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Abstract

We study the approximations of the Green’s functidim a domain2 obtained from an approximation of the Dirac mags
We prove that under some conditions, theggraximations convgle monotonically tds, a rather surprising resulfo cite this
article: E. Chasseigne, R. Ferreira, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Approximation monotone des fonctions de Green.Nous étudions les approximations des fonctions de G&eans un
domaines2 obtenues par approximation de la masse de DigatNous montrons que sous certaines conditions, ces approxi-
mations sont monotones, ce qui peut paraitre surpreRant.citer cet article: E. Chasseigne, R. Ferreira, C. R. Acad. Sci.
Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit £2 un ouvert régulier borné d&?, 4 > 2, contenant I'origine. On not&(x, y) la fonction de Green
du Laplacien (on trouvera une étude compléte sur ce sujet dans Bénilan [1]j2darest-a-dire la solution du
probléme :

—AG(x,)=368,() danss2, (1)
G(x,)=0 surds2,

le pointx étant fixé dans2. Dans le cag = 0, on noteraG(-) = G(O0, -).
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Une méthode classique pour construifeconsiste a approcher la masse de Di#gpar une suiteo = (p;)
de fonctions régulieres convergeant faiblement ¥grst résoudre le probleme suivart AG,,(x) = p,(x), avec
G, = 0 sur le bord. Il est bien connu qu'il existe une unique solutipnde ce probléme et que lorsqueaend
vers l'infini, la suite(G,) converge vers la fonctio@. Dans cette Note, nous montrons que la convergence est
monotone si certaines conditions sur la syiig) sont satisfaites.

Définition 0.1. On dira que la suit@ = (p,) est une bonne approximation de la masse de Digatanss? si les
conditions suivantes sont remplies :

(i) pn € CORY), pu =0, pu(x) = pu(lx|) est radiale, et sugp,) C £2,
(i)) [oon(x)dx=1, [} pa(x)dx— O pourtout compack cC 2\ {0},
(iii) pourtoutn € N, il existe un uniquey, € R tel queB(n,) C £2 et

Pn(X) < pug1(x) siO< x| <y, @)
Pn(x) > ppt1(x) si x| > nn.

Nous prouvons alors le
Théoréme 0.2.Soitp une bonne approximation dg danss2. Alors:

(i) La suite(G,) est croissante et converge versdanss?.
(i) Si$2\supppn) #9,alorsG,(-) = G(-) danss2 \ supfo,)-

Ce Théoréme peut paraitre surprenant car la gpjfen’est évidemment pas monotone. Néanmoins, la condition
(i) de la définition signifie que leg, ne doivent pas trop s’entrelacer. Ledoréme 0.2 se montre d’abord dans
une boule en utilisant les coordonnées radiales puis estlétgrace a la linéarité du laplacien a des ouverts
quelconques. Ce résultat reste valable pour des opéréitedases elliptiques, ainsi que pour certains opérateurs
quasi-linéaires comme le-Laplacien (en restant dans la boule dans le cas non-linéaire).

Une autre question d'importance concerne I'approximation de la fonction de Greery). Nous montrons
que sip, est convenablement choisie, alors la suite de fondfigfy, -) définie par

—AyGn(xa)’)zpn(x—)’)X(xa)’) danS-Qa (3)
Gu(x,y)=0 suros2,

converge vers la fonction de Gre€-, -) de maniere monotone. Le Laplaciay désigne bien entendu le Lapla-
cien classique par rapport & la seconde variabl&i, x (-, -) est la fonction continue darf3? définie par

ly — x|

x(x,y)=f< > (4)
r(x)

ou f € C(Ry) est décroissante,(r) =1 pour 0<r <1/2,0sir > 1, etr(x) =dist(x, 0£2). Alorson a le

Théoreme 0.3. Soit p = (p,) une bonne approximation dig, radialement décroissante. Alors I'approximation
G, (-, -) obtenue paK(3) est monotone et converge vers la fonction de Gfeen.).

Dire que I'approximatiorp = (p,) est radialement décroissante signifie pour togtN, la fonction|x| —
on(Jx]) est décroissante. Dans ce théoréme, il n'est pas nécessaire que le supp@aitiaclus dans?, puisque
ce sera le cas en multipliant par la fonctipnUn corollaire intéressant en pratique est le suivant :

Corollaire 0.4. Soitu une mesure positive finie s etu la solution du probleme

{ —Au=pu danss?,
u=20 suros2.
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On noteu, la solution du méme probléme avec second-membre: (p, x) * u € C*°(£2). Alors, sip = (o,)
satisfait les hypothéses du Théorédn@ la suite(u,) converge vera de fagon monotone damg.

