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Abstract

We present a method to factorize a@ed order elliptic boundaryalue problem in a circular domain, in a system of un-
coupled first order initial valugroblems. We use a space invariant embeddéutpnique along the rags of the circle, in a
decreasing way. This technique is inspired in the temporal invariant embedding used by J.-L. Lions for the control of parabolic
systems. The singularity at the gin for the initial value problemis studied. A formal calculatiofor more general star-shaped
domains is presentedo citethisarticle: J. Henry et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Une méthode de factorisation de problémes elliptiqgues dans un domaine circulaire. Nous présentons une méthode pour
factoriser un probleme aux limites elliptiqde second ordre dans un daime circulaire, en un sg&me de problemes découplés
aux valeurs initiales du premier ordidous utilions une technique de plongement ingatien espace radiale, dans le sens
décroissant. Cette technique s’inspire du plongement invariant temporel employé par J.-L. Lions pour le contrdle de systémes
paraboliques. La singularité a tigine pour les probléemes aux valeurs initialss éudiée. On présengissi un calcul formel
dans une situation plus générale de domaines étéltés. citer cet article: J. Henry et al., C. R. Acad. Sci. Paris, Ser. | 339
(2004).
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Version francaise abr égée

On se propose d'appliquer spatialement la techniqueldlngement invariant de Bellman [2] a des problemes
aux limites elliptiques. Dans [3] la méthode est appl&@él’'équation de Poisson dans un cylindre. La famille
de problémes de la méthode de plongement invariant est définie par des sous-cylindres limités par une sectio
variable et une condition aux limites additionnelle sur cettetion. L'opérateur reliant les conditions aux limites
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sur cette section (Dirichlet—Newann ou Neumann-Dirichlet) vérifie urgguation de Riccati en fonction d’'une
coordonnée le long de I'axe du cylindre. A I'aide de cet opérateur on peut transformer le probléme aux limites en
deux problemes de type parabolique découplés dan®de®pposés. Cette factorisation peut étre vue comme une
généralisation en dimension infinie de la factorisation de Galdspar blocs de matrices bloc-triangulaires. On
veut étudier ici le cas ou la famille de surfaces qui limitedeus-domaines part du bord du domaine pour venir se
réduire en un point. On considére donc le probléme de Dirichlet pour I'équation de Poisson sur le2sented

a l'origine et de rayom, de bordr,

P) —Au=f, dans2; ulr, =uo. Q)

Soit £2, le disque centré a I'origine et de rayord < s < a de bordr’;. On supposag € HY2(I,), f € L3(2), et

une régularité supplémentaire sur un voisinégge I'origine, f € C%%(0). Aprés passage en coordonnées polaires
(u(p, 0) = u(x1, x2) verifie (8)), on considére la famille de problén”(@s,h) définis sur I'anneaw? \ £2, avec la
condition aux limites additionnelle suF, af:; |r, = h. SoientZ =10, 2x[, et le,P(I) ={v|veL%X), 18 ¢

0, p 30
L2(Z), v(0) = v(27)}. On choisith dansH’5(Z)', ou H)'5(T) = [H} , (Z). L(D)]y2. Par linéarité de (8) on a
is|r, = P(s)h +r(s), (2)

ol P(s) est l'opérateur Neumann-Dirichlet. Soit = {0 | § € L2(0, a; le,P(I)) N % € L2(0,a; L%(Z))} ol
L%(O, a; Y) est'espace des fonctions gex valeurs dan¥ de carré integrable dai8, a) avec le poidg. A partir
de l'identité (2) écrite en suivant une solution(d/éo,h), on obtient la factorisation du probléme aux Iimi(@s par

Théoreme 0.1. La solutions du probléme]3 est la solution unique du systéme suivant de probléemes de Cauchy
découplés, du premier ordre gn

1. pour touth, i dansL?(Z), Mopérateur autoadjointP(p) € L(L2(Z), H (1)) N L(H, 3(@)' . H, 3 (1) n
£(Hp1’P(I)’, L?(T)), P <0, borné enp, vérifie 'équation de Riccati

dpP - 10 d - 1 - _
—h,h ——oPh,—oPh)—\|—-h,Ph)=(hh 3
(dp’)+<p289° 190 ° > (p’ > 1) )

dansD'(0, a), avec la condition initialeP (a) =0;
2. pour touth dansL?(Z), r € X vérifie 'équation
or 10r 0 A
—.h ——,—oPh)=(f, Ph 4
(ap )+<p289 o ) (. Py (4)
dansD’(0, a), avec la condition initiale: (a) = iig ;
3. pour touth dansle’P(I)/, u € X vérifie 'équation

ou .
—(5, Ph) Hl s @ mt @y =Myt @,mt @y )

dansD’(0, a), avec la condition initiale (0) = lim,_.o 7 (p) dansL?(Z) qui est constant ee.
P etr sont ainsi définis de fagon unique. Les E@3 et (4) sont bien posées powrdécroissant de a0 et (5)
pour p croissantdé aa.

