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Abstract

Some crucial time series of market data, such as electricity spot prices, exhibit long-memory, in the sense of slowly-decaying
correlations combined with heteroskedasticity. To be able to modelize such a behaviour, we consider in this ANfatetdine
GIGARCH process and we propose two methods to address the related parameter estimation problem. For each method, w
develop the asymptotic theory for the estimatidocite this article: A.K. Diongue, D. Guégan, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
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Résumé

Estimation des parameétres d’un processus GIGARCH ak facteurs. Plusieurs données de marché, telles que les prix spot
de I'électricité, présentent de la longue mémoire, au sens de la décroissance hyperbolique des autocorrélations combinée ave
un phénomeéne d’hétéroskédasticité. Pour modéliser de telpartements, nous considérons dans cette Note les processus
GIGARCH ak facteurs et nous proposons deux méthodes d’estimation des paramétres de ce modeéle. Enfin, nous développon
les propriétés asymptotiques de ces estimat®ors. citer cet article: A.K. Diongue, D. Guégan, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
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Version francaise abr égée

Dans cette Note, nous nous intéressons a I'estimation des parameétres d'un processus GIGRRAGH a
teurs par la méthode des moindres carrés conditioni@$sS) et la méthode du maximum de vraisemblance
de Whittle. Ce processus défini par leguétions (1), (2) a été iraduit et étudié dans les articles de Guégan
[7,8]. Soit{X,}tT:1 un processus GIGARCH /afacteurs stationnaire defini par les equations (1), (2). Pogeas
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(@1,...,0p,01,...,04,d1,...,dr), § = (a0, a1,...,a,,b1,...,by) et w = (y,8). Supposons queo = (o, So)

soit la vraie valeur du parameétee et se trouve a l'intérieur du compaét C RP+a+k+r+s+1 Nous supposons,

dans toute la suite, que toutes les G-fréquencescamtues. Dans le Théoreme 2.1, nous donnons les propriétés
asymptotiques de I'estimateur des parametres par la méthode CSS. Les propriétés asymptotiques des estimatel
des parametres par la méthode de Whittle sont fourtées le Théoréme 2.2 pour les paramétres de mémoire
longue et de mémoire courte homoscédastiques et dans le Théoreme 2.3 pour les paramétres hétéroscédastique

Théoreme 2.1. Soit{X,}tT:l un processus generé par les équatiéhy (2). Supposons quey > 0, ay, ..., ar,
bi,....by >0, _1ai + 3 1bi <1, E(e}) <o00,0<d; <3 si|vl<1 0u0<d; <3 silvl=1pour
i=1,...,k et toutes les racines d¢(B) et 6(B) soient en dehors du cercle unité. Si les fréquengesont

connues alors

(i) Il existe un estimateur CS&y satisfaisants) = 0 ety £ wo quandT — .

(i) VT (&7 — wo) 4 N(O, 520‘1) quandT — oo, avecs2g = diag(£2,,, £25)-
(iii) De plus, les estimateurs consistants des matrices d’informa2ipet £2; sont donnés e(b).

Théoreme 2.2. Soit{X,}tT:l un processus défini par les équatiqi3, (2). Supposons vérifiées les hypothéses du
Théoreme.1 Alors, les estimateurs de Whittle des paramépre®nt tels que

() 7r Z yo quandT — oo.

(i) VT (@&r —ao) 3 N(O, 47V (ao)~ 1), quandT — oo, olla = (¢1, s @p,61,...,0,), etouV(a);; estdéfini
par I'équation(6).

(i) VT(dr —d) 2 N, 47V (d)~1), ou V(d);; est donnée e(¥).

Théoreme 2.3. Soit{X,}tT:l un processus défini par les équatiqi3, (2). Supposons vérifiées les hypothéses du
Théoréme.1 Alors

(i) Sous(Ho)(J = 4) et(Hy), on adr > 8o, quandT — oo.

(i) Sous(Ho)(J = 8),(H1) et (Hy), on avT (1 — 80) 2 N(0,2W~1 + w—Lvw~-1), quandT — oo, ol V est
donné en9).

