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Abstract

We construct secondary classes for super-foliations of codimensioal0and 1+ 1. We indicate how to generalize this
construction for any regular super-foliations on super-manifolds. We interpret the secondary classes as classes of foliated fla
connectionsTo citethisarticle: C. Laurent-Gengoux, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Classes caractéristiques secondaires des super-feuilletagdeus déterminons des classes caractéristiques secondaires de
super-feuilletages de codimension 01 et 1+ 1. Nous indiquons comment généraliser cette construction pour les feuilletages
réguliers de codimension quelconque sur des super-variétés. Nous interprétons ensuite les classes ainsi construites comme ¢
classes caractéristigeiassociées a des connexidesilletées platesPour citer cet article: C. Laurent-Gengoux, C. R. Acad.

Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

La classe de Godbillon-Vey est un élément H&(M, R) associée a un feuilletage régulier de codimen-
sion 1 sur une variétdZ. De plus depuis les travaux de Fuks, Bereghiou Rozenfel'd [2,3], on sait associer
a tout feuilletage de codimensianavec trivialisation du fibré normal sur une variéi® un homomorphisme
H*(Mect(n)) - H*(M, R), ou, en d’autres mots, on sait construire autant de classes caractéristiques qu'il y a de
classes de cohomologie dans la cohomologie de Gelfand—Fuks de I'algébre de i® Westchamps de vecteurs
formels. On appelle ces classes caractéristiques des classes secondaires du feuilletage.

Considérons\ une super-variété & sa variété de base. Nous associons dans la présente Note un élément de
HY(M,R) a des super-feuilletage’s de codimension @ €1 par le théoréme suivant :
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Théoréme 0.1.Soit un super-feuilletagé de codimensiof + €1 déterminé par und-forme pairea et soitX
un super-champ de vecteur tel queYt) = 1. La classe de cohomologie g€L ya) € 21(M), ol p: 2(M) —
£2(M) est la projection canonique, ne dépend pas des choixetet .

Nous donnons aussi une méthode pratique pour constriirdakeses secondaires dans le cas de la codimension
1+ €1. Plus généralement, nous affirmange I'on peut associer a un superdifeatage au complémentaire trivial
une application def*(Vect(n, m)g) dansH*(M,R), ou H*(Vect(n, m)g) est la cohomologie de Gelfand—Fuks
de la partie paire Vegt, m)o de la super-algebre de Lie Véetm) des super-champs de vecteurs formels a
parameétres pairs et parametres impairs. En d’autres mots, étant donn€ anH *(Vect(n, m)g), nous construi-
sons une classe secondapg #(C) € H*(M,R).

Théoréme 0.2.Soit un super-feuillateg& de codimension + em admettant un fibré normal trivialisé. Il existe
un homomorphisme v r: H*(Vect(n, m)o) — H*(M) tel que(i) si f*: N — M est une submersion, alors
BN, f+(F) = f*o oM. 7, ou f*(F) estle tiré en arriere du super-feuilletage et ouf:N — M est'application
lisse induite par la restriction d¢ aux variétés de base§i) si M est une variéte différentielle ordinairg,
est I'application de Bernshtein, Fuks et Rozenfd3].

Il peut sembler surprenant que ce soit la cohomoldfjfér) de la variété de base qui joue un rdle ici : cela
est d0 a un résultat de Batchelor [7,9] selon lequel cette cohomologie est isomorphe a celle de la supdrtvariété
Enfin, remarquons que c’est la cohomologie de la partie pairga/eealo et non celle de Veét, m) qui généralise
le résultat classique. Il est en fait heureux gqu’il en soit ainsi puisque I'on peut montrer [1,4] que larsgue
I'espace vectorielH *(Vect(n, m)g) n'est que de dimension 2. Nous mamis néanmoins (Proposition 4.2) que
I'on pourrait utiliser la cohomologie de Veet, m) mais que I'on obtiendrait alors moins de classes secondaires.
On retrouve toutefois dans certains cas particuliers les classes de Godbillon—\ey construites en [5].

Nous expliquerons enfin pourquoi & partir de teuper-feuilletage sur une super-varidtg& on peut construire
ce que I'on appelle des connexions feu#les plates sur la variété de badde c’est-a-dire un feuilletage sur la
variété de base, un fibré vectoriel et une connexion plate de ce fibré vectoriel définie uniqguement le long des
feuilles du feuilletage. On obtient alors le résultat suivant.

