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Abstract

We present here results concerning the asymptotic behavior of isotropic diffusions in random environment that are small
perturbations of Brownian motion. When the space dimension is three or more we prove an invariance principle as well as
transience. Our methods also apply to questions of homogenization in random freedite this article: A.-S. Sznitman,

O. Zeitouni, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Comportement asymptotique de diffusions isotropes en milieu aléatoire. Nous présentons ici des résultats sur le com-
portement asymptotique de diffusions isotropes en milieu aléatoire, qui sont de petites perturbations du mouvement brownien
Lorsque la dimension de I'espace est trois ou plus nous prouvons un principe d’invariance et la transience de la diffusion. Nos
méthodes s’appliquent aussides problemes d’homogénation en milieu aléatoirePour citer cet article: A.-S. Sznitman,

O. Zeitouni, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Le comportement asymptotique d’un mouvement brownien perturbé par une dérive dépendant de I'environne-
ment qui n’est ni de type gradient ni incompressible reste a ce jour mal compris. Nous présentons dans cette not
des résultats sur le comportement diffusif et la transience de diffusions isotropes en environnement aléatoire qu
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sont de petites perturbations du mouvement brownien en dimension au moins trois. Le modéle considéré peut étr
vu comme le pendant en espace et temps continus du modéle de marche aléatoire en milieu aléatoire regardé p
Bricmont-Kupiainen [2]. La stratégie de nos démonstrations est cependant différente.

Les caractéristiques locales, i.e. matrices de covariance et dérive de la diffusion, sont des fonctions stationnaire
bornéesi(x, w), b(x,w), x € R?, w € £, ol §2 est muni d’'un groupér,), g« de transformations conjointement
mesurables préservant la probabiltéur 2. On suppose (-, -) uniformément elliptique, et que pour taute §2,

a(-, w), b(-, w) satisfont la condition de Lipschitz (6) de constakieOn suppose que les caractéristiques locales
satisfont aussi une condition de dépendance a portéeRinié. (8), et d’isotropie restreinte, cf. (9). On dénote
par P, , la loi surC (R, R?) de la solution du probléme de martingales associéetiL, cf. (7). On noteX  le
processus canonique sttR., R?). Nos résultats principaux sont

Théoréeme 0.1 (d > 3). Il existeno(d, K, R) > 0 tel que lorsque
pour toutx € Rd, weS$2, |a(x, w) — I| < no, |b(x, a))| <o, Q)
alors pourP-presque toub,

SOUSPy, ), 7X., converge en loi lorsque— oo, vers un mouvement brownien de variance
t
determinister? > 0, 2)
pour toutx e RY, P ,-p.s.,  lim |X;| = oc. (3)
— 00

Théoréeme0.2 (d > 3). La constante(d, K, R) peut étre choisie de maniére a ce que lors(est vérifiée, pour
P-presque touty, pour toutes fonctions bornégsg surR? respectivement continue et satisfaisant une condition
de Hélder, la solution du probléme de Cauchy

due=Lcuc+g, dans(0,o0) x R?,
Uelr=0 = fs

(4)

avece > 0 et L. défini en(14), converge uniformément sur les compactside x R?, lorsquee — 0, vers la
solution de
02 d
0 up = - Auo+g, dans(0,oc0) x RY, 5)

uolr=0 = f,

aveco? comme er2).

1. Setting and main results

The mathematical investigation of transport in random media has been an active field of research for a numbelr
of years, see for instance [1,3,5-10,12,13]. However, the occurrence of diffusive behavior for Brownian motion
perturbed by an environment-dependent drift that is neither of gradient-type nor incompressible remains poorly
understood. We present here results concerning the diffusive character and the transience of isotropic diffusions ir
random environment that are small perturbations of Brownian motion, when the space dimension is three or more.
The model under consideration is a continuous countegbaine model studied by Bricmont—Kupiainen [2]. Our
strategy of proof is, however, different.