Pour étudier le comportement desolution de (5) au voisinage de I'origine, on commence par étudier la facto-
risation du probléme
(Pe) —Auc=f, dans@\ s uelr, =uo; [p, e dI' =0; ue|r, estconstant (6)

ou £2, est de rayor, 0 < ¢ < a et I'on fait tendree vers 0. Afin de montrer que le résultat précédent n'est pas
restreint aux domaines circulaires et aux coordonnées polaires on donne aussi le résultat d’'un calcul similaire pou
un domaine étoilé.
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1. Introduction

The technique of invariant embedding was first introduced by Bellman [2] and was formally used by Angel
and Bellman [1] in the resolution of Poisson’s problem defined over a rectangle. J.L. Lions [4] gave a justification
for this invariant embedding for the computation of the optimal feedback in the framework of Optimal Control
of evolution equations of parabolic type. Henry and Raf@presented a justification for the invariant embed-
ding of Poisson’s problem in a cylindrical domain. Embedding the problem in a family of similar ones defined on
subcylinders bounded by a variable section, they obtained a factorization in two uncoupled problems of parabolic
type, in opposite directions. The factorization usesnailfaof operators on functions of the section satisfying a
Riccati equation. These operators relate the boundanyittmmslon the section (Diridet—Neumann or Neumann—
Dirichlet). They showed that this can be seen as a generalization, up to infinite dimensioh \0ttloek factoriza-
tion of matrices: solving the Riccatgeation is analogous to computing thendU factors for a block tridiagonal
matrix and solving the two parabolic problems is related to solving the lower and upper triangular systems.

In this Note, we want to generalize this method to other types of geometries and, in particular, to the case where
the family of surfaces which limits thsub-domains, starts on the outsiseindary of the domain and shrinks to a
point. We present here the simple situation wh@réesps2,) is a disk ofR? with radiusa (resp.s) and centered
on the origin and where the sub-domains defined by the invariant embedding are theakuzyi s € (0, a).

2. Formulation of the problem and main result
We consider the Dirichlet problem for the Poisson equation definedsver
P) —Au=f, in§2; ulr, =uo, @)

where I'; denotes the circle of radiusand center at the origin, anfl € L2(£2), uo € HY%(I';). We assume
the additional regularity around the origjhie (), © being a neighborhood of the origin. Introducing polar
coordinatesi(p, 0) = u(x1, xp) satisfies

~ 10 ( da 19% L, . . L. .
P (o |- Ses=F in0.alx]0.2t[; dln, =0, @(p.0)=i(p,21).  (8)
pdp \' dp p< 00

However, by doing this, we introduce a new difficulty on the problem since, with this new system of coordinates,
we have a singularity at the origin. We embed problém iq a family of similar problems?®; ;) defined on the
annulus? \ £2;, s €10, a[ and satisfying an additional Neumann boundary conditiofinin terms of problem

(73) this can be written a%“—|p = h, whereii; is the solution ong - DefiningZ =10, 27|, Hl p(D) as the space
of periodic functionsv of 8, verifying v € L2(Z) and ; 13v ¢ 12(T), we takeh € Hl/Z(I)’ whereHl/Z(I)
[H/}’P(I), L?(D)11/2- By linearity of (8) we have

Uslr, = P(s)h +r(s), )
where P (s) is the Neumann to Dirichlet map. L&t be X = {9 | d € L3(0, a; H1 PD)NS 9” € L2(0,a; LXX))},
whereL%(O, a; Y) means functions of with values inY square integrable oﬁ), a) with the weightp. Formally

the factorization of problem (8) is obtained by taking: p > so andh = 321;1;0 in (9) for a solutioniy, of ﬁgo,h.
Then multiplying (9) byp, taking the derivative with respect tg substituting the second derivative with respect
to p from (8) andu from (9) yields
(dP 1 92 1 ) dig,  Or 1 9% .
P—-1 + P

dp 029602 0 dp  Ip p2 062 ! (10)

for anyh and so for anyJ From the boundargondition onI, in (8) we obtainP (a) = 0 andr(a) = iig. The
result is synthesized by tﬁe following theorem
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Theorem 2.1. The solutionz of (8) is the unique solution of the following system of uncoupled, first order in
initial value problems
1/2 1/2