Théoreme 0.3Si a deux super-feuilletages et 7/ sont associées des connnexionslfetées plates isomorphes,
alorspr, 7 = oM. 7

1. Introduction

The Godbillon-Vey class is an element Bf(M, R) associated to a regular foliation of codimension 1 on
a manifold M. More generally, to any regular foliatioR with a trivialized normal bundle on a manifoltf
is uniquely associated a (non-trivial in general) homomorphism fipfiVect(n)) to H*(M, R), see [2] or [3]
(where H*(Vect(n)) is the Gelfand—Fuks cohomology of the Lie algebra Wecof formal vector fields withn
parameters). These classes are called secondary classes of the foliation.

Let M be a super-manifold andf its basis manifold. We construct in this article secondary classes of foli-
ated super-manifoldM endowed with a super-foliation of codimensioR-&1 or 1+ ¢1. For super-foliation of
codimension G- €1, we construct a secondary class as an elemeHt'éM, R). For super-foliation of codimen-
sion 1+ €1, we construct three secondary classes as elemeS@f, R). More generally, we will show how
to associate to any super-foliatich of codimensiom + em with a trivialized normal bundle, a homomorphism
o, 7 H*(Vect(n, m)o) - H*(M,R) whereH*(Vect(n, m)o) is the Gelfand—Fuks cohomology of the even part
Vect(n, m)o of the super-Lie algebra Veaet, m) of formal vector fields withnh even parameters and odd pa-
rameters. In other words, we define for afiye H*(Vect(n, m)g) a secondary clasgr r(C) € H*(M,R) of
super-foliation with a trivialized normal bundle. The reader must not be surprised by the fact that the de Rham
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cohomology ofM is not used: by a result of Batchelor [7], this cohomology is indeed isomorphic to the coho-
mology of the basis manifold. Note that only the even part ¥eek)o appears: it is indeed better like this, since
H*(Vect(n, m)) has only two non-trivial generators for< m, see [3].

2. Foliations on super-manifolds

We denote byO(M) the super-functions on a super-manifold, by Veci M) the super-Lie algebra of
super-vector fields and b§g2 (M), d) the super-algebra of differential forms ov endowed with its de Rham
differential.

On the super-manifol@&k?-9, we denote by5 the O(R?7)-sub-module of VecR?-7) generated by the super-
vector fields(%, e %) and(%, e #) wherex, ..., xp, 01, ..., 6, are the natural parametrisation of
RP-4. A regular super-foliationF of codimensiom + em is a sub-super-Lie algebra V&gt of Vect(M) such
that for anyx in the basis manifold/ there exists a neighborhodtiof x and a diffeomorphism frort¥ andRR”-4
that provides an isomorphism betwemand the restriction of Ve¢F) to i/.

We say that a super-foliatiaA admits a trivialized normal bundle when there exists odd 1-fapms. ., w,
and even 1-formas, ..., a, generating a fre® (M)-module of super-dimensian+ em such that VedtF) =
{X e VectM) | w1(X) =+ = wy(X) =a1(X) = - - = a,, X =0}.

An important point is that to any super-foliatidhof codimensiom + em on a super-manifol@\1 is associated
by a canonical way a super-foliation with a trivialized normal bundle on @ ,@1)-principal bundle overM,
see [6]. This Gln, m)-principal bundle is the super-manifold of freet+ em families T*(M) that vanishes on
Vect(F). Therefore, we can always assume that the super-foliation admits a trivialized normal bundle by replacing
the initial super-foliation by this new one if necessary.

3. Secondary classes for super-foliations of codimensiorHe1 and 1+ €1

Let F be a regular super-foliation of codimension-G1 with a trivialized normal bundle given by an even
1-forma and® an unique odd super-vector field satisfyim¢®) = 1. Let us consider the 1-form ai given
by A = p(Lga) wherep: 2(M) — (M) is the natural projection. This theorem allows us to consjdére
H(M,R) as a secondary class of a super-foliation of codimensir D.

Theorem 3.1.The1-form A is closed. Its cohomology class i'(M, R) does not depend upon the choicezof
ande®.

Proof. Since the 1-forna defines a super-foliation of codimensior-& 1, there exists an odd 1-forinsuch that
da = b Aa, see [8]. Sincé is odd, we havé A b = 0 and the identity = d?a =a Ab Ab+a Adb=a Adb holds.
This implies that @ = 0 becauseg being a regular even 1-form, we have the surprising propertyathat = 0
impliesc = 0 for anyc € 2 (M).