The local characteristics, i.e. the covariance matrix and the drift of the diffusion, are bounded stationary
functionsa(x, ), b(x, w), x € R¢, w € 2, and$2 is endowed with a groufr,), g« Of jointly measurable trans-
formations preserving the probabiliyon 2. We assume thai(-, -) is uniformly elliptic and for some& > 0,

|a(x,a)) —a(y,a))| + |b(x,a)) —b(y,a))| <Kl|x—y|, forx,y eRY, we . (6)
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We denote byP, ,, the unique probability o@ (R, , RY) that is the solution of the Martingale problem attached
to x € R? andL, with

d d
1
L=3 ) aij(y @3+ bi(y. @) (7)
i,j=1 i=1

We let X stand for the canonical process 61R., R¢). The random characteristics are further assumed to
have finite range dependence, namely for séme0, underP

J(a(x, J,b(x,), x € A) ando(a(y, ),b(y,),y€ B) are (8)
independentwher, B € R? lie at mutual distance at leagt

They are also supposed to fulfill a restrictedtispy condition, namely for any rotation matuixpreserving the
union of coordinate axes &¢:

(a (rx,w), b(rx, w))xeRd has the same law E(Sa(x, o)l rb(x, w))xeRd' 9)

We can now state our main results

Theorem 1.1 (d > 3). There isno(d, K, R) > 0, such that when

|a(x,a)) —I| < no, b(x,a))| <no, forallx eR? we R, (10)

then forP-a.e.w,

7X.t converges inPg ,,-law ast — oo, to a Brownian motion ofR? with deterministic
t

varianceo? > 0, (11)
forall x e RY, P, ,-a.s, lim 1| = co. (12)
—00

In other words for diffusions in random environment that are small perturbation of Brownian motion and satisfy
the restricted isotropy condition (9), we prove transience and diffusive behaviordubheéh Our results also apply
to homogenization in random media, namely

Theorem 1.2 (d > 3). One can choosgg(d, K, R) > 0 so that when(10) holds, on a set of fulP-probability,
for any bounded functiong g onR¢ that are respectively continuous and Hélder continuous, the solution of the
Cauchy problem

{Btue =Leuc+g, in(0,00)xRe, (13)
uelr=0=f,
where fore > 0,
1 d X - 1 X
2
i,j=1 i=1
converges uniformly on compact subset®@fx R?, ase — 0, to the solution of the Cauchy problem
0'2 . d
0y uoz?Auo—i—g, in (0, 00) x R4, (15)

uoli=0 = f.



432 A.-S. Sznitman, O. Zeitouni / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 429-434

2. Themain renormalization step

The proofs of the results in the previous section are based on a renormalization scheme that we describe here
One picks a numbes € (O, %] that will control Holder regularity, cf. (24) below. One introduces foy > 10‘_1,
see (17), withLg integer multiple of 5, the sequence of length scdlgsD,;, D,,n>0,via

Ly+1 =4, Ly, with¢,=5[L%/5], where (16)
a = p/(10000), (17)
D, = Lyexp{co(loglogL,)?}, D, = L, exp{2co(loglogL,)?}, with (18)
o Iog<1jL %) =1 (19)
One defines for > 0, the stopping times
T,,:inf[u}O, sup |XS—X0|>5,,], (20)
o<s<u

and the probability kernels

Ry(x,dy) = ProlXpz €dyl,  Ru(x,dy)=ProlX;207, €dyl, (21)
RO(x,dy) = (zm,,L,%)—d/Zexp{— ly = xf? } dy, (22)
20, L2
with
and Ly =EE0o[X 247, ). (23)

One denotes with- |, the sequence of norms on the spacg-didlder continuous functions dr?:

|y = sup|h(x)| + LB supM
xeRd X#y |x — )’|ﬂ
and with || - ||, the corresponding operator-norm. These operator-norms play an important role in measuring the
closeness oR,, or R, to R0 cf. (29), (34).
To measure traps arising in various scales in the medium, one introduces non-negative variables as follows. Fo
n>0,x e L,Z%, one defines the concentric cubes with respective side-ldngémd 32L,

, n=0, (24)

J . 1 5\¢
C,(x)=x+ L,[0,1]%, C,(x)=x+1L, ~72) - (25)

