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Abstract

A real polynomial in one variable ishyperbolic if it has only real roots. A hyperbolic polynomial isvery hyperbolicif it
has hyperbolic primitives of all orders. A polynomialP is stably hyperbolicif xkP + Q is hyperbolic for suitablek ∈ N
andQ (polynomial of degree� k − 1). We present some geometric properties of the domains of very hyperbolic and of
hyperbolic polynomials in the familyxn + a1xn−1 + · · · + an. To cite this article: V.P. Kostov, C. R. Acad. Sci. Paris, Ser. I
339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Polynômes très hyperboliques et stablement hyperboliques.Un polynôme réel d’une variable esthyperboliquesi toutes
ses racines sont réelles. Un polynôme hyperbolique esttrès hyperboliques’il a des primitives hyperboliques de tout ordre. U
polynômeP eststablement hyperboliquesi xkP + Q est hyperbolique pour certainsk ∈ N etQ (polynôme de degré� k − 1).
Nous présentons des propriétés géométriques des domaines depolynômes très hyperboliques et stablement hyperboliques
la famillexn + a1xn−1 + · · · + an. Pour citer cet article : V.P. Kostov, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Considérons la famille de polynômesP(x, a) = xn + a1x
n−1 + · · · + an, ai, x ∈ R. Un polynôme de cette

famille est dithyperboliquesi toutes ses racines sont réelles. On désigne parΠn le domaine d’hyperbolicité, c. à d.
l’ensemble{a ∈ Rn | P est hyperbolique}. On appelledilatationdansRn � Oa1 · · ·an ou Rn × R � Oa1 · · ·an ×
Ox une application linéaire de la formeai �→ βiai , i = 1, . . . , n, x �→ βn+1x, βi > 0. Dans ce qui suit on pos
a1 = 0, a2 = −1.

E-mail address:kostov@math.unice.fr (V.P. Kostov).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.05.010
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Définition 0.1. L’ensembleΠn est une variété stratifiée les strates étant définies par lesvecteurs multiplicité(VM),
c. à d. vecteurs dont les composantes sont les multiplicités des racines distinctes dupolynôme hyperboliquedonnée
dans l’ordre de décroissance. Exemple : sin = 6 et si pour les racines du polynôme on ax1 = x2 > x3 > x4 =
x5 = x6, alors, son VM vaut(2,1,3). PosonsΠn(0) = Πn. Pourk ∈ N posonsΠn(k) = {P ∈ Πn | ∃Q,degQ �
k − 1,R(x) := xkP + Q ∈ Πn+k}. Alors, on aΠn(k + 1) ⊃ Πn(k). On appelle l’ensembleΠn(∞) = ⋃∞

k=0 Πn(k)

le domaine de polynômes stablement hyperboliquesde degrén.

Remarque 1.Un indice supplémentaires indique projection dansOa3 · · ·as . On aΠn(k) = Πn+k;n et Πn(∞) =
Πn+1(∞);n. Les polynômes stablement hyperboliques apparaissentcomme symboles d’opérateurs différentiels
la droite qui préservent l’hyperbolicité. L’idée d’étudier ces polynômes a été donnée à l’auteur par B.Z. Sh
discutée avec lui et J. Borcea.

Définition 0.2.Une fonction réellef ∈ Cj est diteprimitive d’ordrej de la fonctiong si f (j) = g. Un polynôme
hyperbolique est dittrès hyperboliques’il a des primitives hyperboliques de tout ordre. On désigne parΠk

n ⊂ Πn

le sous-ensemble de polynômes ayant des primitives hyperboliques d’ordre� k. PosonsV Πn := {a ∈ Πn | P est
très hyperbolique}.

Remarque 2. On aΠk+1
n ⊂ Πk

n etV Πn = ⋂∞
k=0 Πk

n (∗). L’inclusion V Πn ⊆ Πn est une égalité pourn � 3 ; elle
est stricte pourn � 4, voir [3].

Théorème 0.3. Il existe des dilatationsS, T telles queS(Πk
n ) = Πn(k) etT (Πn(∞)) = V Πn.

Remarque 3.On peut regarder les domainesΠk(∞) etV Πk comme des projections dansOa3 · · ·ak d’un domaine
homéomorphe à un simplexe de dimension infinie. Ce domaine est l’image (par l’application « racines�→ fonctions
symétriques de Vieta ») de la chambre de Weyl de dimension infinie{(x1, . . . , xn, . . .) ∈ R∞ | x1 � · · · � xn � · · ·}
intersectée par les hypersurfacesx1 + · · · + xn + · · · = 0 etx2

1 + · · · + x2
n + · · · = 2. Les domainesΠk(∞) etV Πk

sont compacts (voir formule(∗) dans Remarque 2 et Théorème 0.3) et ont la propriété de Whitney (la dis
curviligne d’être équivalente à la distance euclidienne, voir [2]).