Now from Lga = lgda = lga Ab=b + a A 1gb, we deduce immediately that = p(Lga) = p(b). The
1-form A is thus a closed 1-form oM that does not depend on the choicesof

To show thaf A] does not depend on the choice of the 1-farrthosen, we just have to see that if we replace
a by fa for f an even invertible super-function o, we have dfa) = c A fa with c =b + de and, as a

consequence(c) = p(b) + p(de) =p) + %. The super-functiorf being invertible p( f) never vanishes,

so the 1-f0rmp(d7f) =d(n(p(f)])isexactonM. O

Example 1.0n the super-circle®?, let us denoter € S? the even parameter amdthe odd parameter. For any
t € R, let us consider the super-foliation of codimensio# 61 defined by the 1-form@l+ 6 dx. Let us choose
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O = %. We haveA = p(Lega) =tdx and[A] = € H1(S1,R) ~ R. The secondary class that we obtain in this
case is thus non-zeroif# 0.

For super-foliation of codimensiorHle 1, the following theorem (proved in [6]) defines three secondary classes.

Theorem 3.2.LetF be a super-foliation of codimensidnt €1 defined by the odti-formw and the eved-forma.
Letd be an odd ril-form on.M andc¢ an evenl-form on M satisfyingda(a = w A ¢ —a A b. Then

() There existw, 8, £ € 21(M) on the base manifold/ such thatdy p(w) = p(w) A a, dya = p(w) A B,
dy p(b) = p(w) N§.

(i) The three3-forms[B A a A p(w)], [ Aa A p(w)] and[E A p(b) A p(w)] are closed and their cohomology
class do not depend on the choiceod, S.

Example 2. Consider the super-manifold given by the trivial 1-vector bunéllever the 3-dimensional Torus
T3~ (813, Letx, y, z € ST the coordinates of'® and letd be the odd-parameter corresponding to the constant
section ofE. Set f (x), g(x) two smooth functions o8 such thatfsl W(f, g) # 0 whereW is the Wronskian.

We leave the reader to check that a super-foliation of codimensieallis defined by the odd 1-form = dx
and the even 1-formm = df + 0(f(x)dy + g(x)dz). In this case, we can choge= (f(x)dy + g(x)dz), & =
— L0 gy — &) gz and it is routine to check th@g A p(b) A p(w)] = [W(f, g) dx A dy A dz]. Since[W (£, g) dx A
dy A dz] = (fSl W(f, ) [dx A dy A dz], [§ A p(b) A p(w)] is @ non-zero class of the de Rham cohomology.

Example 3.Let M be a manifold and® a foliation of codimension 1 o/ defined byw € 21(M) such that
dyw = w A . Assume moreover that the Godbillon-Vey clags: A dy] € H3(M) of F is not zero.
Let E — M be the trivial 1-dimensional bundlé =R x M. Consider the super-manifolét with O(M) =
I’ (AE). We denote by the unique odd parameter corresponding to some constant sectibn of
We define a super-foliation of codimensioa-k1 by the odd 1-formw and by the even 1-form = df + 6«.
In this case, one can check (see [6]) that all three secondary classes constructed in Theorem 3.2(ii) are equal to tt
Godbillon—Vey class.

4. Generalization

The Lie super-algebra Veet, m) of super-vector fields ofR™" with polynomial coefficients is defined for
example in [1]: it is the Lie super-algebra of super-derivation®pfy, ..., x,] ® AR” whereR[x1, ..., x,]
is the algebra polynomial functions @&i*. We denote byH*(Vect(n, m)g) the cohomology of the even part of
Vect(n, m). The following theorem definesecondary classes of a super-foliation with a trivialized normal bundle
The proof of this statement turns out to be far from being easy and will appear in [6].

Theorem 4.1.To any super-foliation with a trivialized normal bundle of codimensienem, we can associate a
natural and non-trivial in general homomorphisim, » from H*(Vect(n, m)o) to H*(M, R) such that

(i) if f:N — M is a submersion of super-manifolds, thexr -7 = f*quf where the super-foliatiorf * F
is the pull-back ofF by f and f : N — M is the smooth map induced ifyon basis manifolds

(i) if M is an (ordinary) smooth manifold, them = 0 and ¢, reduces to the well-known map of Fuks,
Bernshtein and Rozenfel[d,4].

Example 4.1t is not difficult to see (see [6]) thati 1(Vect(0, 1)p) ~ R and H' (Vect(0, 1)) = 0 for i > 2. The
secondary class associateddd(Vect(0, 1)) is the class described in Theorem 3.1.
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Example 5.1t is not difficult to see (see [6]) thati3(Vect(1, 1)g) ~ R3 and H' (Vect(1, 1)) = 0. The secondary
class associated 1 (Vect(1, 1)) are the classes described in Theorem 3.2 fo13.

