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Abstract

This Note is devoted to the analysis of some propagation phenomena for reaction—diffusion—advection equations with Fisher
or Kolmogorov—Petrovsky—Piskunov (KP&pe nonlinearities. Some formulee for thmeed of propagation of pulsating fronts
in periodic domains are given. These allow us to describe the influence of the various terms in the equation or of geometry
on propagation. We also derive results for propagation speed in more general domains without peffoditéyhis article:
H. Berestycki et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Vitesse de propagation pour des équations de réaction—diffusion dans des domaines générdlette Note est consacrée
a l'analyse de phénoménes de propagation pour des équations de réaction—diffusion—advection du type Fisher ou Kolmogorov-
Petrovsky—Piskunov (KPP). On donne des formules pour les vitesses de propagation de fronts pulsatoires dans des domaine
périodiques. Celles-ci permettent de mettre en lumiére l'influence des différents termes de I'équation ou de la géométrie sur Ia
propagation. On considére également le cas de domaines gérfémauriter cet article: H. Berestycki et al., C. R. Acad. Sci.
Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abrégée

Pour I'équationi; = Au + f(u) dansR”, un front progressif plan est une solution du tygie, x) = ¢ (x - e —
ct), se propageant a vitessedans une direction unitaire donnée, et telle que(—oo) =1 et¢(4+o0) =0 (on
suppose a normalisation prés qfi€d) = f(1) = 0). Si f > 0 dans(0, 1), alors, pour toute directioa, on sait
gu'il existe des fronts progressifeiss la condition nécessaire et suffisante quec*, ol ¢* > 0 est appelée la
vitesse minimale de propagation. Un résultat classique de KPP [11] donne laafate@r/ f/(0), dans le cas ou
0 < f(s) < f/(0)s pour touts €10, 1[.

Quand le domaine ou les coefficients du milieu sont périodiques, la notion de front progressif est généralisée
par celle de front progresgiulsatoire Plus précisément, saite {1, ..., N}, soitLj,..., Ly > 0 et£2 un ouvert
connexe régulier dB", de normale extérieuns tel ques2 = £2 +k pourtoutk € L1Z x - - - x LyZ x {0}N~=¢. Po-
sonsy = (x1,...,Xx4), y = (X4+1, - .., Xxn). On suppose qu’il exist® > 0 tel quely| < R pourtout(x, y) € £2. Les
cylindres infinis droits, ou a frontiére périodique, I'espace erfii#r avec éventuellement des trous périodiques,
rentrent dans ce cadre. On étudie les phénomenes degaitaaassociés a des équations de réaction—diffusion—
advection du type

up =div(A(x, y)Vu) + q(x,y) - Vu+ f(x,y,u), (,x,y)eRx, (1)
VA(x,y)Vu=0, (,x,y)eR x0a$2,

ou le champ de matrices (elliptiques), le champ de vecteuyst le terme de réactiofi ont la méme périodicité
que le domaine?. La fonction f, positive et réguliére sug x [0, 1], vérifie : (i) f(x, y,0) = f(x, y, 1) =0 dans
2, (i) il existe p > 0 tel quef(x,y,s) > f(x,y,s’) pourtous(x,y) € 2 et 1— p <s < s’ < 1, (iii) pour tout
s €(0,1), il existe(x, y) € 2 tel que f(x, y,s) > 0, (iv) 3, f (x, y,0) > 0.

Un front progressif pulsatoire se propageant dans une diractid®’ unitaire donnée, avec une certaine vitesse
effectivec # 0, est une solution & u < 1 de (1) vérifiant les relations (3) ci-dessous.

Théoreme 0.1Sous les hypothéses précédentes, pourt@at = 1), il existe une vitesse minimaté(e) > O telle
que le problemél), (3) a une solution(c, 1) si, et seulement si, > c¢*(e).

De plus, si0 < f(x,y,s) < f,(x,y,0)s pourtout(x, y,s) € 2 x (0, 1), alorsc*(e) = miny-gk(X) /A, 0Uk(%)
est la valeur propre principale de I'opérateuin, y := div(AVY) — 20e AV +q - Vi + [—Adiv(Ae) — Ag - e +
A2eAe + 9, f(x,y,0)]y agissant sur les fonctiong € C%(£2), ayant la méme périodicité que et telles que
VAVY = A(vAe)y surds2. On a identifiée avec le vecteuge, 0, ..., 0) e RV,

La preuve de ce théoréme est faite dans [2] (pour I'existence) et [4] (pour la formule defitahtet repose
sur la construction de sur- et sous-solutions et sur une méthode de régularisation dans des domaines bornés. No
montrons également dans [4] que, sous I'hypothese (4) et sous certaines simplifications supplémentaires, les pe
forations ralentissent la vitesse minimale de propagasilams que I'advection 'augmente, et que cette vitesse est
croissante par rapport a 'amplitude la diffusion et de la réaction.