Théorème 0.4(voir [2]). Pour 2 � k � n − 1 l’ensembleV Πn;k+1 est la réunion de tous les points sur et en
les graphes̃H±

k+1 de deux fonctions continues̃f ±
k+1 :V Πn;k → R, f̃ +

k+1 � f̃ −
k+1, dont les valeurs coïncident sur

seulement sur∂V Πn;k , le bord deV Πn;k . Une fibre non-vide de la projectionV Πn;k+1 → V Πn;k est un segmen
(un point) si elle est sur l’intérieur deV Πn;k (sur ∂V Πn;k).

Remarque 4. Le théorème implique que pour un polynôme de∂V Πn il existe une suite unique de constan
d’intégration telles que les primitives respectives de tout ordre sont hyperboliques. D’après Théorèmes 0
pour un polynômePn ∈ ∂Πn(∞) il existe une suite unique de constantescj ∈ R telles quePn+k := xkPn +
c1x

k−1 + c2x
k−2 + · · · + ck ∈ Πn+k(∞), k = 1,2, . . . .

Théorème 0.5.Le grapheH̃+
k+1 (resp.H̃−

k+1) est la limite pourk → ∞ de la clôture de la réunion de strates d
Πk

n avec VM de la forme(r ′,1, r ′′,1, . . .) (resp.(1, r ′,1, r ′′, . . .)) et à k composantes dont une tend vers∞ les
autres étant fixées.

Remarque 5.On présente l’ensembleV Π4 sur Fig. 1 – c’est le polygone curviligne de sommets(1,∞), (2,∞),

. . . ,Ω, . . . , (∞,2), (∞,1). Il n’est pas semi-algébrique – son bord consiste en une quantité dénombrable
– (1,∞,1), (s,1,∞) et (∞,1, s) – dont les extrémités(s,∞) et (∞, s) (qui sont des points singuliers po
∂V Π4) s’accumulent vers le pointΩ de coordonnées(0,1/12), voir [3]. On montre sur Fig. 1 aussi la projectio
dansOa3a4 du grapheH̃−

5 . L’arc liant (1,∞) avecΩ est la limite des strates deΠ5 avec VM (1, r ′,1, r ′′) où
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r ′, r ′′ → ∞. On ne peut pas définir une stratification de Whitney autour d’un point de cet arc. Pour obt
projection dansOa3a4 de H̃+

5 il faut faire le changementa3 �→ −a3 sur Fig. 1 et lire les VM à l’envers. L
concavité des « strates »(1, r,1,∞), (1,∞,1, r), (r,1,∞,1), (∞,1, r,1) est vers l’intérieur deV Π5.

1. Main results

Consider the family of polynomialsP(x, a) = xn + a1x
n−1 + · · · + an, ai, x ∈ R.

Definition 1.1. A polynomial from the family is called (strictly) hyperbolicif it has only real (and distinct) roots
Denote byΠn the hyperbolicity domainof the family, i.e. the set{a ∈ Rn | P is hyperbolic}. A stretchingin
Rn � Oa1 · · ·an or in Rn × R � Oa1 · · ·an × Ox is a linear map of the formai �→ βiai , i = 1, . . . , n, x �→ βn+1x,
βi > 0.

In what follows we seta1 = 0 (one can make the shiftx �→ x − a1/n) anda2 = −1 (one hasΠn ∩ {a1 = 0,

a2 > 0} = ∅ andΠn ∩ {a1 = 0} is a quasi-homogeneous cone overΠn ∩ {a1 = 0, a2 = −1} defined by the stretch
ingsx �→ et x, aj �→ ej taj , t ∈ R).

Definition 1.2.The setΠn is a stratified variety the strata being defined bymultiplicity vectors(MVs), i.e. vectors
whose components are the multiplicities of the distinctroots of a hyperbolic polynomial listed in decreasing
der. Example: ifn = 6 and if for the roots of the polynomial one hasx1 = x2 > x3 > x4 = x5 = x6, then the MV
is (2,1,3). SetΠn(0) = Πn. For k ∈ N setΠn(k) = {P ∈ Πn | ∃Q,degQ � k − 1,R(x) := xkP + Q ∈ Πn+k}.
Hence, one hasΠn(k + 1) ⊃ Πn(k). Call the setΠn(∞) = ⋃∞

k=0 Πn(k) thedomain of stably hyperbolic polyno
mialsof degreen.