1. Introduction

Let £2 be a regular bounded domainRf, d > 2, containing the origin. We denote I(x, y) the Green’s
function of the Laplacian (the reader will find a complete study of this subject in Bénilan [1}), ithat is, the
unique solution of the following problem:

—AG(x, ) =dx() ing, (5)
G(x,)=0 onos.
We also denot& (y) = G(0, y) the solution obtained from a Dirac measure placed at0, a point supposed
to belong tos2. A standard process to constru@tis as follows: consider a resolution of the identity, that is, a
sequence of smooth functiops= (p,), converging weakly to the Dirac measuég, Then it is well-known that
for anyn € N, the approximate problem:

—AG,=p, in$2,
{ G,=0 ona e, (6)
has a unique solutio@,, and that the sequen¢€,,) convergesto the Green’s functich In this note, we prove that

the convergence is monotone providedatisfies some (natural) additional assumption. In all the iite,= B,
denotes the ball of radius> 0 centered at the origin ant> 2 is the space dimension.

Definition 1.1. We say that the sequenge= (p,) is a good approximation ofy, the Dirac measure placed at
x =01in £ if it satisfies the following properties:

(i) pn € CORY), pu =0, pu(x) = pu(lx|) is radial, and sup,) C £2,
(i)) [oon(x)dx=1, [ pa(x)dx— O forany compactsek c £\ {0},
(ii) for any n € N, there exists a uniqug, € R such thatB(n,) C 2 and

Pn(X) < put1(x) IO < x| < np, 6
Pn(x) > ppt1(x) if [x| > np.

Assumption (iii) can be understood as a onesigéction property. For instance pifis radially decreasing, then
pn(x) = n?p(nx) has this property. We shall prove the

Theorem 1.2.Let p be a good approximation @g in £2. Then the following holds

() The sequencés,) is monotone nondecreasing and converges to the fun&ions2.
(i) If 22\ supfpn) #9, thenG, (x) = G(x) in £2 \ SUpfp,)-

This result is somewhat surprising since gewill not enjoy any (global) comparison property. In fact, we will
show that this property is shared by other operators dike- — div(a (r) Vu) wherea (r) does not degenerate, and
the p-Laplace operator-A ,u = — div(|Vu|P~2Vu).

2. Monotone approximations ofG (0, y)

We denote by, the radius of the support @f, (recall thatp, is radial with support inf2), so that supfp,) =
B(r,) C 2. Theorem 1.2 is the combination of sevesi@ps. We first show the resultin the cazde- B(1), and then
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extend it for general domains. In the ball, all solutions are radial so that we use the n6tatiorand G/, (r) for

the radial derivative. We shall use several times thi-kreown Theorem of Gauss. In the context of Electrostatics,
it says that the flux of the electric field through a surfacé& equals the total electric charge insifleln the present
situation, it may be seen as pure int&gpn by parts (Green’s formula):

/pn(x)dx=—/ 0G do,
av

1% oV

whereV is any arbitrary closed regular volume of frontiay.
e STEP1 — Let2 = By, thenG,, = G in w, = B1 \ B(r,) (if this set is non void).

Proof. We first use Gauss’s theorem in the voluihe- B;: since the solution is radial we get

1=/pn(x)dx=—/ aaG" do = — |- G, (D),
Vv

B1 dB1

where|S| stands for the measure of the unit spher&fh This shows that all the approximations have the same
gradient at the boundafy| = 1. The same also happens for the Green’s function ité&lfThus in the sety,,,

G andG, satisfy the same equation with the same value (zerp) at 1, and the same gradientjat = 1. Hence
they are equal im,. O

e STEP 2 — Comparison in the annulug;, (x) < G,+1(x) for n, < |x| < 1.

Proof. We use again Gauss’s theorem in the volume B1 \ B,, for r € (n,,, 1). Subtracting the formulas far,,
andG 1 yields:

/ (Pn+1(x) = pu (X)) dx = |S|(G 1.1 (") — G, (D).

B1\B,

Indeed, the surface integral at= 1 is null sinceG, (1) = G, (1) (see Step 1). Hencej, ,(r) < G, (r) for
r € (n,, 1) becausep,+1 < p,, in this set. Since both solutions agree at 1, this implies thatG,,+1(r) > G, (r)
in[n,,1]. O

e STEP3 -G, (x) < Gpy1(x) in B(ny).

Proof. Itis justthe maximum principle applied iB(7,). Indeedw = G,+1 — G, satisfies—Aw = p,41—pn >0

in B(n,), thusw cannot have a minimum insid&(r,, ), so that the minimum is attained on the boundary. But from
Step 2 we know thaty > 0 on|x| = n,, So thatw > 0 everywhere inB(#,). This ends the proof of Theorem 1.2
inthe case2 = B1. O

e STEP4 — Theorem 1.2 is still valid ii©2 bounded and regular.
Proof. For simplicity we shall assume th& c B(1) = B. Then we denote by the Green’s function ir2

andG?® the Green’s function in the ball. A standard way to relaté to G2 is the following: if H is the unique
solution of the regular problem:

—AH=0 in £2,
{ H(x)=GB(x) ond, (8)
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then it is clear thaG* = G® — H. The same method works also for the approximationsHigbe the unique
solution of

—AH,=0 in 2,

H,(x)=GE(x) onas.

