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Abstract

If Og is the ring of S-integers of an algebraic number fiek) andOg has infinitely many units, we show that no finite-
index subgroup of S2, Oy) is left orderable. (Equivalently, these subgroups have no nontrivial orientation-preserving actions
on the real line.) This implies that & is an isotropicF-simple algebraic group over an algebraic number fig)dhen no
nonarchimedeaf-arithmetic subgroup of; is left orderable. Our proofs are based on the fact, proved by D. Carter, G. Keller,
and E. Paige, that every element of(8LOy) is a product of a bounded number of elementary matriGesite this article:
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Résumé

Les groupes S-arithmétiques non-archimédiens isotropes ne sont pas ordonnables a gauche. Si Og est I'anneau des
S-entiers d'un corps de nombres, et Og a une infinité d'unités, nous prouvons qu’aucun sous-groupe d’indice fini de
SL(2, Og) n'est ordonnable a gauche. (En d’autres termes, les sous-groupes d'indice fil©g) ne posseédent pas d'ac-
tion non triviale sur la droite réelle respectant I'orientation.) Cela implique gGessit un groupe algébrigue-simple isotrope,
défini sur un corps de nombrég alors aucun sous-groupearithmétique non-archimédien d&n’est ordonnable a gauche.

La démonstration est fondée sur le fait, d0 a D. Carter, G. Keller, et E. Paige, que chaque élémeaf ¢ Bést le produit
d’un nombre borné de matrices élémentaifemir citer cet article: L. Lifschitz, D.W. Morris, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
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1. Introduction

Itis known [9] that finite-index subgroups of 8, Z) or Sp(4, Z) are not left orderable. (That is, there does not
exist a total orde on any finite-index subgroup, such thdt < ac whenevem < ¢.) More generally, ifG is a
Q-simple algebrai€)-group, withQ-rankG > 2, then no finite-index subgroup 6f;, is left orderable. It has been
conjectured that the restriction dp-rank can be replaced with the same restrictioriRerank, which is a much
weaker hypothesis:

Conjecture 1. If G is a Q-simple algebraid-group, withR-rankG > 2, then no finite-index subgroup of G,
is left orderable.

In other words, ifH is a connected, semisimple real Lie group, witlrankH > 2, and I" is an irreducible
lattice in H, thenI" is not left orderable.

It is natural to propose an alogous conjecture that replac#&swith a ring of S-integers, and weakens the
restriction onR-rank. For simplicity, let us state it only in the case wh&reankG > 1.

Conjecture 2. If G is aQ-simple algebraid)-group, withR-rankG > 1, and{p1, ..., p,} is any nonempty set of
prime numbers, then no finite-index subgrdtf Gz1/p,,....1/p, IS left orderable.

In other words, ifH is a product of noncompact real andadic simple Lie groups, with at least one real factor
and at least ong-adic factor, andr” is any irreducible lattice inH, thenI" is not left orderable.

We prove Conjecture 2 under thdditional assumption th&-rankG > 1:

Theorem 1.1. If G is aQ-simple algebraidQ-group, withQ-rankG > 1, and{ps1, ..., p,} is any nonempty set of
prime numbers, then no finite-index subgrdtif Gz1/p,,....1/p, IS left orderable.

More generally, ifH is a product of real angy-adic simple Lie groups, with at least opeadic factor, andl”
is any irreducible lattice inH, such thatH /I" is not compact, thei" is not left orderable.

We also prove some cases of Conjecture 1 (WithankG = 1). For example, we consider the case where every
simple factor ofGg (or of H) is isomorphic to SI2, R) or SL(2, C):

Theorem 1.2. If O is the ring of integers of a number field, and F is neitherQ nor an imaginary quadratic
extension of), then no finite-index subgroup of SL(2, O) is left orderable.

In geometric terms, the theorems can be restated as the nonexistence of orientation-preserving actions on th
line:

Corollary 1.3. If I" is as described in Theoreth1 or Theoreml.2, then there does not exist any nontrivial
homomorphisnp : I — Homeo" (R).

Combining this corollary with an important theorem of Ghys [4] yields the conclusion that every orientation-
preserving action of” on the circleS! is of an obvious type; any such action is either virtually trivial or
semiconjugate to an action by linear-fractional transformations, obtained from a compdsitioRSL(2, R) <
Homea' (S1). See [5] for a discussion of the general topic of group actions on the circle.

It has recently been proved that certain individual arittismgroups are not left orderable (see, e.qg., [3]), but
our results apparently provide the first new examptemore than ten years of arithmetic groups that have no
left-orderable subgroups of finite index. They are also the only known such examples th@t-reaviel.