Remark 1. An additional lower indexs separated by a semi-colon means projection inOa3 · · ·as . It is clear that
Πn(k) = Πn+k;n. Hence, one hasΠn(∞) = Πn+1(∞);n. Indeed,

Πn+1(∞);n =
( ∞⋃

k=0

Πn+k+1;n+1

)
;n

=
∞⋃

k=0

Πn+k+1;n =
∞⋃

k=0

Πn+k;n = Πn(∞)

(omittingΠn;n = Πn in the union does not change anything due toΠn+k+1;n ⊃ Πn+k;n).

Remark 2. The study of stably hyperbolic polynomials was suggested to the author by B.Z. Shapiro and dis
with him and J. Borcea. Stably hyperbolic polynomials appear as symbols of linear differential operatorsT on the
line preserving hyperbolicity, i.e.P ∈ Πn ⇒ T (P ) ∈ Πn.

Definition 1.3. A real-valued functionf ∈ Cj is called aprimitive of orderj of the real-valued functiong if
f (j) = g. A hyperbolic polynomial is calledvery hyperbolicif it has hyperbolic primitives of all orders. Denote b
Πk

n ⊂ Πn the subset of polynomials having hyperbolic primitives of order� k. SetV Πn := {a ∈ Πn | P is very
hyperbolic}.

Remark 3. One hasΠk+1
n ⊂ Πk

n andV Πn = ⋂∞
k=0 Πk

n (∗). The inclusionV Πn ⊆ Πn is an equality forn � 3 and
a strict inclusion forn � 4, see [3].

Lemma 1.4.There exists a stretchingS such thatS(Πk
n) = Πn(k) (= Πn+k;n).
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Indeed, the setΠk
n is the projection inOa3 · · ·an of the hyperbolicity domain of the family

P (−k) = n!xn+k

(n + k)! − (n − 2)!xn+k−2

(n + k − 2)! + (n − 3)!a3x
n+k−3

(n + k − 3)! + · · · + anx
k

k! + · · · + an+k (1)

obtained byk-fold integration of the familyP . Up to a stretching this is the projection inOa3 · · ·an of the hyper-
bolicity domain of the familyxn+k − xn+k−2 + a3x

n+k−3 + · · · + an+k . �
Theorem 1.5.For n ∈ N, n � 2, there exists a stretchingT such thatT (Πn(∞)) = V Πn.

Proof.
1◦. The domainΠn(∞) of stably hyperbolic polynomials can be considered as a limit of the setΠn(k) for

k → ∞. The latter can be parametrized byx1 � x2 � · · · � xn+k , the roots of the polynomialR from Definition 1.2.
The conditionsa1 = 0, a2 = −1 are equivalent to

x1 + · · · + xn+k = 0, x2
1 + · · · + x2

n+k = 2 (2)

and Vieta’s formulas readaj = (−1)jσj whereσj = ∑
1�i1<i2<···<ij �n+k xi1 · · ·xij .

2◦. The domainV Πn can be considered as a limit fork → ∞ of the setΠk
n ⊂ Πn (see Definition 1.3). One ca

parametrize the setΠk
n by y1 � · · · � yn+k , the roots of the polynomialP (−k), see (1). Vieta’s formulas applied

P (−k) imply that one has

y1 + · · · + yn+k = 0, y2
1 + · · · + y2

n+k = 2(n − 2)!(n + k)!
(n + k − 2)!n! = 2(n + k)(n + k − 1)

n(n − 1)
(3)

and

(n − j)!(n + k)!aj

(n + k − j)!n! = (n + k) · · · (n + k − j + 1)aj

n(n − 1) · · · (n − j + 1)
= (−1)j

∑
1�i1<i2<···<ij �n+k

yi1 · · ·yij (4)

(we are interested only in the formulas withj � n). Setyj = bn,kxj , bn,k = √
(n + k)(n + k − 1)/n(n − 1). Then

formulas (3) become formulas (2). Formulas (4) after dividing their three sides by(bn,k)
j imply that one has

ajγj,k/n(n − 1) · · · (n − j + 1) = (−1)jσj where limk→∞ γj,k = (n(n − 1))j/2. So one can setβj = (n(n −
1))j/2/n(n − 1) · · · (n − j + 1). �
Remark 4.The domainΠn is homeomorphic to a standard(n−2)-dimensional simplex. This domain is the ima
under the map “τ : roots�→ Vieta symmetric functions of them” of Weyl’s chamber{(x1, . . . , xn) ∈ Rn | x1 � · · · �
xn} (related to the singularityAn−1) intersected by the hypersurfacesx1 + · · · + xn = 0 andx2

1 + · · · + x2
n = 2.

