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Abstract

We prove that for closed 2-calibrated manifolds there always exist Lefschetz pencil structures. This generalizes similar results
for symplectic and contact manifoldBo citethisarticle: A. Ibort, D. Martinez Torres, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Pinceaux de Lefschetz pour variétés 2-calibrée$On prouve qu'il existe toujours des pinceaux de Lefschetz pour les
variétés fermées 2-calibrées. Ce résultat généralise des constructions similaires pour les variétés symplectiques et de conta
Pour citer cet article: A. lbort, D. Martinez Torres, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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1. Introduction

The programme started by Donaldson [3] by using approximately holomorphic geometry to study the topology
of symplectic manifolds has beenterded recently to the wider framework@fcalibrated manifolds (see [7] and
references therein). In the same vein Donaldson wastalddow the existence of Lefschetz pencils structures
for closed symplectic manifolds, extending in this way well-known ideas in Hodge geometry to the symplectic
category. In this Note we will show the existence of the corresponding notion of Lefschetz pencils for 2-calibrated
structures generalizing the construction by Presas f3jdatact manifolds (see also the related open book decom-
positions introduced in [6]).

A 2-calibrated manifold is a smooth manifald of dimension 2 + 1 carrying a codimension 1 distributidn,
and a closed 2-form non-degenerate ab [7]. The notion of 2-calibrated manifold includes as particular instances
those of contact manifolds, certain constant rank Poisson manifolds, positive confoliations, and as a very particular
instance smooth taut foliations of 3-manifolds. Thinking precisely on the later example, we could imagine a Lef-
schetz pencil as a map defining on each leaf a ramifb»ering of the Riemann spheby a nearly holomorphic
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map with singular points of index 2. Thus the ramification set would be given by a link transversal to the foliation
and such that its image would be in general position. A natural generalization for 2-calibrated manifolds is (see
also [9)]):

Definition 1.1. Let (M, D, w) be a 2-calibrated manifold. A Lefschetz pencil structureMris given by a triple

(f, A, B), whereB is a compact real codimension four 2-calibrated submanifold fand\ B — $2 is a smooth

map whose set of singular points alobgs the compact 2-calibrated one-dimensional subman#ol@he image

of A (with possibly many connected components) has to be an immersed curve with transverse double points.
Moreover, f has the following local structure:

(i) For each poink € B there are coordinates, ..., z,, s compatible with(w, D) centered at and a holomor-
phic chart inCPP1, such that in a ball small enough the $ets given byzi = zo = 0, and out ofB the map is
given by f(z, s) = z2/z1.

(ii) For each pointy € A there are coordinates, ..., z,, s compatible with(w, D) centered ay and a holomor-
phic chart inCP1, such thatf (z, s) = g(s) +z2 + - - - + z2, whereg(0) = £ (y) andg’(0) #0.

The inverse image of a regular points thus an open 2-calibrated submanifoldvi A. Because of the local
model around points iB, the closure off ~1(¢) is the closed calibrated submanifofd1(c) U B, that will be
called the fibre off atc. We can state now the main result of this note.

Theorem 1.2.Any closed 2-calibrated manifold has a Lefschetz pencil structure.
Applying a slightly refined version of this result to a smooth taut foliatfoof M2 we get:

Corollary 1.3. There exist a pair (f, A) where A is a link transversal to F and f: M3 — $2 is a smooth map
which (i) is a submersion along TF on M\A, (ii) f(A) isin general position and (iii) around any point x € A
there exist coordinates z, s compatiblewith (w, F), and a complex coordinatein $2 such that f(z, s) = g(s) + z2,
with g(0) =0, g’(0) £ 0.

In dimension 3 the foliation is by Riemann surfaces. @Gohniques do not produce general meromorphic
functions. These have been constructed by Ghys [SEfminations by Riemann surfaces of compact spaces (see
also [2] for more general results), but they are not generic in our sense. It will be shown elsewhere that when
(M, D,w) Cc CPV, D is a distribution by complex subspaces and the restriction of the Fubini—Study 2-form,
an approximately holomorphic theory yielding holomorphic results can be developed.

2. Local models and approximately holomorphic coordinates

We use systematically local charts tleatncide approximately with the flat modelC" x R, Dy, Jo, go) for a
2-calibrated manifolds, wher@;,, Jo) is the natural integrable horizontal distributi@hx {-} with its canonical
leafwise complex structure argd the Euclidean metric. Lef; denote the rescaled metiig.

Definition 2.1. A family of adapted charts to the sequenadé, D, g;) is a set of maps/y , : (C" x R,0) —
(Uk.x,x),x € M, such tha’qﬁ,jxDx = D;,(0) and, fork large enough, there are constaptgg > 0, with y ~1gg <

g < ygo such thal vy, < O(1) in By (x, po).

Definition 2.2. Let E; be a sequence of either hermitian on@vector (or unitary) bundles with compatible
connectionVv, over the almost CR manifoldV, D, J, g) and letT; € I"'(Ex). We will say that7; approximately
vanishes up to order, and we will denote it byl =, O, if for everyk large enough the inequaliti¢§’ka|gk <
Ok=Y?), j=o0,...,r, hold.
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If the inequalities hold for alt, we will say that we have an approximated equality and we will denote it simply
by T}, = 0.

If Ex = E is a constant sequence, in local adapted coordinétes. , x,f"“ Definition 2.2 requires

0171 T /x|, SO2), p=(p1,..es p2usd), [Pl = pr+--+ p2ass, [Pl <1,

at points inBg, (0, O(1)) and independently of.