Nous définissons également par la relation (7) ci-dessous la notion de vitesse asymptotique de propagatio!
w*(e) pour les solutions(z, z) deu; = Au + f(u), avec donnée initiale positivey (o # 0) & support compact,
dans un domain€ général (non nécessairement périodique). Geiten est cohérente avec les résultats connus
dans les domaines périodiques mais perradtaiter des cas beaucoup plus généraux :

Théoreme 0.2.Si 2 est un domaine extérielcomplémentaire d’'un compactlors w*(e) = 2/ f/(0). Plus
précisémentim SUP,|>cr. ;e (1, 2) = 0 pour toute > 2,/ f7(0) et lim SUP, <. zerz 11— u(t,2)| = 0 pour tout

c <2,/ f'(0).

Nous donnons également une classe générale de domaines pour lesquets 2,/ 17(0).
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1. Introduction

Travelling fronts are a special claskgiobal solutions of rea@n—diffusion equations,annecting two different
states. They arise in many models in biology, population dynamics, ecology or combustion. One of the most
important issues concerns the determination of their speed of propagation.

For instance, for the equation

ur=Au+ fw) inRY,

a planar travelling front is a solution of the typé&, x) = ¢ (x - e — ct), propagating in a given unit directierwith
speedc and connecting two zeroes g¢f, say 0 and 1: namely(—oo) = 1 and¢ (4+00) = 0. The functionf is
assumed to be Lipschitz-continuous, and such i@} = (1) = 0. If f is positive in(0, 1), then, for any direc-
tion e, planar travelling fronts exist for all speed> ¢*, wherec* is called the minimal speed of propagation [10].
A classical result of Kolmogorov—Petrovsky—Piskunov [11] (see also [7]) asserts that if, furtherfremgsfies
0< f(s) < f/(O)s forall s € (0, 1), thenc* =2,/ f/(0).

When the domain or the coefficients of the equation are not invariant by translation in the direction of propa-
gation, then the notion of travelling fronts is generalized by thaiwéatingtravelling front. The shape of such
fronts, in general, is not constant in time in the movingrfeaalong the direction of propagation. More precisely,
letd €{1,...,N}andcallx = (x1,...,xq7) andy = (x4+1,...,xy). Let L1, ..., L; bed positive numbers and let
£2 be a smooth connected open subsék8fsuch that

VkeLiZ x -+ x LgZ x OV ™4, Q=0 +k.

Assume there iR > 0 such thaty| < R for all (x, y) € £2. Letv denote the unit outward normal @s2. In the
sequel, a fieldw is said to beL-periodic with respect to (w.r.ty in 2 if w(x +k,y) = w(x, y) in £, for all
k € L17 x - - - x LyZ. This framework includes the case of the whole sgatewith or without periodic holes, as
well as, say, the case of straight or periodically oscillating infinite cylinders.

We are concerned here with propagation phenomenaddotlowing reaction—diffusion—advection equation:

{ Uy = diV(A(x, y)Vu) +qx,y)-Vu+ f(x,y,u), (¢,x,y)eRx 2, 2)
VA(x,y)Vu=0, (t,x,y)eR x0982.
The diffusion matrix fieldA (x, y) = (A;; (x, ¥))1<i, j<~ 1S symmetric and uniformly elliptic. The advection field
q(x,y) = (q1(x,y),...,gn(x,y)) is divergence free, such that- v =0 on d£2 and allg; (1 <i < d) have
zero average over the periodicity cell. Lastiftx, v, u) is a nonnegative function defined i2 x [0, 1] such
that: () f(x,y,0) = f(x,y,1)=01in 2, (i) f(x,y,8) > f(x,y,s) forall (x,y)e2,1—p<s<s <1,
for somep € (0, 1), (iii) for all s € (0, 1), there is(x, y) € £ such thatf(x,y,s) > 0, (iv) falx,y,0) =
lim,_ o+ f(x,y,u)/u>0.BothA, g and f are assumed to be smooth alxperiodic with respect ta.