One ‘chops’ each of the®faces ofdC,, (x) into 5@~ closed(d — 1)-dimensional cubes of side-length /5,
and denotes witlT,, , (x), 1<y < 2d 5@=1 the resulting closed-dimensional cubes in the outwards normal
direction todC,, (x). One sets

=21+ 243+H71L, (26)
and introduces fon > 0,x € L,Z¢, A C Cp(x), 1<y <2459V we 2,

Tnxhy (@) = inf{u >0, inf Py.o[He, 0 < L2 AT w] > clL;<u], 27)

where Hc, ., vy and T¢; () respectively stand for the entrance time of the diffusioin, (x) and its exit time
from C}, (x) and where:l € (0, 1) is a certain constant depending®nThe variables in (27) control how well the
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diffusion starting in the smaller bo&, (x) travels to the boundary boxes, ,, (x) without leaving the larger box
C, (x), within time L%. Intuitively they measure the strength of traps at level C,, (x).
We calln-admissible familyfor n > 0, an arbitrary collection

(Ux, Ax, ¥x)red, WhereA is a finite subset of.,Z¢, and forx € A,
uy >0, ye€{l,...,2d59D} andA, C C,(x) is a union of boxes
C,—1(z2) (with the conventiorl _; = 1, whenn = 0), such that
doo(Ax, Ay) > 10dL,_1, Wwhenx # x'.

(28)

In the induction step we will propagate an upper boun@®pfor x € A, J, x 4,5, = ux] for n-admissible families
that will show that with overwhelming probability the variables in (27) vanish.
One also introduces for > 0, w € £2, cf. (20)—(22) and below (24), the set

By (w) = {x € L,2%; for |y — x| < 30VdLy, Py,w[ sup X, — Xo| > v] <e /D,
0<s< L2

forall v > D, and| .« (R, - RO, < L;*}. (29)

where the numbet and the cut-off functiong, . are respectively defined by

5
5= 3—2,3, and (30)
S—x .
Knx () =X (m) with x(z) = 1A (2= [z]).- (31)

In the induction step we will also propagate an upper boun@[@ 5, (w)] of central importance, that will
show that any given site df,Z? with high probability lies in3, (). Finally, one defines the integef > 2, such
that

(14 a)" 2 < 100< (14 a)™0 L, (32)
as well as the numbers
Mo =100 (1 + a)™0+2, M = 1000Mo. (33)

The main renormalization step is then described by

Theorem 2.1. There are positive constants, ¢ such that forLg > ¢ andng > mo + 1, if for all 0 < n < no,

P[0 ¢ B, (w)] < L, Mo, (34)
and for alln-admissible familiesu,, Ax, ¥x)xeA,
Plforall x € A, Jux.a,y, = ] < Ly " 2eACTY  with i, =m0 T (1— | ch ) (35)
0<j<n 09%;
and if
1 _
Eg o, <2, forO0<n<no, laps1 —an| < Ly (1+9/1O)5, for0< n < no, (36)

then estimateg34), (35)hold withng + 1 in place ofng and

—(1+9/10)8
|ano+l - 0an| < Lno( +9/10 . (37)
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Once Theorem 2.1 is proved one sees that choosing the local characteristics of the diffusion in random environ-
ment sufficiently close to that of Brownian motion, see (10), one can start the induction and verify (34)—(36) for
all ng > mo + 1. With Borel-Cantelli’'s lemma, one then sees that on a set ofPfufleasure, forn > N(w), each

xin L,Z4 N (—L2, ., L2, )¢ belongs taB,(w). Using the Kantorovich—Rubinstein Theorem, cf. Dudley [4], the
n+3’ “n+3

controls on Holder norms and on the displacements of the trajectory, cf. the definitiri«oX in (29), enable to
construct good couplings of the diffusion in random environment with Brownian motion of vargntéith (36)
the numbersy, converge to a positive limit, namely tlae® of (15). The results of Section 1 are then derived with
the help of these coupling measures. Detailed proofs will be found in [11].
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