The choice of adapted charts provides trivializations of the bundles associdtéd.tdherefore, by choosing
a fixed tensoffyp of the corresponding trivial bundle we are selecting a local tensor for/eackx (for example
Jo). In this situation, we say that a given sequence of tengods the corresponding bundle coincides withup
to orderr, if at the points ofBg, (0, O(1)) (and independently af andx)

071« Tk = To)/3xf |, SO(™2),  p=(p1,..., pur), [Pl =pr+--+ paust IpI <.

Definition 2.3. We will say that a familyy . : C" x R — Ui, C M of local adapted charts fans, D, J, gi) is
approximately holomorphic ifr; . D = Dy, Vi, «-defined to be the unique local vector field such dyaits + Vi €

w,jx(DL)— is of size @1) and all its derivatives of size @ /2), and the corresponding coordinate functions
z,{ : Ur.x — C are approximately holomorphic (see [7]).

Approximately holomorphic coordinates as defined in this note always available. We will assume that we have
fixed one such a family. The important property is that a sequence of segtioh&, is approximately holomor-
phic (see [7]) if and only if its pullback by the approximately holomorphic charts is a sequence of approximately
holomorphic sections of the almost CR manifeld’ x R, Dy, Jo, go) (see [8,1] for a more general definition of
approximately holomorphic coordinates in the full domain (0, O (k¥/?)).

Not chosing an almost CR structure associated to a 2-calibrated manifold, we have the following notion.

Definition 2.4.Let (M, D, w) be a 2-calibrated manifold. We will say that a local charC" x R — M is com-
patible withw if ¢.(Dy,) coincides withD at the origin and, with respect to the canonical complex structui@,on
the restriction ofw is positive and 1, 1).

3. Proof of the main theorem

We shall denote bye; as above the sequence of very ample hermitian buritfe® L& — (M, D, J, g).
The bundle of pseudo-holomorphic 1-jets aldhg-jg Ex—has an approximately holomorphic quasi-stratification
with strataZ; and Xy, (see [8,7]). The main theorem of [7] asserts the existence of approximately holomor-
phic sequences of sectiomg of E; uniformly transversal along to these quasi-stratification. Quotienting the
components of; we will obtain an approximately holomorphic sequence of mgas\ \ B, — CP! verifying:

() The setB; = ‘L'k_l(Zk) is a compact submanifold of real codimension 4 uniformly transvers@l to
(i) The setX, (¢r) given by the points wherggy, is singular is a compact submanifold of codimensianui-
formly transversal tdD.

The required local model fap;, around the points oB; follows from the following result.

Proposition 3.1 (see [9,8]) For every x € By there exist approximately holomorphic coordinates z,}, N S
centered at x and a holomorphic chart on CP! such that in B, (x,0(1)), By is given by z}+ = z2 = 0, and
bk (2, sk) = 22/ 23

Regarding the points of the singular link, the following result holds (see [8]):
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Proposition 3.2.There exists a perturbation r; of the sequence 7 with 7; = 7, approximately holomorphic coor-
dinates around any point y € X, (¢;) compatible with », and holomorphic charts in CP?, such that the formula
for the maps ¢; = (7)?/ (g is ¢} (zk, 1) = B (0, 50) + ()% + -+ + ()%

Moreover there are radiys > p1 > 0, new distributionsDy, almost-complex structurek and functionsp;,
such that:

(i) Dy = D andJ, = J, whereD, = D, J, = J out of a tubular neighborhood &, (¢) or radiuspz, and both
are integrable in the tubular neighborhood of ragius

(ii) ¢ = ¢y, with ¢y = ¢, out of a tubular neighborhood &f,, (¢x) or radiuspz, andg;, holomorphicin the tubular
neighborhood of radiug; .

Fork large enough, the tripledy, ¢;. 2, (¢;)) is the Lefschetz pencil structure of Theorem 1.2. The genericity
of ¢, (X, (¢,)) is a direct consequence of Proposition 3.2 by aersng a perturbation independent of the holo-
morphic coordinates. Finally an easy adaptation of tigeigent in [4,9] allows us to modify the function in such
a way that we have the desired coordinates.

If the distribution of the 2-calibrated manifold/, D, J, g) integrates into a foliatiodF it is not necessary to
choose a retraction for the projectionp : T*M — D* to define higher covariant derivatives alofhg(and itso
andd components). We can use on each leafltlevi-Civita connection defined ky . In this way we obtain a
natural (foliated) approximately holomorphic theory &h The approximately holomorphic charts and the charts
compatible withw can be chosen to seddinto the horizontal distributio®y, . In this foliated theory we will obtain
again the same estimated transversality theorems and normal forms that were obtained in [7] and [8]. We will attach
a subindexF for objects constructed in the foliated theory. It is easy to show thakforery amplety € I' (Ey)
is approximately holomorphic if and only it is approximigteolomorphic for the foliated theory. Moreover, we
have bundle maps; : (D*29)°” @ E; — (r(D)*2%)°” & E;, induced by the retractionassociated to the metric.
The important observation at this point is that the imagg‘fbfk coincides approximately Witb‘,’;rk and that
the corresponding Thom—Boardmann quasi-stratifications are related by the bundle mqj@*ﬁl'ﬁm» ngk
induced byr. Thus, if jgtk is uniformly transversal to the Thom—Boardmann quasi-stratification, the same will
happen forjjl_rk. Thus we conclude that the results obtained in [7] and Theorem 1.2 (using the foliated analogs
of Propositions 3.1 and 3.2) also hold for foliated almostiptex manifolds and its corresponding foliated almost
holomorphic geometry discussed here. In particular, this proves Corollary 1.3.
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