1. for everyh, h in L?(Z), the selfadjoint operato®(p) € L(L?(Z), le,P(I)) NLH, (D), H, 5(D) N
L(H’}YP(Z)’, L2(I)), P <0, bounded as a function ¢f, satisfies the Riccati equation

dpP - 10 d - 1 _ _
—nh,h ——oPh,—oPh)—\|—-h,Ph)=(hh 11
(dp ’ )+<p289° 190 ° > (p’ > 1) ()

in D’(0, a), with the intial condition P(a) = 0;
2.for everyh in L2(T), r € X satisfies the equation

or 10r 0 A
—.h ——,—oPh)=(f, Ph 12
<ap >+<p289 9 ° ) RARE (12)
in D’'(0, a), with the intial conditionr (a) = 1ig;
3.for everyh in le’P(Z)’, i € X satisfies the equation

du R
— (5, Ph) + (u, h>H3,P(I)’H3.P(I), ={(r, h>H3,P(I)’H3,P(I)/ (13)

in D'(0, a), with the iritial condition &(0) = lim,.or(p) in L2(7) which is constant.
P andr thus defined are also unique. E¢$1) and (12) are well posed fop decreasing frona to 0 and (13)
is well posed fop increasing fromD to a.

This formulation of problem(P) furnishes the Neumann to Dirichlet opera®¢s) for the annulus2 \ £2
which is of interest for various kindsf problems as domain decompositiaritee definition of transparent boundary
conditions. Furthermore Eq. (11) is intrinsic and only Egs. (12) and (13) depend on thg datdor multiple
resolution of(P) with various data, only (12) and (13) need to be recomputed which is faster than solving the
initial boundary value problem.

3. Factorization by invariant embedding (scheme of the proof)

In order to avoid the singularity created at the origin by polar coordinates we start by defining the following
intermediate problem:

(Pe) —Aug=f, N\ uelr, =uo; [ 5edl=0; uclr, is constant (14)

wheres2, is a circular domain of radius Q ¢ < a and concentric with2. It's easy to see that this problem is well
posed.

U, in 2\ £,
u€:u€|rga inQS?
(14) converges ta, solution of problen{7), in Hol(s?).

Proposition 3.1. Whenes — 0, ii., defined agi, = { whereu, is the solution of problem

We can write problem (14)Ain polar coordinqtes restricting problem (8) avef xZ and joining the boundary
conditionsii, |, constantjrg aL:f do =0. Since"a”; |, is well determined through the conditions.f, constant”
and “ r "dip do =07, it's clear that(7’5€) belongs to the familes,h) for s = ¢. From (9), the solutiori, of (14)
in polar coordinates, satisfies the relati@s(p) = P(p)%lrp + r(p),Vpo € [&,a[. Equations forP andr are
derived as in (10). From these equations abomd,raspective initial conditions, we can obtdtrandr. Knowing

P(¢) andr(¢) we can determine uniquely (¢) satisfying “ﬁg‘r constant” and j‘rg %—% do =0". Let M andN be
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defined byM = (v € (H,/3 (D))" | [¢" vdd = 0} andN = M* = {v € H,’;(T) | v is constarjt One has.(Z) =

(M N L%(Z)) & N and letlTy; andITy be the projection, for th&2(Z) metrics, on each subspace respectively.
Bl
ap

Proposition 3.2. Givenr(g) € L%(Z), there exists a unique solutiagh (¢) € N and

fe(e) = P(s)%(s) + r(). In particular, iis (¢) = Tyr(s).

(¢) € M for the equation

Using the Galerkin method as in [4,3] and adequate properties on the opratal functiorr, we can justify
the preceding formal calculation and wbtain, after passing to the limit veh the dimension tends to infinity, the
following result:

Proposition 3.3. For everyh, i in L?(Z), the operatorP € L™ (e, a; L(Hi{ﬁ(l)’, H/Jlfﬁ (2))) satisfies the following
equation
P - 190 ad - 1 — -
—hh)|+|—=S—0Ph,—oPh|—|=h,Ph)|=(h,h), (15)
ap 0200 00 0
in D' (e, a), with P(a) = 0. The function- belongs taX |\ o, , satisfies (a) = iig and for every: in L2(7), satisfies
in D' (¢, a) the following equation

or 10r 0 o
Ay 2 2 oprh)=(f, Ph). 16
(ap )+<p289 oo ) (. Py (16)

Since P andr do not depend or and thanks to the estimates @&{p) andr(p), we can take: arbitrar-
ily small and consequently consider the previous equalities definell’ @a). Let || - ||, denote the norm in
£(le/ﬁ(I)’, le/ﬁ(I)). The following theorem gives the behaviour Bfandr around the origin which provides

the regularity claimed in Theorem 2.1:

Proposition 3.4. For P satisfying(15)and P (a) = 0, we havédim ,_.o || P(p)ll, = 1. Furthermordim ,o || P(p) —
p (P 0 ITy) |, =0, WherePy, is the negative selfadjoint operator satisfying%o%iPoo =1.
The solutionr of (16)andr (a) = i, has alimitr (0) constant with respect @ lim ,_.q |7 (p) —r(0) lz2¢z) = 0.