Then it is immediate to check that? = G2 — H,. We proved in the previous Steps ti@f converges monotoni-
cally to G5 in the ball and thaG? = G2 outside the support ¢f, . But since supfp,) C £, thenG? agrees with
G® ond$2. It follows thatH, = H, therefore

G8 =GB _H.

We deduce two properties from this information: firstly, for ang 2 \ supf,), Gf x)=GBx)—Hx) =
G*(x). Secondly, that the sequencd’ is monotone nondecreasing since the sequefftés, which ends the
proof. O

Remark 1. Itis clear that the same result holds if we only require gf};\bn (x) dx increases to 1, instead of being
constant to 1, except that in this case, thenever agree with the limiG in £2 \ suppon).

3. A monotone approximation of the Green’s functionG(x, y)

In this section, we obtain a monotone approximation of the Green’s funGtieny), satisfying (5). A natural
approximation ofG is as follows: for fixedr € £2,

—AGr(x,y)=pa(x —y) forallyes, ©)
Gn(x,y)=0 forally e 992.

Here, A, denotes the Laplacian with respect to the second varigbléelowever, if x € 2 is fixed, it is not
clear thatp,(x — -) is a good approximation aof,, the Dirac measure placed at in the sense that the sup-
port of p,(x — -) does not necessarily lies i2. In fact, if x is close to the boundary, then for some values of
n, SUpfen(x — -))\ 2 #@. Thus, it is not clear that the approximation (9) yields a global monotone process
{G,(-, -)}. More precisely, there may bewg(x) after which the sequendg, (x, -) is monotone but we give below
a suitable modification for which the process is indeed monotone, that is, an approximation fornwichk: 1
foranyx € 2.

Let f € C(R;) decreasing, such thgi(r) =1if 0 <r <1/2, and 0 ifr > 1. Clearly, such function exists and
if r(x)=dist(x, 3£2), we put

x(x,y)=f<|);(_x)y|>. (10)

Then x(-,-) € C(£22) and for any fixedy, the functiony — x (x, y) is radially decreasing and its support lies
within B* = B(x, r(x)). Then we have:

Theorem 3.1.Let p = (p,) be a good approximation of the delta placedat 0, radially decreasing (i.e., for any
neN, x| — p,(]x|) is decreasing). Then the approximati@p of G defined below is monotonier x € 2,

_AyGn(xsy):pn(x_y)X(xay) forallye.Q, (11)
Gn(x,y)=0 forall y € 952.

Proof. Let us fixx € £2 (arbitrary) and consider the nuclep$(y) = p,(x — y)x(x, y). Then the sequence}
clearly enjoys properties: (i) and (ii) of Definition 1.1, except that the mags a$ not always one. In fact, i
is close to the boundary, the support@f may not lie entirely withinB* so that the mass calculated is strictly
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less than one. However, singg is radially decreasing, the mass gf increases wittz > 1. On the other hand
the number of intersections betwegp or p,41 can be either zero or one. Note thatjf < p,+1 in B* (zero
intersection points) the comparison principle gi@&gx, -) < Gp+1(x, -).

Note also that if the support @f, shrinks, then the mass is one and the one intersection property holds, for
sufficiently large. Then we use Theorem 1.2 and Remark 1 to conclude that the sefftigice)},>1 converges
monotonically toG(x, -) in £2. Sincex is arbitrary, then we have proved that the whole sequéhce -) converges
monotonically to the Green’s functidhi in 2 x 2. O

Note that in the previous theorem, no restriction on the suppart &f necessary since suf) C £2, because
of x. This global approximation of=(x, y) has the following interesting application:

Corollary 3.2. Let u be a nonnegative finite measure @nand consider the problem
{ —Au=pu in$2,
u=0 onoag.

We denote by, the solution of the problem above wijth= (o, x) x © € C*(£2). If p, satisfies the same condition
as in Theoren3.1, then the sequence,, ) converges monotonically toin £2.

The proofis clear: since, = G % ((o, x) * #) = G, » u, andu > 0, the sequence is indeed monotone.

4. Comments

This method can be applied to a number of other situations: let us consider for instance some general elliptic
operators in divergence form:

Lu = —div(a(|x|) Vu). (12)

If we assume thai(.) is continuous and that there exist two constantd/ > 0 such thain < a(r) < M, then the
Green’s function of the operator is well-defined, as the unique sol@iohthe problem:Lu = &g in £2 with zero
boundary data. In this setting, Thems 1.2 and 3.1 clearly extend to this type of operators.

Part of the method would apply also to the c#se:= — div(a(|x|, u, Vu)Vu), under some conditions an
A typical example is the-Laplace operator. But if Theorem 1.2 remains valid in a ball, we are unable to derive
Theorem 3.1 due to the nonlinear character of the operator: we cannot extend to ofkehaatballs and we do
not now how to deal with Dirac measur&s placed atx # 0.
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