqueness theoref4)x = 0 for somex € C! @ C"* and allZ € I',(¢)
thenP(Z)x =0 forall Z € (C"*™")N,
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3. Thegeneral case

Theorem 3.1. Let F(z) =Y e,

ﬂ kerF,, = ﬂ kerF,.

welFy: lw|<m welFy

Then there exists ¢ > 0 such that for everyn e N: n > m™ (inthe casem =0, for every n € N),

N kerF(Z):( N keer)®<C", (3)

Zely(e) welFy: w|<m

Fyz% € CP*9((z1,...,2ZN))rat, and m € Z be such that

and moreover, there exist I € N: [ < gn, and N-tuples of matrices Z, ..., Z® e I;,(e) such that

!
ﬂ kerF(zV)) = ( ﬂ keer> QC".
j=1

welFy: w|<m

Proof. Recall (see Section 1) that there exists 0 such that for every € N the functionF (Z), which is con-
sidered as a function of scalar variabl@g);;, k=1,...,N, i, j=1,...,n, is holomorphic o, (¢e). If m =0

then equality (3) is obvious for anye N. If m > 0 then the inclusion®” in (3) is also obvious for any: € N.
Conversely, ifr > m™ andx e kerF(Z), VZ € I,(¢), thenP,(Z)x = 0 for every homogeneous polynomial(z)

in the expansion ofF(z) in homogeneous polynomials. Therefoxeg kerP(Z), VZ € I, (¢), where P(z) =

> jwi<m Fwz®”. By Theorem 2.1 and the remark in the last paragraph of Sectioe 2, <,, kerF,) ® C", and

the inclusion =" in (3) follows. The second part of this theorem follows in the same way as in Theorem 2.1. The
proof of Theorem 3.1 is complete.

Corollary 3.2. In conditions of Theorem 3.1, if for somen € N: n > m™ (in the case m = 0, for some n € N) one
has F(Z) =0, VZ € I,,(¢), then F(z) =0.

Thus, there is no rational identities valid for infinitely many matrix rief¢*"/, n; e N, j=1,2,..., and our
Theorem 3.1 can be considered as a generalization otittisMote that by “rational” we mean here rational formal
power series, however the latter fact is valid also in the general case of rational expressions in hon-commuting
indeterminates, which follows from the theory of rational identities of division rings (see Section 8.2 of [11]).

Recall (see, e.g., [2]) that a representation (1) of a rational formal power $&tigss called observable (resp.,
controllable) if the infinite matrbxOf = col(CA™)yer, (resp..Cr = row(AwTB)we]FN) is of full column (resp.,
row) rank'=r). This representation is minimal, i.e.= rankH ¢ (see Section 1), if and only if it is observable and
controllable, sincé<{r = OpCp.

Theorem 3.3. A representation (1) of F(z) € CP*9{{z1,...,zN))rat, With C € CP*" A = (A1,...,AN) €
(C*")N B e C"*4, is observable (resp., controllable) if and only if for every n € N such that n > (pr — )71
(resp., n > (rq — 1’971, and for every n e N inthecase pr =1 (resp., rq = 1):

N -1
N ker{(cmn)(b@ln—ZAk@Zk) }zo (4)

Zel(e) k=1

N -1
(resp., \/ range{ (I, I, — ZAk ® Zk> (B® In)} =C"@C", 5)

Zel(e) k=1

where e = (N maxigi<n lAxID~Y (e > Olisarbitrary in the case A = 0), and \/j X ;" denotesthe linear span
of sets X ;. Thisrepresentation is minimal if both of conditions (4) and (5) are fulfilled.
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Proof. Letd € Z be the least number such that all of matrices”, |w| =d + 1, are linearly dependent on
matricesCA"Y', |w’| <d. Thenforanyw € Fy: |w|=d +1,andk € {1,..., N} one has

CAY = CA"Ar= Y ayCA" Ar= Y aCA" S + 3 3" oy fuy wrCAY,
lw'|<d lw’|<d lw'|=d w" <d

with some «,y, By € C. Thus, every matrixCAY with |w| =d + 2 is linearly dependent on matrices
CAY, |w’| < d. By induction, this is also true for every matxA® with jw| =d + 3, .... Since matriceg€ A"

are of sizep x r, we haved > pr — 1. Therefore, ranfcol(CA™) |y < pr—1} = rankOp. Applying Theorem 3.1

to the rational formal power serieB(z) = ZwGFN CAYZY =C, — Z,ﬂvzl Axzi) "L in the place ofF(z), and

m = pr — 1, we obtain the statement on the observability of representation (1). The statement on the controllability
of representation (1) is proved analogously. The statéoreminimality now is obvious. The proof of Theorem 3.3

is complete.

We can obtain similar criteria for vimus types of non-commutative muliidensional systems which appear,
e.g., in [3,9]. Such criteria for linear and non-linear system realizations of non-commutative rational formal power
series since works of Fliess (e.g., see [5,6]) were formulated in terms of coefficients of a series or system’s matrix.
Our criteria are given in terms of values of a series atrioes, which reduces a prelh to analysis of rational
functions of several commuting variables (see Introduction).
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