It should be also remarked that, measured with the fixed forf .27 12(7)),, P(p) goesto 0 ap goesto 0.
Concerning the equation ol we have

Proposition 3.5. For everyh in le’P(I)’, i, satisfies inD’ (g, a) the following equation

e .
_<¥7 Ph) + (ng h>H/},P(I)’H/},P(I)/ = (}", h)H/},P(I)’H;},P(I)/’ (17)

with the intial condition i, (¢) = ITyr(e).

Using Proposition 3.1 we obtain the convergenck iof iz, to i satisfying (13). Furthermore, thanks to the local
regularity assumption oyi near the origin which implies thate C>%(©), one can prove that lig, o i, (¢) = @1(0)
(the proof for the uniqueness of the solution of (13) uses the determinatiq@®f

Remark 1. (a) Another factorization could be obtained by using an invariant embedding defined by the family of
disks£2;. Here the main difficulty is to define the initial conditions Brandr at the origin.

(b) From the numerical viewpoint, a particular finite difference discretization of (11), (12) and (13) gives exactly
the Gauss LU factorization of the matrix of the finite difference discretization of progmirhe same observa-
tion holds for finite element discretization. This is why this factorization can be viewed as an infinite dimensional
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extension of the Gauss factorization. Further, it may give clues to alternative discretization of (11), (12) and (13),
resulting in new numerical schemes {@r).

4. Star-shaped domains

We believe that this method is much more general thasented here and that it can be extended to higher
dimensions, to other operators than the Laplacian and more general domains. For example we present now a form:
calculation in the case of star-shaped domains.s2éte an open set containing the origin star-shaped with
respect ta0, with boundaryl” = 9£2. We want to solve®) in 2. Leta be the angl€ O M, n) whereM is a point
on I" andx is the outward normal t&2 at M. We assume thatw/2 < g < a < a1 < /2 and that the equation
of I' in polar coordinates is given hy= ¢(6). We consider the homothety of centerand ratio O< 7 < 1, which
transforms2 to £2; with boundaryr;. We consider the following system of curvilinear coordinates:Moe §2,
(z,1) are such thads’, the image ofM by a 1/t homothety, belongs té” andz,0 < ¢ < 19, is the curvilinear
abscissa ofM’ on I" (1o is the length ofl"); #i(z, t) = u(x1, x2). The family of problemsP; j, is now defined on
2\ 2, with the Neumann boundary conditic%l‘ém = h. By linearity, there exisP (s) andr(s) such that

ilr, = P(s)h +r(s). (18)
7 now denotes0, ro[ and(-, -) the scalar product ii?(Z). ThenP, r andi satisfy
- - 1/2 1/2
1. for every h, i in L2(Z), the selfadjoint operatoP (r) € L(L?(Z), H »(1)) N L(H,/3(T), H'3(D) N
L(HT{P(Z)’, L2(I)), P <0, bounded as a function of satisfies the Riccati equation

aP, m) — (25N, 0 Cpi) — (2o pu, 25N,
dr T ot ot T

@ cosx d d - 1 - . -
-~ © » 2. © - I, =@ )
7Ry Ph a7 Ph Th Ph (pcosa h, h) (29)
T

in D'(0, 1), with the initial conditionP (1) = 0;
2.for everyh in L(Z), r satisfies the equation
or @ Sina or pcosx ar 9 R N
—,h) - —,h —,—oPh|)=(pcosxf, Ph 20
<az><raz>+<z2maz°>(‘pf) (20)
in D’'(0, 1), with the initial conditionv (1) = iig;
3.for everyh in Hrl’P(I)/, u satisfies the equation

1 da tano du .
_<</3 cos 97’ Ph) " ( T o Ph) TR gL, @, @y = e, @t @ (1)

in D’(0, 1), with the initial conditionii(0) = lim,_.or(z) in L2(Z) which is constant.

Acknowledgements

The third author would like to acknowledge thadncial support of Fundagéo para a Ciéncia e a Tecnologia
within the grant Praxis XXI, BD/ 21443/99. The secondreur was partially supported by Fundacéo para a Ciéncia
e a Tecnologia (program POCTI/FEDER) via Centro deévigtica e Aplicacdes Fundamentais da Universidade
de Lisboa.

References

[1] E. Angel, R. Bellman, Dynamic Programming analrtal Differential Equations, Academic Press, 1972.

[2] R. Bellman, Dynamic Programming, Princeton University Press, Princeton, 1957.

[3] J. Henry, A.M. Ramos, Factorization of second order elliptic bounsahye problems by dynamic programming, Nonlinear Anal. Theor.,
in press.

[4] J.-L. Lions, Contrdle optimal de systémes gouverpér des équations aux dérivées partielles, Dunod, 1968.