1. Introduction

Assume thaté;);cz is a white noise process with unit variance and let the polynorpigy and6(B) denote
the ARMA operators. LeB denote the backshift operator ane@/; < % if [vi]<lorO0<d; < %1 if |v;|=1for
i=1,..., k. We define a centerddfactor GIGARCH proceséX;);cz by, V¢

k

(B[ [ —2viB + B X, =0(B)e;, 1)
i=1
where
r N
&t =\/h7t€t with h; =ao+Zai8t—i +Zbiht—i~ (2)
i=1 i=1

Fori =1,...,k, the frequencieg; = arccosgv;) are called the Gegenbauer frequies (or G-frequencies). The
process defined by Egs. (1), (2) was introduced by Guégan (see [7,8]). In the following section, we provide some
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results related to the asymptotic properties ofitHfactor GIGARCH process estimators, obtained by two methods:
the conditional sum of squares and the Whittle approach.

2. Asymptotic theory for estimation

Given a stationary-factor GIGARCH proces$X, thl defined by Egs. (1), (2). We denofe= (¢1, ..., ¢,,
01,...,604,d1,...,dr),8 =(ao,a1,...,ar,b1,...,bs) andw = (y, §) its parameters. We assume that= (o, do)
is the true value ofv and is in the interior of the compact set C R?+a+tk+7+s+1 | et us assume that all the
G-frequencies are known.

2.1. Conditional sum of squares estimation

The conditional sum of squares estimadgr of w in ® maximizes the conditional logarithmic likelihodd w)
on Fp, where F; is the o-algebra generated b§X;, s < t). If we assume that the innovatiofis );cz have a
conditional Gaussian distribution then the conditional log-likelihood is defined by

2
_t

1< 1 P
L(a))z?;&, Zt=—§|09(hz)—2ht. (3)

Now, if we assume that the innovatiots);cz have a conditional Student distribution witlilegrees of freedom,
then the CSS estimatdr; maximizes the likelihood functioh (w) defined by

_ +1 l 1
L(w) = T[IogF{T} — Iogl“<§> ~3 log(l — 2)}
2

17 &
_ EZ{mg(h,)+(l+1)['091(1+m)” ’

=1

In the following theoremL (w) represents the log likelihood introduced in (3) or in (4).

Theorem 2.1. Suppose that the proces$¥,);cz is generated by Eqgl), (2). Assume thatg > 0,4y, ..., a,
bi,....by >0, _1ai+¥ i 1bi <1, E(eh <00,0<d; < 3if [yl <lorO<d; < 3if |y|=1fori=1,....k
and all roots of the polynomialg(B) andd(B) lie outside the unit circle. Then

) There exists a CSS estimator that satisfies’L) — 0 andéy - wy asT — oo.
w

(i) VT (&r — wo) i N(O, 520‘1) asT — oo, whereZ> and 2 denotes respectively the convergence in proba-
bility and in distribution. Furthermore2g = diag(£2,,, £25,) and £2,,, and £2s, are values of2,, and £2; at
; de; 0 ah, Oh _ dh, Oh
w = wo, With 2, = E([h—lrﬁ 8;, + Elgﬁﬁ]) and2; = E([Elga_sﬁ])'
(iif) The information matrices2,, and£2s can be estimated consistently by

T T
~ 1 1 9e, O¢ 1 0h; 0h ~ 1 1 9h; 0h
Q=" |- t5——5| and 2= (|- 1|) (5)
T = h; dy oy 2ht dy Ay T — 2ht 98 96
The proof is given in Section 3 for the Gaussian case and details can be found in Diongue, Guégan and Vignal

[4]. Note that, if the innovationé;, ),z have a conditional Student distribution witdegrees of freedom, then the
proof can easily performed using the same steps as in Section 3.
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2.2. Whittle estimation

In this paragraph, we investigate Whittle's method of estimating all parameters éfféetor GIGARCH
process defined by Egs. (1), (2). The first step consists of estimating the long-memory pardmeiéss. . ., di)
and the ARMAp, q) parametersy = (¢1,...,¢p,01,...,0,) using the Whittle's approach (for more details,
see Chung [2,3] and Ferrara and Guégan, Chapter 8 of [5]). In the second step, the GARQ@lrameters
8 = (ag,as,...,ar,b1,...,bs) are estimated using Whittle’'s method applied to the residuals of the long-memory
process (see Giraitis and Robinson [6] for more details).

Theorem 2.2. Let {X; thl be ak-factor GIGARCH process defined by E@E), (2). Let us assume that the same
hypothesis given in Theore2nl are verified. Then

(i) 77 Z pasT — .
(iiy Furthermore VT @r — ag) g N(0, 47V (ag)™ 1), asT — oo, where

H -1 —1
V(a)ijzfgz(k,w)ag (4, @) 3¢ (%, @) da. (6)

30{1' 80lj

-7
Here g(A, w) denotes the spectral density of the proce$s;cz.
(iii) MoreoveryT (dr — d) 2 N(0, 47V (d)~1), with

A=A (A
4sm[ > }sm[ > }

Theorem 2.2 follows from the proof of Hosoya’s Theorem 2.3 [9].