A pulsating (or periodic) travelling front is a classical solutioof (2) satisfying 0< « < 1 and

_ k-
Vke LiZ X --- X LqZ, ¥(t,x,y) e R x £2, u<t — —e,x,y> =u(t,x+k,y), 3)
C
MOJ@)’) —> 07 u(t5xay) — 15
X-e—>—+00 X-e—>—00
wheree = (e1, ..., ¢%) is a given unit vector ifR¢. Such a solution propagates in directiowith a (generalized)
speedc # 0. The above limits in (3) hold locally in and uniformly iny and in the directions oR¢ which are

orthogonal tee. In the sequel, we identify and(e!, ..., e, 0,...,0) e RV.

Theorem 1.1.Under the above assumptions, for all directiofie| = 1), there existg*(e) > 0 such that pulsating
travelling frontsu in the directione with the speed exist if and only ifc > ¢*(e); furthermoreu, > 0. If f also
fulfills

Y(x,y,s) €2 x(0,1), 0<f(x,y,s) < fi(x,y,0)s, 4)
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then
c*(e) = &njgk(x)/x, (5)

wherek (1) is the first eigenvalue of the operator
L,y :=div(AVY) — 20e AVY +q - Vi + [—1div(Ae) — g - e + AZeAe + f1(x, v, 0) |y
acting onE = {y € C%(2), v is L-periodic W.r.t.x andvAVy = A(vAe)y onds2}.

Formula (5) extends the KPP formuté(e) = 2,/ f/(0) (independent ot) for the minimal speed of planar
fronts for the homogeneous equation= Au + () in RY. The dependence of (¢) on the functionf in (5) is
only through the derivative of with respectta: atu = 0. If one does not assume (4), but just thidt, y, s) > 0,
then the general inequality

c(e) = &nlgk(k)/K

holds [2]. The proof of (5) in [4] is based on the construction of sub- and supersolutions and on regularizing
approximations in bounded domains.

2. Influence of the geometry and of the medium

Assume here thaf satisfies (4) and catl}kz’A,q’f(e) the minimal speed of pulsating fronts satisfying (2) and
(3) in £2 with diffusion A, advectiory and reaction terny.

Theorem 2.1.(a) (Influence of geometrygor the homogeneous equation= Au + f (1) in a periodic domairn2,
then

¢h.10.(©) <2/F(0).

Furthermore, equality holds if and only if the domdaenis a straight cylinder in the directioa.
(b) (Influence of reactionlf f andg satisfy f; (x, y,0) < g/, (x, y,0) in £2, then

C?Z’A’q’f(e) < C?Z’A’q’g(e).

The functionB ¢, , , 5, (e) is increasing with > 0andcf, , , g, (€) = O(v/B) asB — +oc. Furthermore,

if 2=R" orif vAe=00n92, thenliminfz_, oo cl , . zrle)/v/B>0.
. o Lo A.q,Bf
(c) (Influence of advectionj 2 is invariant in the directiore, A =1 and f = f(«) only depends on, then

Chrqgr@=ch 00 (=2/F10),

and equality holds if and only if - e =01in £2.
(d) (Influence of diffusion)etg =0and f = f(u) depend orx only. If0 < o < B, then

* *
€2.0A.0,1(€) S € pao, r(@)-

K *
CRN,aA.O,f () ‘RN A0, f ()

ct o (e) .. .
288 — 400 andO < liminf,_ o+ — 5 — <limsup,_, or —77— <.

Furthermoreimsup,_, ; NG

All the above results are proved in [4]. They rely on formula (5) and on some comparison results for linear
eigenvalue problems. Part (a) means that perforatiordehipropagation. Note, however, that in [4] we prove that
the minimal speed*(e) may not be monotone in general with respect to the size of the holes. The monotonicity
resultin part (b) generalizes the same property for the KPP forafiwa2,/ B f’(0) in the case of the homogeneous
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equationt; = Au+ Bf (u) in RV . Part (c) means that the advection, or stirring, enhances the speed of propagation,
whatever the flow is. Furthermorde influence of advection on the speed of propagation is minimal if and only

if the advection is orthogonal to the direction of propé@a The influence of large periodic advection, namely
wheregq is replaced withCq with large C, is analyzed in [3]. The behaviour 05 A.Cq f(e) is always at most
linear in C for largeC, in a general periodic domaif2. A necessary and sufficient condmon ifg ACq, (e) to

be at least linear i€ is given in [3], shedding light on the role played by the first integrals of the velocity field
Lastly, part (d) implies that a larger diffusienA speeds up the propagation, but the rate of growth is controlled

by a.