If I' is as described in Theorem 1.1 or Theorem 1.2, tRecontains a finite-index subgroup of &, Oy),
whereS is a finite set of places of some algebraic number figl¢containing all the athimedean places), such
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that the corresponding rin@s of S-integers has infinitely many units. The theorems are obtained by reducing to
the fact, proved by Carter, Keller, and Paige [1], tha{EI0s) has bounded generation by unipotent elements.
(That is, the fact that S2, Og) is the product of finitely many of its unipotent subgroups. See [7] for a recent
discussion of bounded generation. Partial results were proved previously in [2] and [6].) We are also able to prove
this reduction for noncocompact lattices inSLR):

Theorem 1.4. Supposd™ is a finite-index subgroup of either

0] SL(Z, Z[l/r]), for some natural number> 1, or, more generally,
(i) SL(2, Os), whereS is a finite set of places of an algebraic number fi€ldcontaining all the archimedean
placey, such that the corresponding rir@s of S-integers has infinitely many units, or
(iif) an arithmetic subgroup of a quasi-split-form of theR-algebraic groupSL(3, R).

If o: " — Homeo™ (R) is any homomorphism, arld is any unipotent subgroup &f, then every (U)-orbit onR
is bounded.

Corollary 1.5. Suppose

— I is as described in Theorein4, and
— I' is commensurable to a group that has bounded generation by unipotent elements.

Then every homomorphism I — Homeo' (R) is trivial. Therefore,I” is not left orderable.

2. Proof of Theorem 1.4(i)

Notation 1. For convenience, let

- |1 u 11 0 ~ _|s O
“Zlo 1| T |v 1l Tlo s

foru,veZ[l/rlands € {r" |n e Z}.

Suppose some(U)-orbit onR is not bounded above. (This will lead to a contradiction.) Let us asduinsea
maximal unipotent subgroup af.

Let V be a subgroup of” that is conjugate td/, but is not commensurable @. ThenVg # Ug. Because
Q-rankSL(2, Q) = 1, this implies thafVy is opposite toUg. Therefore, after replacing andV by a conjugate
under SI(2, Q), we may assume

U={iluezl/r]}nl and V={v|veZ[l/r]}NT.
BecauseV is conjugate td/, we know that some (V)-orbit is not bounded above. Let

xy = supfx € R | thep(U)-orbit of x is bounded aboje< co  and
xy = sup|x € R | theg(V)-orbit of x is bounded aboye< occ.

Assume, without loss of generality, that > xv .

Fix somes = r" > 1, such thak € I', and letB = (§)U. Becausds) normalizesU, this is a subgroup of".
Note thatp(B) fixesxy, so it acts on the intervaéky, co). Sincep(B) is nonabelian, it is well known (see, e.qg., [5,
Thm. 6.10]) that some nontrivial element@fB) must fix some point ofxy, 0o). In fact, it is not difficult to see
that each element @f(B)\¢ (U) fixes some point ofxy, c0). In particularp(s) fixes some point of (xy, 00).
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The left-ordering of any additive subgroup@fis unique (up to a sign), so we may assume that
punx <p(uz)x & ur<uz and ¢@)x < @(v2)x & v1 < v2.
Theg(U)-orbit of x is not bounded above (because xy), so we may fix someg, vg > 0, such that
@(vo)x < @(up)x.
For anyv € V, there is somé € Z*, such thab < s%vg. Then, because(s) fixesx ands~% < 1, we have

o(v)x < p(s%vo)x = p(Fves*)x = (G F)p(vo)x

<0G Mg(in)x = o Fiags ) x = p(s=Zug)x < ¢(iig)x.

So thep(V)-orbit of x is bounded above by(ig)x. This contradicts the fact that> xy > xy.

3. Other partsof Theorem 1.4

(i) The above proof of case (i) needs only minor modifications to be applied with a more generélgriog
S-integers in the place &[1/r]. (We choose = ", wherew is a unit of infinite order ir0s.) The one substantial
difference between the two cases is that the left-ordering of the additive gralp of far from uniqgue—there
are usually infinitely many different orderings. Fortunately, we are interested only in left-orderitigs ¢ | u €
O} N I that arise from an unboundedU)-orbit, and it turns out that any such left-ordering must be invariant
under conjugation by. The left-ordering must, therefore, arise from a field embeddiraf F in C (such that
o (s) is real whenevef € I'), and there are only finitely many such embeddings. Hence, we may rdpland V
with two conjugates of/ whose left-orderings come from the same field embedding (and the same choice of sign).

(i) A serious difficulty prevents us from applying the above proof to quasi-§pliorms of SL(3, R). Namely,
the reason we were able to obtain a contradiction is thagi upper triangulan is lower triangulars is diagonal,
and limy_, o § Xirgs* = oo under an ordering of", then lim,_, . § *v§* = e. Unfortunately, the “opposition in-
volution” of SL(3, R) causes the calculation to result in a different conclusion in case (ifij¥ifios* tends tooco,
thens—*v§* also tends tao. Thus, the above simple argument does not immediately yield a contradiction.

Instead, we employ a lemma of Raghunathan [8, Lem. 1.7] that provides certain nontrivial relatibngiese
relations involve elements of bolth and V; they provide the crucial tension that leads to a contradiction.
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