The domainΠn−k
k , 3 � k � n, is isomorphic toΠn;k and the isomorphism is a stretching:φj :aj �→ δjaj ,

δj = n(n−1) · · · (n−j +1)/(n+k)(n+k−1) · · · (n+k−j +1), see (1). Hence, the domainΠn−k
k is the projection

in Oa3 · · ·ak of a domain homeomorphic to an(n−2)-dimensional simplex. Notice that limn→∞ φj = id, therefore
one has limn→∞ Πn−k

k = Πn;k .
Thus one can view the domainΠk(∞) (and by Theorem 1.5 the domainV Πk as well) as a projection in

Oa3 · · ·ak of a domain homeomorphic to an infinite dimensional simplex related to the “singularityA∞” and
which is the image under the mapτ of the infinite dimensional Weyl’s chamber{(x1, . . . , xn, . . .) ∈ R∞ | x1 �
· · · � xn � · · ·} intersected by the hypersurfacesx1 + · · · + xn + · · · = 0 andx2

1 + · · · + x2
n + · · · = 2. The domains

Πk(∞) andV Πk are compact, see formula(∗) from Remark 3 and Theorem 1.5; they have theWhitney property
(the curvilinear distance to be equivalent to the Euclidian one, see [2]).

The following properties ofV Πn (see their analogs forΠn in [4] and [5]) are proved in [2]:
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Theorem 1.6.For 2 � k � n − 1 the setV Πn;k+1 is the union of all points on and between the graphsH̃±
k+1 of

two continuous functions̃f ±
k+1 :V Πn;k → R, f̃ +

k+1 � f̃ −
k+1, whose values coincide on and only on∂V Πn;k , the

boundary ofV Πn;k . Thus a non-empty fibre of the projectionV Πn;k+1 → V Πn;k is a segment(a point) if it is over
the interior ofV Πn;k (over∂V Πn;k).

Remark 5. The theorem implies that for a polynomial from∂V Πn there exists a unique sequence of consta
of integration for which its primitives of respective orders are hyperbolic. By virtue of Theorem 1.5, Theore
is true for the domainΠn(∞) as well. Hence, for a polynomialPn ∈ ∂Πn(∞) there exists a unique sequence
constantscj ∈ R such thatPn+k := xkPn + c1x

k−1 + c2x
k−2 + · · · + ck ∈ Πn+k(∞), k = 1,2, . . . .

Theorem 1.7.The graphH̃+
k+1 (resp.H̃−

k+1) is the limit fork → ∞ of the closure of the union of strata ofΠk
n with

MVs of the form(r ′,1, r ′′,1, . . .) (resp.(1, r ′,1, r ′′, . . .)) and withk components in which one of the compone
r(i) tends to∞ while the others remain fixed.

Remark 6.We present the setV Π4 on Fig. 1 – this is the curvilinear polygon with vertices(1,∞), (2,∞), . . . ,Ω,

. . . , (∞,2), (∞,1). It is not semi-algebraic – its boundary consists of countably many arcs –(1,∞,1), (s,1,∞)

and(∞,1, s) – whose endpoints(s,∞) and(∞, s) (which are singular points for∂V Π4) accumulate towards th
point Ω with coordinates(0,1/12); see the details in [3]. On Fig. 1 we show also the projection inOa3a4 of the
graphH̃−

5 . The arc joining(1,∞) with Ω is the limit of strata ofΠ5 with MVs (1, r ′,1, r ′′) in which r ′, r ′′ → ∞.
One cannot define a Whitney stratification at a point of this arc. To obtain the projection inOa3a4 of H̃+

5 one has
to make the changea3 �→ −a3 on Fig. 1 and to read MVs from the back. The concavity of the “strata”(1, r,1,∞),
(1,∞,1, r), (r,1,∞,1), (∞,1, r,1) is towards the interior ofV Π5.

In what follows we focus on computations of stably hyperbolic polynomialsPn+k for given Pn ∈ ∂Πn(∞),
see Remark 5. To extend them to the case of very hyperbolic ones one has use the stretching from The
Compute the sequence of polynomialsPj defined in Remark 5 forn = 4 andP4 = Ω , see Fig. 1. The polynomia
Pj can be defined as follows. Consider the polynomialsQr = (x2−1/r)r . The MV ofQr is (r, r). The polynomial
Qr defines the point ofΠ2r which projects inOa3a4 on the axisOa4 and has greatesta4-coordinate, see [1]. Se
Qr = ∑2r

i=0 dix
2r−i , and setRr,j = ∑j

i=0 dix
j−i . Hence, one hasPj = limr→∞ Rr,j becauseV Πn = limk→∞ Πk

n

(the details are left for the reader). To make this computation more explicit writeQr = ∑r
k=0(−1)kCk

r x2r−2k/rk.
Whenr → ∞, one hasCk

r /rk → 1/k!. Thus one hasP2s = ∑s
i=0(−1)ix2s−2i/i!, P2s+1 = xP2s .