3. Spreading speed in periodic and general domains

Another important notion is that of spreading speed of propagation for the solutions of Cauchy problem like (2)
with nonnegative, continuous and cpattly supported initial conditiong £ 0. A well-known result of Géartner
and Freidlin [9] and Freidlin [8] (see also [12]) gives the existence’tk) (for all unit vectore € R?) such that

ut,x+cte,y)—1 if0O<c<w*(e), and u(t,x+cte,y)—0 ifc>w*(e), ast— +oo,

locally with respect to the pointse, y) such that(x + cte, y) € £2. This valuew*(e) can be viewed as a ray or
asymptotic speed in the directienGartner and Freidlin furthermore establish a formulafé(e). Relating this
formula with the above (5), it is straightforward to see that
w*(e)= min  c*&)/(e-&) >0.
£eRe, ¢-£>0
One hasw*(e) < c*(e). The equalityw* (e) = c¢*(e) (= 2,/f/(0)) holds for equatiom; = Au + f(u) in RV, for
all e, but it does not hold in general: e.g. for the anisotropic equatjca auy,x, + bux,x, + f(u) in R2, where
a # b > 0 are two constants, then*(e) < ¢*(e) for any directione which is neitherte; nor tez (cf. [4]).
The notion of asymptotic speed can be extended, say for the equation

{utzAu—l—f(u), u=u(,z),t >0, z€ £,

v-Vu=0 o0nas2, 6)

in general open connected domaigs— RY which may not be periodic. Then, in general, there are no travelling
fronts. Problem (6) comesith a given initial conditionu (0, z) = uo(z) # 0 which is as above. From now on,

f = f(u) satisfies (4) and is extended Ifys) = f'(1)(s — 1) for s > 1. We say thaf2 is unbounded in a direction

e € SN 1if there exists- > 0 such that B, + ‘L'e) N 2+ ¢forall r >0, whereB, is the euclidean ball dR"

with the origin as centre and radiuga periodic domainf2, as in Sections 1 and 2, is unbounded in any direction
e € RY). In such a directior, we then define the asymptotic speed of propagation as

w*(e) :=inf{c > 0, u(t, z + cte) — 0 ast — +oo locally uniformly inz}. @
The above convergenagt, z + cte) — 0 means that, for alt > R

max u(t,z +cte) >0 ast — +oo.
ZEBA z4ctee

Notice that this definition is coherent with the previous on® ifs a periodic domain.
In [5], we prove the following results about asymptotic speeds of propagation:

Theorem 3.1.(a)If £2 is a periodic domain, them*(¢) < 2,/ f/(0) and equality holds if and only i@ is a cylinder
in the directione.

(b) For domainss$2 satisfying the ‘extension propertyi;*(e) < 2,/ f/(0).

(c) If £2 is an exterior domaifR™ \ £2 is compac), thenw*(e) = 2,/ f/(0) for all directione of RV
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The first inequality in part (a) follows from part (a) of Theorem 2.1. The fact that equatity) = 2,/ f/(0)
holds if £2 is a cylinder in the directioa is based on some independent Liouville type results for elliptic equations
of the type

Au+b-Vu+ f(u)y=0 ing2

with Neumann boundary conditions 82, whereb is a constant vector wittb| < 2,/ f/(0): namely, if O u < 1
is a solution, them = 0 oru =1 (see [4]). For the definition of the ‘extension property’ in part (b), we refer to
Davies [6]: roughly speaking, locally, the connected componendgfre not too close to each other (periodic
smooth domains2 satisfy this property). Part (c) extends to the class of exterior domains a classical ré&lt in
(cf. [1]; the proof given in [5] is actually simpler than that in [1] and does not rely on the use of some front-like
solutions).

Furthermore, we establish the existence of domair?nvhich are unbounded in every directierand such
thatw*(e) = O for all e. Lastly, givenN > 2 ande € S¥~1, there are domains &" for which w*(e) = 400 (this
relies on some new heat kernel estimates in domains with very thin infinite cusps).
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