To estimate the GARCH, s) parameters, we consider the process,z),ez in its ARMA representation. This
means that we can rewrite (2) ag:— > 3" (a; + bi)e? —ao+ v = Y5 _ybjui—j, whereb; =01if i € (s, r]
anda; =0if i € (r, s]. The processv,);cz defined byv, = e, h, constitutes a white noise sequence with mean

zero and variance?. We introduce now some complementary assumptions to get the consistency and asymptotic
normality ofér:

log

V()i =/|og 4sin[(k _ij)}sin[(AJrAj)”dk. ©)

2

(Hp) Fort =0, 41, ..., the processs; ),z introduced in Eq (2), is strictly stationary, ergodic with finitdh mo-
ment andE (& | F, 1) =0, E(gt | Fi_1) =1, andE(g,f | Fi—1) = vp; almost-surely, withj =2,...,J/2,
wherev,; are constants such th|a;t,|2/f(2 _qai + Y i1 bi) <1.

(Ha)
0] ]fﬂ log f(», 8)da =0, for all §, with f (), §) the spectral density of the process);cz.
(i) f(x,8)tiscontinuousinai,s) € [, 7] x A, whereA c R"5*1 is a compact.
(i) prdr; f(A,8)# f(1, 80} =0, foré € A with iy the Lebesgue measure.
(H2)

(i) 8oisaninterior pointofA and in a neighborhood @, 2% " and® ggg(f} exist and are continuous
in X andls.
(i) L% s K -Lipchitzienne withk > 3.
(iii) The matrix W given by

1 [ alogf( 80 dlogf (80
C2n a8 38T

-7

is nonsingular.

dx (8)
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Theorem 2.3. Let (X;),cz be a stationary, causal and invertible process defined by @§.2).

(i) Under(Ho) with J = 4 and (Hy), 87 - 80, asT — oo.
(i) Under (Ho) with J = 8, (H1) and (H), VT ($r — 80) 2 N(0,2W-L+ w-2vWw1), asT — oo. Here V is
given by

v=22 / / of (k 50) of ((;5‘;0) (. o, o) d do, ©)

Q

with h(A, w, v) = @ Z;fﬁ:_oo g/r—iko=ilv Cumeg, ¢, ek, &), and Cumis the order four’s cumulant for
the processe;);cz.

The proof of Theorem 2.3 is similar to the proofs of Theorems 2.1 and 2.2 given in Giraitis and Robinson’s [6].

3. Proof of Theorem 2.1

Here, we assume that the procéss;cz have a conditional Gaussian distribution. We will first show (iii).
The strict stationgrity and ergodicity of the procé&s),.z and(e;);cz imply the consistency of the information

matrices2, and ;.
In order to proof (ii), we need to check the following Basawa’s conditions (see Basawa, Feign and Heyde [1]):

_ Z oz,(wo) £o
T t l ! g . .
— there eX|sts a nonrandom positive definite maMigvg) such that for alk > 0,

1< 9%
t
]p<_? ; v i M(wo)) >1—¢ forall T > Ti(e),

— there exists a constamt < oo such thatE|aoi’;fé,%| < M for all w € ®, wherew; is theith component ob.

az _ 2 1)0hs _ &1 de a1 e? e _ : :
From ' = 2h (- 5 S h’ a’ and 5 = 2_,(h_' 1) a5 We haveE (3)w=w, = 0 and using the ergodic

theorem Basawa S flrst condition follows.
The matrix$2q is definite positive and hence the second Basawa’s condition holds.

Now the last conditions of Basawa is obtained by diﬁerentiagi% and usingE(ad,?j%()dk)2 < 0.
i0dj

Condition (ii) follows.
Using (iii) of Theorem 2.1, we get

—Z Bﬁt 88, as o
Ao dwT w=wp 0-

Let St defined byS; = Zle(bo%)w:wo, wherebg is an arbitrary constant vector abdbg #0. Then,St is a
martingal with%E(S%) = ngobo > 0. Now, using the strict stationarity and ergodicity of the pro¢és$,.7, and
(&1)tez, WE get[%E(ST)]—l[%E(S% | Fr_1)] 2% 1. From the Central Limit Theorem of Stout [10], the asymptotic
normality convergence of the CSS estimators is derived.

Remark. For applications and more details see Diongue, Guégan and Vignal [4].
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