Fig. 1. The setV Π4.
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Lemma 1.8.For s even the polynomialP2s is elliptic, i.e. without real roots, fors oddP2s has exactly two rea
roots which are simple.

Proof. 1◦. One checks the lemma directly fors = 1 and 2 (one hasP2 = x2 − 1, P4 = x4 − x2 + 1/2). Set
Gs(x) = ∑s

i=0(−1)ixi/i!. One hasP2s = x2sGs(1/x2).
2◦. Show that the polynomialGs is elliptic for s even and has a single real root fors odd. Indeed, fors = 1

and 2 this is to be checkeddirectly. Observe thatG′
s+1 = −Gs . Hence, if fors = s0 ∈ 2N, Gs is elliptic, then

Gs0+1 is a decreasing function and has a single real rootβ which is simple. This root is> 1 if s0 > 0. Indeed,
Gs0+1(1) = (1 − 1/1!) + (1/2! − 1/3!) + · · · + (1/s0! − 1/(s0 + 1)!) > 0 and the leading coefficient ofGs0+1 is
negative. Hence,P2s0+2 has exactly two simple real roots±α whereα ∈ (0,1).

3◦. On the other hand, notice thatGs0+2(x) = Gs0+1(x) + xs0+2/(s0 + 2)!. The polynomialGs0+2 has a mini-
mum atβ and this minimum equalsGs0+1(β) + βs0+2/(s0 + 2)! = βs0+2/(s0 + 2)! > 0. Hence,Gs0+2 is elliptic
and so isP2s0+4. �
Remark 7. In a similar way one can compute the sequence of polynomialsPj for P4 being one of the vertice
of Π4(∞), say,(s,∞), see Fig. 1. (For(∞, s) the computation can be performed by analogy.) Consider
polynomialsUr(x) = (x + u)s(x − v)r−s , u,v > 0 (defining MVs (r − s, s)). SetUr = ∑r

i=0 gix
r−i , Vr,j =∑j

i=0 gix
j−i . Impose the conditions

su − (r − s)v = 0,
(
s(s − 1)/2

)
u2 − s(r − s)uv + (

(r − s)(r − s − 1)/2
)
v2 = −1.

(These conditions result from Vieta’s formulas.) Hence, one hasv = √
2s/(r − s)r , u = √

2(r − s)/sr . Then set
(for j � s and with these values ofu,v) Pj = limr→∞ Vr,j .

Remark 8. One can perform a similar computation for a polynomialP4 from one of the strata(∞,1, s) (or
(s,1,∞)), see Fig. 1. Denote the roots of a polynomial defining a MV(n − s − 1,1, s) by ξ < η < ζ . Vieta’s
formulas imply the equations

(n − s − 1)ξ + η + sζ = 0, (n − s − 1)ξ2 + η2 + sζ 2 = 2. (5)

Again by Vieta’s formulas, the fourth coefficienta4 of the polynomial equals

−(
C3

n−s−1ξ
3 + C2

n−s−1ξ
2η + C2

n−s−1sξ
2ζ + (n − s − 1)sξηζ + (n − s − 1)C2

s ξζ 2 + C2
s ηζ 2 + C3

s ζ 3).
The second of Eqs. (5) implies that the quantitiesη andζ are bounded. Setξ = ϕ/n. In the limit whenn → ∞
one hasϕ + η + sζ = 0, η2 + sζ 2 = 2. The first of these equalities implies thatϕ is also bounded. The limit whe
n → ∞ of a4 equalsa4 = −(ϕ3/6+ ϕ2η/2+ sϕ2ζ/2+ sϕηζ + C2

s ϕζ 2 + C2
s ηζ 2 + C3

s ζ 3). Knowing the first four
coefficients (the first three of them equal 1, 0,−1), one findsϕ, η, ζ from the last three equations. Then fro
Vieta’s formulas, using limits forn → ∞, one finds the next coefficients of a polynomialPj , i.e. one finds the
constantsc1, c2, . . . .

Using the same ideas one can compute polynomialsPn+k for n � 5 as well.
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