Itis natural to ask whether it is possible to construsing similar techniques a natural homomorphism r :
H*(Mect(n,m)) — H*(M) where H*(Vect(n, m)) is the Gelfand—Fuks cohomology of Véctm). The answer
is that it possible and, moreover, that this construction has been done in [5] in the case of a super-foliation of
codimension & em on a super-manifold of dimensiant em. The following proposition relates both construction
and explains why all the classes that can be constructed through the homomoyphism(using therefore the
cohomology of Veadir, m)) are indeed among the classes that can be constructed through the homomorphism
¢ M. (using therefore the conomology of Veetm)o).

Proposition 4.2.(i) For any super-foliationF of codimensiom + em with a trivialized normal bundle, the follow-
ing diagram is commutative

H*(Vect(n, m)) yamr H*(M)
L 1p 1)
OM,F

H*(Vect(n,m)o) —> H*(M)

whereJ : H*(Vect(n, m)) — H*(Vect(n, m)o) is induced by the inclusion &ect(n, m)g into Vect(n, m) and
p:H*(M) — H*(M) is the isomorphism of Batchelor.

(i) The Godbillon—Vey classes constructedShare among the secondary classes of super-foliation constructed
above. In particular, the secondary class for super-foliations of codimerisionl of TheorenB.1lis equal
to the class constructed 5], Examplel, for super-foliations of codimensidh+ €1 on super-manifolds of
dimensiom + em.

5. Super-foliation on a super-manifold and flat foliated connection on its basis manifold
5.1. Characteristic classes of trivial flat foliated connections

Let F be a foliation of codimension on a smooth manifold/ and E a vector bundle oveM. We recall
that afoliated connections a bilinear mapv : Vect(F) ® I'(E) — I'(E) that satisfies the usual properties of a
connection. We say that this foliated connectioftasif VX, Y € Vect(F), Vs € I'(E) we haveVx Vys — Vy Vxs —
Vix.vs = 0. By atrivial foliated connectior(F, E, V), we mean a foliatiorF with a trivialized normal bundle
on M, a trivial vector bundleE over M and a foliated connectio¥.

There is a natural application from the set of flat trivial foliated connecti@ghst, V) to the set of super-
foliations F with a trivialized normal bundle: given a trivial foliated connecti@h, £, V) we define first the
super-manifoldM whose super-functions are the sections\6¥ and the super-foliation generated by the even
derivationsvy of O(M) for all X € Vect(F). By Theorem 4.1, we can therefore associate to any flat trivial foliated
connection a homomorphism froki* (Vect(n, m)o) to H*(M, R). This definecharacteristic classes of a trivial
flat foliated connectionwhich can be shown to be non-trivial in general.

5.2. A functor from super-foliations to flat foliated connections

Given a super-foliations with a trivialized normal bundle on a super-maniféldne can construct a flat trivial
foliated connection as follows. L&t be a super-foliatiotF with a trivialized normal bundle.
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— First a regular foliatiorF’ on M is defined by the Lie algebma(\Vect(F)o), p being here the natural projection
from the even part of Ve¢f\M) onto VectM) and VectF)o being the even part of Veck).

— Second a vector-bundr is defined to be the vector bundle whose sections are of the@#@é&, where
7 is the ideal of nilpotent elements 6f(M) and7r the algebra of odd super-functions constant on the leaves
of 7 (i.e. the algebra of super-functiorfssuch that ¢ (X) = 0 for any X € Vect(F)o).

— The foliated connection is then defin®X e Vect(F),Vs € I'(E) by Vxs = df(X) modZ? where f €
JrO(M) is a super-function with = f modZ? andX € Vect(M) is an even super-vector field that projects
naturally onX. We let the reader check that thisfines a foliated connection.

— If the super-foliationF has a trivialized normal bundle then the foliatiéhhas a trivialized normal bundle
also and the vector bundy is trivial.

We have therefore constructed a trivial foliated connection. It is easy now to check that the foliated connection
V on Ep is flat (see [6]).

This last proposition finishes our construction. Note that tlonstruction is not the inverse of the construction
of Section 5.1, see [6].

Theorem 5.1]6]. Two super-foliations” and 7’ with a trivialized normal bundle on a super-manifold defining
isomorphic flat trivial foliated connections have the same secondary classes, i.e., the homomapphignasnd
oM. from H*(Vect(n, m)o) to H*(M, R) associated to these super-foliations are equal.

The foliation F previously defined has a trivialized normal bundle: therefore the theory of secondary classes
of [2,4] applies and provides a homomorphighy, r : H*(Vect(n)*) — H*(M,R). These secondary classes
are among those constructed in Theorem 4.1. More precisely, there is a natural in¢hugitgvect(n)*) —
H*(Vect(n, m)p), see [6], and it can be shown that

Proposition 5.2[6]. The following diagram is commutative

H*(Vectn)*) >  H*(Vectn, m))
N\ om.F VomrF
H*(M,R)
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